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IN lUi UNIiisD STATES OF AMERICA • 


piiriAU 10 iin imsT idihon 


'Tiri* education of the child mmt accord both m mode 
and arrangement intli tlic education of mankind aa consid 
ered historically , or in other words the genesis of knowledge 
in the indnidual must follow the same course os the genesis 
of knowledge in the race To M Comto tto belicic socicly 
owes the enunciation of tins doctnne—- a doctrine winch wo 
may accept without committing oursehes to his theoryr of 
the genesis of knowledge, cither in its causes or its order*'* 
M 1^18 pTininp^o, n^so \jy kes\a^Dra ani VTi>c\>e\ 'no 
cornet, then it would seem as if the knowledge of the 
history of a science must bo an cfTectuil aid in teaching 
that science Be this doctrine true or false, certainly tho 
experience of many instructors establishes the importinco 
of mathematical history in teaching* ^\lth the hope of 
being of some assistance to my fellow teachers 1 have pro 
pared this book and have interlined my imrratne with 
occasional remarks and suggestions on methods of tcaclnng 
doubt, the thoughtful reader will draw many useful 

1 IlenBERT Spssckb Jdacation InfeUtctual Sforal and Jhytkal 
hevr York 1804 p 1 See also Tl H Qeicic Fdueational Jtf/ormtr$ 
1870 p 101 

* See G IlKf'reL The Use of liiatoiy to Teaching Malbenatics 
Vol 48 1893 pp 18-18 
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rREFACE 


lessons from tlie study of mathematical history which are 
not directly pointed out in the text 

In the preparation of this history, I have made evtensue 
use of the works of Cantor, Ilankcl, Ungci, De ]\rorgan. Pea 
cock, Gow, Allman, Loiia, and of other piominent wnteiG 
on the histoiy of mathematics Oiiginal souices have been 
consulted, ivlienevei oppoitunity has piesented itself It 
gives me much pleasure to acknowledge the assistance ren- 
dered by the United States Biueau of Education, in for- 
warding foi examination a number of old text-books which 
otherwise would have been inaccessible to me It should 
also be said that a large number of passages in tins book 
are taken, with only sbght alteration, fiom my JIxi>tory of 
Mathematics, Macmillan & Co , 1895 . . . 

FLOBIAN CAJOKI 

Colorado College, Colorado Sprirgs, 

July, 1896 


PREFACE TO THE SECOND EDITION 


In the endeavor to bung this history dowm to date, numei 
ous alterations and additions have been made 


Colorado College, 
December, 1916 
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ANTIQUITY 


ITOJtBEE-Sl STEMS AI»D NUMERALS 

Nearli all number s} stems, both nncient and modern 'ire 
based on the scale of 5 10, or 20 Tlic reason for this it is 
not difTicuIt to see Vi hen a child learns to count ho makes 
use of his finders and perhaps of his toes In the same na^ 
the savages of prehistouc times unquestioiiablj counted on 
their fingers and in some cases also on their toes Such is 
indeed the practice of the African the Eskimo, and the South 
Sea Islander of to-day* This recourse to tho fingers has 
often resulted in the development of a more or less extended 
pantomime number system in which the fingers «cre used ns 
m a deaf and dumb alphabet * Evidence of the prevalence of 
finger symbolisms is found among the aneicnt Egyptians 
Babylonians Greeks and Romans as also among the Euro- 
peans of the middle ages even now nearlj all Eastern nations 
use linger sjmbolisms The Chinese express on the left hand 

'LL CoMAKi PrimUive Number SyBtenJS m Smithtonian He 
port 169 p 684 
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“ all numbers less than 100,000 , tlic tluimb nail of the right 
hand touches each joint of the little fingci, passing first up 
the external side, then down the middle, and afterwards up 
the othei side of it, iii order to expiess the nine digits, the 
tens aie denoted in the same wa}', on the second finger, the 
hundieds on the thud, the thoiisaiuls on the fourth, and ten- 
thousands on the thumb It would be nieiel) necessary to 
proceed to the right hand in older to be able to extend this 
system of numeiation So common is the use of this fingei- 
symbolism that tiaders aie said to comnuinicale to one another 
the puce at which they aie willing to buy or sell by touching 
hands, the act being concealed by their cloaks from obseri a- 
tion of by-standeis 

Had the number of fingers and toes been different in man, 
then the prevalent number-systems of the world would have 
been different also We aie safe in sajing that had one more 
finger sprouted from each human hand, making twehe fingers 
in all, then the numerical scale adopted by civilized nations 
would not be the decimal, but the duodecimal Two moie 
symbols ivould be necessary to represent 10 and 11, respec- 
tively As fai as aritlimetic is concerned, it is cei tainly to be 
regretted that a sixth finger did not appear Except for the 
necessity of using two more signs or numerals and of being 
obliged to learn the multiplication table as far as 12 x 12, the 
duodecimal system is decidedly supeiior to the decimal The 
number twelve has for its exact divisors 2, 3, 4, 6, while ten has 
only 2 and 5 In ordinary business affairs, the fractions 
are used extensively, and it is very convenient to have a base 
which is an exact multiple of 2, 3, and *4 Among the most 
zealous advocates of the duodecimal scale was Charles XII 

1 George Peacock, article “Arithmetic,” in Encyclopcedia Metropoli- 
tana (_The Encyclopedia of Pure Mathematics), p 394 Hereafter we 
shall cite this very valuable article as Peacock 



MrMnFr-R^pTFM*; anp numfpals 


3 


of Sweden, who, at the time of Iiia dcilh wa.s contemplating 
the change for hia domimona from the iltcimil to tlic duo 
decimal * Hut it is not hkel} that the change mil c\cr Ikj 
brought alwuL So deeply rooted is the decimal Rustem that 
when the storm of the Ircnch ]lc\olutton swept out of exist- 
cncc oMicr old institutions the decimal system not only 
remained unshaken but was more firmly established than 
c\cr The advantages of tuehc iw ft kaso were not recognized 
until arithmetic was so far develojKd as to make a change 
impo Slide. The case is the not uncommon one of high 
civilization Ixianng evident traces of the rudeness of its ongin 
m ancient harbaric life "* 

Of the notations based on biiinan anatomy, the quinarj and 
Mgesimal sj stems are frequent nmong the lower races wlnlo 
the higher nations Itavc usually Avoided the one as too scant} 
and the other as too cumbrous preferring the iiitcrmcdialo 
decimal system* lc<iples have not always consistciiUy 
adhered to any one scale In the qiiiinry sy stem /> 2o 12'i 
C2’5 etc, should bo the \ibns of the successive higher units, 
but a quinary Rystein thus earned out w^s never in actual use 
whenever it was extended to higher numVrs it invariably ran 
cither into the decimal or into the vigesimal system The 
Jiorne par cxcellcnco of the quinaiy, or rather of tlio quinaiy 
vigesimal scale is Vmcnca It is practically universal among 
the I skimo trilies of the Arctic regions It prevailed among 
a considerable portion of tlio Tvorth American Indian tribes, 
and was almost universal with the native races of Central and 

• CosAjrT op cU p WT 

*F B Titon PrimUite Culture hewlork 1889 \ o! I p “j** In 
Bome respects a scale 1 atJng for Its base a power of the base 8 or 10 
forlnstmce — is superior to tbe duodecimal but it lias the disaduntage 
of not being divisible by 3 ‘ke ^\ VV Joiissof Octoiiary ^u^lera' 
tion Pull y 1 Math Bae, 1601 VoLI pp 1-0 

• Tri-on op cit VoL L, p. 202 
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South America ” ^ This system was used also by many of the 
hTorth Siberian and African tribes Traces of it aie found in 
the languages of peoples who now use the decimal scale , for 
example, in Homeric Greek The Koman notation reveals 
traces of it, viz , I, II, • V, VI, X, XI, XV, etc 
It IS curious that the quinary should so fiequently merge 
into the vigesimal scale , that savages should have passed from 
the number of fingers on one hand as an upper unit oi a stop- 
ping-place, to the total number of fingeis and toes as an upper 
unit or resting-point The \’igesimal system is less common 
than the quinary, but, like it, is never found entirely pure In 
this the fiist four units aie 20, 400, 8000, 160,000, and special 
words for these numbers aie actually found among the Mayas 
of Yucatan The transition fiom quinary to vigesimal is 
shown in the Aztec system, which may be represented thus, 
1, 2, 3, 4, 5, 5 -f 1, 10, 10-1-1, 10 -j- 5, 10 -f 5 -1- 1, 20, 

20 -f 1, 20 10, 20 + 10-1- 1, 40, etc ^ Special words 

occur here for the mimbeis 1, 2, 3, 4, 5, 10, 20, 40, etc The 
vigesimal system flouiished in America, but was rare in the 
Old W orld Celtic remnants of one occui in the Trench words 
guatre-vingts (4 x 20 or 80), six-vinqts (6 x 20 or 120), quinze- 
vingts (15 x 20 or 300) Xote also the English woid scoie in 
such expressions as tlm ee-scoi e yeat s and ten 

Of the three systems based on human anatomy, the decimal 
system is the most prevalent, so prevalent, in fact, that accord- 
ing to ancient tradition it was used by all the races of the 
world It IS only within the last few centuries that the other 

1 CoNANT, op cit , p 592 For further information see also Pott, 
Die quinare und mgesimale Zahlmethode hex VolLein oiler Welttheile, 
Halle, 1847 , Pott, Die Sprachvei schiedenheit in Euiopa an den Zahh 
loortein nacJigewiesen, sowie die quinare und vigesimale Zahlmethode, 
Halle, 1868 

2 Ttloh, op ext , Vol I , p 262. 
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two systems liave been found m use among previously unknown 
tribes' The decimal scale was used in >ortli America by 
the greater number of Indian tribes but in South America it 
was rare 

In the construction of the decimal system 10 nas suggested 
by the number of fingers as the first stopping place m count 
ing and as the first Juglier unit Viiy number between 10 
and 100 was pronounced according to tbe plan ^(10) + a(l) 
a and 6 being integers less than 10 Jtut the number 110 
might be expressed in tuo nays (1) as 10 x 10 + 10 (2) as 
11 X 10 The latter method noiild not seem unnatural 
W hy not imitate eighty and say fleienty instead of 

hundred and ten f But upon this clioice betneen 10 x 10 + 10 
and 11 X 10 hinges the systematic construction of the number 
system* Good luck led all nations nhich developed the 
decimal system to the choice of the former,* the unit 10 
being hero treated in a manner similar to the treatment of the 
lower unit 1 in expressing numbers beJou 100 Any num 
ber between 100 and 1000 nas designated c(10)* + 6(10)-f-rt 
a b c representing integers loss than 10 Similarly for num 
bers below 10 000 (/(lO)* + c(10)* + i(10)’ + fi(10)“ and sum 
larly for still higher numbers 

Proceeding to describe the notations of numbers we 
begin with the Babylonian Cuneiform writing, as also the 
accompanying notation of numbers, was probably invented 

V CofA^T op ett p 688 

sirtRMA’Jv IIa>kei. Zur Of chief te dr Vathematik tn Alterthum 
und Jlitlelaller Leipzig 18 J p II Her after we shall cite this brilliant 
work as ^A^KLL 

• In this connection read also Moritz Cavtor T orlesungen Uber 
Geschlchte dtr Mathematlk Vol I (Third Edition) Lelpzl® 1907 pp 0 
and 7 This history by the prince of inathematical historians of the 
nineteenth century la In four rolumee and will be cited hereafter aa 
Cantor 
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by the early SuTnenans A vertical wedge Y stood for 
one, while < and Y^ signified 10 and 100, respectively 
In case of numbers below 100, the values of the separate sym- 
bols were added Thus, for 23, <<< for 30 The 

signs of higher value are written on the left of those of lower 
value But in writing the hundieds a smaller symbol was 
placed befoie that for 100 and was 'nndti2Jhed into 100 Thus, 

y a signified 10 x 100 or 1000 Taking tins for a new 
unit, << y = was inteipieted, not as 20 x 100, but as 
10 X 1000 In this notation no numbeis have been found as 
large as a million ^ The principles applied in this notation 
are the additive and the multiplicative Besides this the 
Babylonians had another, the sexagesimal notation, to be 
noticed later 

An insight into Egyptian methods of notation was obtained 
through the deciphering of the hieroglyphics by Champollion, 

Young, and others The numerals are D (1), fl (10), (100), 

S (1000), f (10,000), ^ (100,000), ii (i,ooo,ooo), O 

(10,000,000) The sign for one represents a veitical staff, 
that for 10,000, a XJointing finger , that for 100,000, a burbot , 
that for 1,000,000, a man in astonishment Ho certainty has 
been reached regarding the significance of the other symbols 
These numerals like the other hieroglyphic signs were plainly 
pictures of animals or objects familiar to the Egyptians, 
which in some way suggested the idea to be conveyed They 
are excellent examples of picture-writing The principle in- 
volved in the Egyptian notation was the additive throughout 

Thus, I would be 111 

' For fuller treatment see Mokitz Cantor, Mathematische Beitrage 
zum Eulturlehen der Volker, Halle, 1863, pp 22-38 
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Ilieroglj-pliics 'iro found on monuments obelisks, and t7alls 
of temples Besides these tlio Igjptians hod ?ueraltc and 
demotic wntings, both supposed to bo degenerated fonns of 
hieroglyphics such as would bo likely to evolve through pro- 
longed use and attempts at rapid writing The following are 
hieratic signs * 


lS84Be s 9 



10 99 to 40 eo to 70 60 90 

100 300 1000 9000 



Since there are more hieratic symbols than hieroglyphic, 
numbers could bo ivTitten more concisely m the former The 
additive principle rules in both, and the symbols for hrger 
values always precede those for smaller values 
About the time of Solon, the Greeks used the initial letters 
of the numeral idjectivcs to represent numbers These signs 
are often called IlercxUame signs (after Ilcrodianus a B^zan 
tin<* grammarian of about 200 ad ■nho describes them) 
Thej are also called A(tic becauso thej occur frequently m 
Athenian inscriptions The 1 hoenicians Syrians, and Hebrews 
possessed at this time alphabets and the two latter used letters 
of the alphabet to designate numbers The Greeks began to 
adopt the same course about BOO u c The letters of the Greek 
alphabet, together with three antique letters r, 9 and the 

1 Cantor VoI I pp 84 and 86 Tba bleraUc numerals are takeu 
Irom Cantor s table at the end of the Tolume published m IBPf 
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symbol M, were used for numbers For tbc numbers 1-9 tbej 
wrote a, /?, y, S. e, ?, Cy ^ ^ tens 10-90, i, k, X , /x, v, 

o, TT, 9, for tlie Inindreds 100-900, p , a , t, v, <f>, x» 7?)) for 
the thousands they wiote ,a ,y, ,8, ,t, etc , for 10,000, M, 
for 20,000, M, for 30,000, etc The cliange fiom Attic to 
alphabetic numerals nas decidedly for the norsc, as the 
foimer were less buidensomc to the memory In Greek giam- 
mars Ave often find it stated that alphabetic numei.ils neic 
maiked with an accent to distinguish them fiom A\oitls, but 
this was not commonly the case, a liorizontal line diann o\cr 
the numbei usually ansucred this purpose, nhile the accent 
generally indicated a unit-fi action, thus S' = ' The Greeks 

applied to their numerals the additue and, in cases like 
for 50,000, also the multiplicative principle 

In the Homan notation ue haie, besides the additnc, the 
principle of subtraction If a lettei is placed before another 
of greater value, the foimei is to be siibtiacted fiom the latter 
Thus, IV — 4, Aihile ¥1 = 6 Though this principle has not 
been found in any other notation, it sometimes occurs in numer- 
ation Thus in Latin duodevigmii = 2 fiom 20, or IS" The 
Roman numerals are supposed to be of Etruscan oiigin 

Thus, in the Babylonian, Egyptian, Gieek, Roman, and 
other decimal notations of antiquity, numbers are expressed 
by means of a few signs, these symbols being combined by 
addition alone, or by addition together with multiplication 
or subtraction But in none of these decimal systems do ive 
find the all-important principle of position or pnnciple of 

^ Dr G Fried! bin, Die Zahlzetchen und das Elementcre Eechnen 
der Gnechen und Earner, Erlangen, 1800, p 13 The work will be cited 
after this asFRiEDLEiN See also Dr Siegmund Gonthfr in Mulllh’s 
Handhuch, der Klassischen Altertumsioissenschaft, Funfter Band, 1. 
Abteilung, 1888, p 9 

2 Caktor, Vol I , pp 11 and 625. 
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local value, such as wo ha\c in tlic notation now in use 
Hiving missed this principle, the ancients had no use for a 
sjnibol to represent zero and tvere indeed very far removed 
from in ideal notation In this matter even the Greeks and 
Homans failed to achieve what a remote nation in Asia little 
known to Europeans before the present century accomplished 
most admirahl;^ Ihit before we speah of tlie Hindus wo 
must speak of an ancient Bab} Ionian notation, which, strange 
to si}, is not based on the scale R 10, or 20 and which 
moreover, came verj near a full cmbcKlimcnt of the ideal 
principle found wanting in other ancient S} stems Me reter 
to the sexagesimal notation 

The Bab}lonians used this chiefly m the construction of 
weights and measures Tlic sjstcmatic development of the 
sexagesimal scale both for integers and fractions reveals a 
high degree of mathematical insight on the part of the carl} 
Sumerians The notation has been found on two Bah} Ionian 
tablets One of them probabl} dating from 3000 or - 100 n c 
contains a list of square numbers up to DO’ The hrst sc'cn 
are 1 4 0 10 25 30 49 Me have next 11 a 8’ 1 21 « 0*, 

1 40*10’ 21*11’ etc This remains unintelhgible unless 
we assume the scale of siat}, winch makes I l*C0<f4, 
1 21 as 00 + 21, etc The second tablet records the magnitude 
of the illuminated portion of the moon s disc for ever} day 
from new to full moon, the whole disc being assumed to con 
sjst of 240 parts The illuminated part«? during the first five 
days are the senes 0 10, 20, 40 1 20(= 80) This reveals 
again the sexagesimal scale and also some knowledge of 
geometrital progressions Prom here on the series becomes an 
arithmetical progression the numbers from the fifth to the 
fifteenth da} being respectively 120 1 36 1 52,2 8 2 24, 2 40, 

2 56 312 3 28 3 44 4 In this sexagesimal notation we have 
then the principle of local value Thus, in 1 4 (= 64} tlie 1 is 
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made to stand foi 60, the unit of the second Older, by virtue of 
its position with respect to the 4 In Bab 3 donia some use vas 
thus made of the piinciple of position, perliaps 2000 years 
before the Hindus developed it This vas at a time wlien 
Romulus and Remus, yea even Achilles, IMenelaus, and Helen, 
were still unknown to history and song But the full develop- 
ment of the piinciple of position calls foi a sjunbol to represent 
the absence of quantitj’’, or zero Babylonian records of about 
200 B c give a s^mibol foi zeio which denoted the absence of a 
figure, but appaientl}’- was not used in calculation It con- 
sisted of two maiks ^ About 130 A n Ptolemy in his Al- 
magest used sexagesimal fiactions, and also the omicion o to 
represent blanks m the sexagesimal numbeis This o was not 
used as a legulai zeio Hence, the Bab^donians had the pim- 
ciple of local value, and also a symbol foi zero to indicate the 
absence of a figuie, but did not use this zero in computation 
Their sexagesimal fractions were transmitted to India 
What was it that suggested to the Bab 3 donians the number 
sixty as a base ^ Cantoi ^ and others offer the follo-iving 
provisional reply At first the Babylonians reckoned the 3 ’’ear 
at 360 days This led to the division of the circumference of 
a circle into 360 degrees, each degree representing the dail 3 ’’ 
part of the supposed yearly revolution of the sun around 
the earth Probably they knew that the radius could be 
applied to the ciicumference as a chord six times, and that 
each arc thus cut off contained 60 degrees Thus the 
division into 60 parts may have suggested itself ^Yhen 
greater precision was needed, each degree was divided into 60 
equal parts, or minutes In this way the sexagesimal notation 
may have originated The division of the day into 24 hours, 
and of the hour into minutes and seconds on the scale of 60, 


1 Vol I , pp 91-93 
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fs due to the Ihb^loniin^ Tliert* nre nlso indjcntions of a 
knowledge of /mcfiOHt* «tich ^•^«ero used htcr 

b> the 0 recks, Arvlr? bj schoh« of the middle 'igos and of 
even recent times 

Ihb} loniin science his mule its iinfin^ss upon modcni ci\ ili 
ration ^^hcnc\cr a surveyor copies the rcidings from t)in 
gradvntctl circle on his thtodolite whenever the mcKlcrn man 
notes the tune of di} ho is unconscioust} pcrliips but 
unmistakiblv doinj, homage to the ancient astronomers on 
the banks of the 1 uphntes 

The full deiclopmont of our decimal notation belongs to 
comparatiiel^ mo<lcni tunes Decimal notation had been in 
use for thousands of jears, before tt was perceived that its 
fiunjdicitj and usefulness could lie cnorinousl_j increaswl 
bj the adoption of the principle of position To the Ifin 
dus of the fifth or sixth century after Christ nt. one the 
full and s)fit*.matic dtvelojmicnt of the use of tlio nri 
and the jinnciplo of local value Of all malhtmalicnJ ills 
covcncs no one has contnbutcJ more to the general progress 
of intelligence than tins IMiilo the older notations Mrved 
merel} to record the nnsucr of an arithinctital compulation 
tlio Hindu notation (nronglj called the \rabic notation) 
assists witli marvellous j)onor m performing the computation 
Itself To verify this truth, trj to iniiltipl) 7-1 h) l&l bj 
first expressing the numbers m the Iloman notation , thus 
multiplj DCCVXIII b} CCCr\I\ Tins notation offers 
little or no hclji the Komans were compelled to invoJe 
the aid of the abacus in calculations like this 

\ erj little is know n concerning tho mode of ev olution of the 
Hindu notation There is evidence for tho belief tliat tho 
Hindu notation of tho second ccnturj ad, did not include 


1 Cantoo ad I p SI 
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the zero nor the prmciiile of local \alae On the island of 
Ceylon a notation resembling tlie Hindu, but ithout the zero, 
has been preserved It is knonn that Buddhism and Indian 
culture weie tiansplanted thither about the third century and 
there remained stationaiy It is highly probable, then, that 
the notation of Ceylon is the old impcifect Hindu s}stem 
Besides signs for 1-9, the Ceylon notation has symbols foi 
each of the tens and foi 100 and 1000 Thus the number 7GS5 
would have been written vitli six symbols, designating respec- 
iively the numbers 7, 1000, 6, 100, SO, 5 These so-called 
Singhalesian signs aie supposed oiiginally to have been, like 
the old Hindu numeials, the initial letteis of the coire- 
sponding numeial adjectives^ Unlike the English, the first 
nine Sanscrit numeial adjectives have each a dilTeient begiu- 
mng, theieby excluding ambiguity In couise of centuiies the 
forms of the Hindu letteis altered inateiially, but the lecteis 
that seem to lesemble most closely the apices of Boethius and 
the West-Arabic numerals (which we shall encounter latei) aie 
the letteis of the second centiiiy 

The earliest known form of the Indian symbol for zeio was 
that of a dot, which was used in insciiptioiis and manusciipts 
in order to mark a blank This early use lesembles the still 
earlier use made of symbols for zeio by the Babylonians and 
by Ptolemy Probably Aryabhatta in the fifth centuiy a v 
knew our zero The earliest undoubted occurience of oui 
zero m India is m 876 a n 

The Hindus possessed several different modes of designating 
numbers They sometimes found it convenient to use a symbolic 
system of position, in which 1 might be expressed by “moon” 
or “earth,” 2 by “eye,” etc Tn the Suryorsiddhanta^ (a text- 

1 Caktor, Vol I , pp 603-607 

“ Translated by E Burgess, and annotated by W D Whitnet, 
Jevf Haven, 1860, p 3 
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book of Hindu astronomy) tlio number 1577917828 is thus 
given Visu (a class of deities 8 in number) — tw o — eight — 
mountain (the 7 mythical chains of mountains) — form — 
figure (the 9 digits) — seven — mountain — lunar di}s (of 
•which there arc lo in the half month) Tins notation is cer 
tainl} interesting It seems to liaie been applied as 'imemoria 
tec?inica in order to record dates and numbers Such a sclec 
ion of sjnonyms made it much easic to draw up phrases or 
obscure verses for artificial mcmoiy To a limited degree this 
idea may perhaps bo advantageously applied by the teacher in 
the schoolroom 

The Hindu notation in its developed form, reached Europe 
during the twelfth century It was transmitted to the Occi 
dent through the Arabs hence the name ‘Arabic notation ’ 
No blame attaches to the Arabs for this pseudo-name, they 
always acknowledged the notation as an inhcntance from 
India. Curing the 1000 years preceding 1200 a n , the Hindu 
numerals and notation while m thoaanous stages of cvohi 
tion were carried from country to country Exactly what 
these migrations vere, is a problem of extreme difficulty 
Not even the authorship of the letters of Junius has produced 
so much discussion ‘ The facts to bo explained and harmon 
ized are as follows 

1 When; toward the close of the last century, scholars 
gradually became convinced that our numerals were not of 
Arabic, but of Hindu origin, the belief was widespread that 
the Arabic and Hindu numerals were essentially identical m 
form Great was the surprise when a set of Arabic numerals, 
the so-called Oubar numerals, was discovered, some of which 

1 Consult Tbeutleijt Qenehi Me utuerer Zahlt fcAen «ncl Eiit '-fete 
lung dtr AnsichUn i b r dieselbe KarlsroUe I8<6 ^ibovund GOntiieh 
Ziele und JieauUate der neueren mathemaUach htaioriachen Foraehung, 
Erlangeu 1876 note 17 
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hoTQ no 1 esemblavce whcitevej to the modern Hindu characters, 
called Devanagai i-numerals 

2 Closer research shoived that the numerals of the Arabs of 
Bagdad chffeied fiom those of the Arabs at Cordova, and this 
to such an extent that it was difficult to believe the westerners 
received the digits directly from their eastern neighbours The 
West-Arabic symbols v eie the Gubai -numerals mentioned above 
The Aiabic digits can be traced bade to the tenth century 

3 The East and the West Arabs both assigned to the num- 
erals a Hindu oiigin “ Gubar-numerals ” are ‘^dust-numerals/’ 
in memory of the Brahmin practice of reckoning on tablets 
strewn with dust or sand. 

4 Hot less startling was the fact that both sets of Arabic 
numerals resembled the apices of Boethius much more closely 
than the modern Hevanagari-numerals The Gubar-numerals 
in particular bore a striking resemblance to the apices But 
what are the apices ^ Boethius, a Koman writer of the 
sixth centuiy, wiote a geometry, in which he speaks of an 
abacus, which he attnbutes to the Pythagoi cans Instead of 
following the ancient practice of usuig pebbles on the abacus, 
he employed the apices, which were probably small cones 
Upon each of these was diawn one of the nine digits, now 
called “ apices ” These digits occur again in the body of the 
text ^ Boethius gives no symbol for zero 

Heed we marvel that, in attempting to harmonize these 
apparently incongruous facts, scholars for a long time failed 
to agree on an explanation of the strange metamoiphoses of 
the numerals, or the course of their fleeting footsteps, as they 
migrated from land to land ^ 

The explanation most favourably received is that of W oepeke * 

1 See Friedlein’s edition of Boetiuiis, Leipzig, 1867, p 397 

2 See Joui'nal Asiatique, 1st half-year, 1863, pp 69-79 and 514-620, 
See sdio Cxmtor, VoL I , p. 711 
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1 The Hindus possessed tho nine nuincrils n ithout the zero, 
as early as the second centurj after Christ It is hnoirn that 
about that time a h%clj commercial iiitorcourso ras earned 
on bctirecn India and Rome, bj waj of Alexandria. There 
arose an interchange of ideas as well an of merchandise The 
Hindus caught glimpses of Greek thought, and the Alexan 
drians receiied ideas on philosophy and science from the East 

2 The nine numerals, without the zero thus found their 
way to Alexandria where tliey may haie attracted tho atten 
tion of the Ncory'thagoreans 1 rom Vlexandna they spread 
to Rome thence to Spam and tho western part of Africa 

hile the geometry of Boethius funless the passage relating 
to the apices bo considered an interpolation made five or six 
centuries after Boethius) proves the presence of tho digits in 
Romo in the fifth century, it must be remarked against tins 
part of V» oepeke's theory that he possesses no satisfactory 
evidence that they were known m iUcxandria m tho second 
or third century ] 

3 Between the second and tho eighth centuries the nine 
characters in India underwent changes m shape A prominent 
Arable writer, All/trQni (died 1038), who was m India dur 
mg many y ears, remarks that tho shape of Hindu numerals 
and letters differed in different localities and that when (in the 
eighth century) the Hindu notation was transmitted to the 
Arabs, the latter selected from tho various forms tho most 
suitable But before the East Arabs thus received the nota- 
tion, it had been perfected by tho invention of tlie zero and 
the application of the principle of position 

4 Perceiving tho great utility of that Columbus egg, the 
zero, tho West Arabs borrowed tins epoch making sy mbol from 
those in the East but retained the old forms of the nine num 

rals which they had previously received from Rome The 
reason for this retention may have been a disinclination to 
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aaneccssar} change, conjiled perhaps vith a desire to be con 
trary to their political eiicimcs lu the East 
6 The ■^^cst Arabs remembered the Hindu origin of the 
old forms, and called them * Gubar” or ‘ dust numerals 
6 After the eighth century the numerals m India tinder 
went further changes and assumed the greatly modified forms 
»f the modern Dcvanagari numerals 
The controversy regarding the origin and transmission of 
our numerals has engaged many minds Search for infor 
mation has led to the close consideration of intellectual, 
commercial, and political conditions among the Hindus Alex 
andrian Greeks, Romans and particularlj among the East and 
TTcstArabs TTo liavo liero an exceWent illustration of how 
mathematico-historical questions may giro great stimulus to 
the study of the history of civilixation, and may throw new 
light upon it ‘ 

In the history of the art of counting, the teacher finds em 
phasizcd certain pedagogical precepts IVc have seen how 
universal has been the practice of counting on fingers In 
place of fingers, groups of other objects were frequently 
chosen, "as nhen South Sea Islanders count irith cocoanut 
stalks, putting a little one aside every time they count to 10, 
and a large one nlien they come to 100, or when African 
negroes reckon v, itb pebbles or nuts, and every time they come 
to 5 put them aside in a little heap ”* The abstract notion of 
number is here attained through the agency of concrete objects 
The arithmetical truths that 2 4-1=3, etc, are here called 
out by caycnence tn the mantpvlaUon of things As we shaJJ 
see later, the counting by groups of objects in early times Jed 
to the invention, of the abacus, which is still a valuable school 
instrument The earliest anthmetical knowledge of a child 


* OtiKTOBS op cit p IS 


» Trtos op eit VoJ I p S70 
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should, therefore, be made to grow out of his experience with 
different groups of objects , never should he be taught count- 
ing by being removed from his toys, and (practically with 
his eyes closed) made to memorize the abstract statements 
1 -f- 1 = 2, 2 -f 1 = 3, etc Primitive counting in its mode of 
evolution emphasizes the value of object-teaching 

Eecent research^ seems to indicate that the principle of 
local value and the use of the zero received sj’-stematic and full 
development in America seveial centuiies eailier than in A'^ia 
The credit of this achievement belongs to the INIaya of Cential 
America About the beginning of the Christian era the Maj’^a 
possessed a fully developed number-system and chronology 
Theirs was not the decimal, but the vigesimal notation Their 
system, as exhibited m their codices, was based on the scale 
of 20, except m the thud position That is, 20 units of the 
lowest order (lins, or days) make 1 unit of next higher order 
{uinals, or 20 days), 18 uinals make 1 tun (360 days, the l\Iaya 
official year), 20 tuns make 1 Tcatun (7200 days), 20 katuns 
make 1 cycle, and 20 cycles make 1 great cycle The numbers 
1-19 are expressed by bars and dots Each bar stands for 5, 
each dot for 1 Thus, • • is 2, ^ is 6 The zero is repre- 
sented by a symbol that looks roughly like a half-closed eye 
Accordingly, 37 was expressed by the symbols for 17 (three 
bars and two dots) m the km place, and one dot representing 
20 in the uinal place, higher up The numbers were written 
vertically To wiite 360, the Maya drew two zeros, one above 
the other, with a dot in third place, above the zeros The 
largest number found in the codices is 12,489,781 

^ S G Morlet, Inti odiiction to the Study of the Maya Hieroglyphs, 
WisVimgton, 1916 
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EGYPT 

The most ancjent mathematical handbook knoini to our 
time IS a papyrus included m the Ehmd collection of the 
British Museum This interesting hieratic document de 
scribed by Birch in 1868, and translated by Eisenlohr* in 
1877, was written by an Egyptian Ahtnes by name, m the 
reign of Ka S. us some time between 1700 and 2000 b c It is 
entitled "Directions for obtaining the knowledge of all dark 
things ” It claims to be founded on older documents pre 
pared m the time of King [Raenmjat Unless specialists 
are m error regarding the name of this last king Ea en mat, 
[i e Amenemhat III ] whose name is not legible in the 
papyrus it follows that the original is many centuries older 
than the copy made by Ahmes The Ahmes papyrus, there 
fore, gives us an idea of Egyptian geometry, arithmetic and 
algebra as it existed certainly as early as 1700 bc, and 
possibly as early as 3000 b c While it does not disclose as 
extensive mathematical knowledge as one might expect to find 
among the builders of the pyramids it nevertheless «!hows m 

^X8B\LOun Em mathematisches Uandbuch der alien Aeg^pter 
{^Papyrus PhinS des Bntish Mtaeum) Leipzw 1877 2d ed 1891 
See also Cantop I pp 69-84 and JA.Mea Gow A Short Ststory of Greek 
Mathematics Cambridge 1884 pp 16-19 The last work will be cited 
hereafter as Gow 
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seveial particulars a remarkably advanced state of matbe 
matics at the time when Abiaham visited Egypt 

From the A limes papyrus we infer that the Egyptians knew 
nothing of theoretical results It contains no theorems, and 
hardly any general rules of procedure In most cases the 
writer treats in succession several pioblems of the same kind 
From them it would be easy, by induction, to obtain geneial 
rules, but this is not done ^Vhen v e remember that only one 
hundred years ago it was the piactice of many English aiith- 
metical writers to postpone the discussion of fractions to the 
end of their books, it is surprising to find that this hand-book 
of 4000 years ago begins with exercises in fractions, and pays 
but little attention to whole numbers Gow piobably is light 
in his conjectuie that Ahmes wiote for the ^h(e mathematicians 
of his day 

AVhile fractions occur m the oldest mathematical recoids 
which have been found, the ancients ne\eitheless attained 
little proficiency in them Evidently this subjects as one of 
great difficulty Simultaneous changes in botli numeiator and 
denominator were usually avoided Fractions are found among 
the Babylonians Kot only had they sexagesimal divisions of 
weights and measures, but also sexagesimal ft actions^ These 
fractions had a constant denominator (60), and weie indicated 
by wilting the numerator a little to the nght of the ordinary 
position for a word or number, the denominator being under- 
stood We shall see that the Romans likewise usually kept 
the denominators constant, but equal to 12 The Egyptians 
and Greeks, on the other hand, kept the numerators constant 
and dealt with variable denominators Ahmes confines him- 
self to fractions of a special class, namely umt-fraciions, having 
unity for their numerators A fraction was designated by 


* Cantor, Vol I , pp 23. 31 
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writing the dcnoromator and then placing over it either a dot 
or a sjmlx)!, called ro Fractional \alucs which could not he 
expressed by an} one unit fraction were represented b} the sum 
of two or more of them Tims ho wrote ^ m place of f 
It 18 curious to observe that while Ahmes knows | to equal 1 1 
he makes an exception m this ease adopts a special symbol 
for I and allows it to appear often among the unit-fractions' 
A fundamental problem m Ahmes s treatment of fractions was, 
how to find the unit fractions, the sum of which represents a 
given fractional value Hits was done bj aid of a table given 

in the papyrus, in which all fractions of the form 

2n 4-1 

(n designating successn cly all integers up to -19) are reduced to 
the sum of Unit-fractions Thus ^ = riy 

xlf ith aid of this table Alimcs couhl work out problems 
like these “Divide 2 b} 3' ' Puido 2 b) 17, etc Vhmes 
nowhere slates whj ho confines himscU to 2 as the numer 
ator, nor docs ho inform us how when, and bj whom the table 
was constructed It is plain, however that b} the use of 
this table any fraction whoso denominator is odd and less than 
100, can be represented as the sum of unit-fractions The 
division of 5 by 21 may have been accomplished as follows 
6 sas 1+2 4-2 From the table wo get A Then 

A “ A- + (iV Vi) + (iV ~ A" + (A A) ** A I A ^ A 

~ A A remarked that there are many ways of 

breaking up a fraction into unit-fractions but Ahmes invariably 
gives only one Contrary to his usual practice, he gives a 
general rule for multiplying a fraction by | He sajs If 
you are Mked, what is | of J, take the double and the sixfold, 
that 18 I of it One must proceed likewise for any other frac- 
tion ” As only the denominator was written down, he means 


* CaKTOB Voh I p 81 
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by tbe “ double ” and “ sixfold,” double and sixfold the denom 
inator Since | = the rule simply means 


35 2x5^ 


1 

6x5 


His statement “likewise for any othei fraction” appears to 
mean ^ 

3 a 2a 6a 


The papyrus contains 17 examples which show by what a 
fraction or a mixed number must be multiplied, or what must 
be added to it, to obtain a given value The method consists 
in the reduction of the given fractions to a common denomina- 
tor Strange to say, the lattei is not always chosen so as to 
be exactly divisible by all the given denominators Alimes 
gives the example, increase \ to 1 The common 

denominator taken appears to be 45, for the numbers are 
stated as 11^, 5} I, 4^-, 1^, 1 Tlie sum of these is 23 4 ^ g- 
forty-fifths Add to this ij- and the sum is I Add 
and we have 1 Hence the quantity to be added to the given 
fraction is -I- 

By what must yt.- yJ-y be multiplied to give ^ The com- 

1 1 ^- - 1 

mon denominator taken is 28, then ^ 


= their 


sum = 


28 


Again - = ^ 
^ 8 28 


16 28 '112 “28 


Since 2 -f 1 -f- -^ = 3^, take first 
1 31 

then its half then half of that and we have Hence 


112 becomes -I- on multiplication by I-]- \ 

These examples disclose methods quite foreign to modern 
mathematics ^ One process, however, found extensive appli- 


^ Cantor, Vol I , p 66 

^ Cantor’s account of fractions in the Ahmes papyrus suggested to 
J J Sylvester (then in Baltimore) material for a paper “ On a Point in 
the Theory of Vulgar Fractions,” Am Journal of Mathematics, III , 1880, 
pp 82 and 888 
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cation in arithmetics of tho fifteenth century and later, 
inmely, that of aliquot parti used lirgel} in 1 ractice In the 
second of tho above examples aliquot parts are tahen of j-j. 
This process is seen again m thmess calculations to \ ent} 
the identities m the table of unit-fractions 
Ahmes then proceeds to cleicn problems leading to simple 
equations with one unknown quaiititj Tho unknown is called 
Iiau or ‘heap’ Symbols arc used to designate addition, sub- 
traction, and equalit} Wo gi\o the follouing specimen * 


Ami 

Ua 

Heap 

ie 


neb ( mat ro sefcx f b! f x^per f emsasefex 
Its { iu i Its { its whole it glrcs 37 

*(1 +4 -M +1) = 87 


Here stands for ' for i Other unit-fractions are 
indicated by writing tho number and placing ro, above it 
A problem, resembling tho one just given reads “Heap, its ^ 
its Its 1, Us whole, it makes 33, le |a: + |+2 + x = 33 

The solution proceeds as follows 1 .j 1 ia?»33 Then 1 til 
18 multiplied m tho manner sketched above so as to got 33 
thereby obtaining heap equal to 14 } ^ 

Here then, we have the solution of an algebraic equation! 

In this Egyptian document, as also among earl) Babylonian 
records, are found examples of arithmetical and geometrical 
progressions Ahmes gives an example * Divide 100 loaves 
among 0 persons f of what the first three get is what tho last 
two get What is the difference’’ ’ Ahmes gives the solu 
tion ' Make tho differenco fij-, 23 171 12, CJ., 1 Multiply 


iLudwio JlATiniESsEv Grund Ujfe der Anltlen und 3!odernen Alffe 
bra der litteralen Gleichungen Leipzig 1870 p ‘’09 Hereafter we cite 
this work as Matthiessex 
9 Caktor Vol 1 p 7Jl 
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by 1| , 38|-, 29 20, 10 i ^,11 ” How did Ahmes come upon 
5}“^ Perhaps tlius.^ Let a and — d be the first teiin and 
the difference in the required arithmetical progression, then 
I [a + (a — d) + (a — 2d)] — (a — 3d) + (a — 4d), whence d = 
51 (a — 4cZ), i e the difference d is 5^ times the last term 
Assuming the last term = 1, he gets his first progression The 
sum IS 60, but should be 100, hence multiply by 1^, for 
60 X l^ =100 We ha\e here a method of solution ivhich 
appeals again later among the Hindus, Arabs, and modern 
Europeans the method of false position It will be ex- 
plained more fully elsewhere 

Still more curious is the following in Ahmes He speaks 
of a laddei consisting of the numbers 7, 49, 343, 2401, 16807 
Adjacent to these powers of 7 are the words jpiciine, cat, mouse, 
barley, measuie Nothing in the papyrus gives a clue to the 
meaning of this, but Cantor thinks the key to be found in the 
following problem occuning 3000 years later in the hber abaci 
(1202 A D ) of Leonardo of Pisa 7 old women go to Kome , 
each woman has 7 mules, each mule carries 7 sacks, each sack 
contains 7 loaves, with each loaf are 7 knives, each knife is 
put in 7 sheaths What is the sum total of all named ^ This 
has suggested the following wording m AJimes 7 persons 
have each 7 cats , each cat eats 7 mice, each mouse eats 7 ears 
of barley, from each ear 7 measures of corn may grow What 
IS the series arising from these data, what the sum of its 
terms Ahmes gives the numbers, also their sum, 19607 
Problems of this sort may have been proposed for amusement 
If the above interpretations are correct, it looks as if “ mathe- 
matical recreations” were indulged in by scholars forty 
centuries ago 

In the /taii-problems, of which we gave one example, we see 
the beginnings of algebra So far as documentary evidence 

1 Cantor, Vol I , p 78 
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goc*, nnthmrtir autl digcbm nro cocril Tliat arilhmctjc is 
actuilh tlje older there cm be «o doubt Ikit mark the 
close rehlion botwetn them at the ^er^ ki,innjnfe of nutheutic 
hjstoij So m nn’hennticil tcichiiii, there outht to be nn 
intimate union lictw ecn the In t» In the t mted States algebra 
nas for a lonj, time sot aside wliilc txtriordinarj emphasis 
was laid on aritlimctic Jhc mdjustment Ins come I he 
^lathcmatical Conftreiitt, of len of ISO. voiced tlie scnti 
ment of the best educators when it recommended the earlier 
introduction of certain parts of elemcntir} nlf,eljra. 

riio part of Ahmess pipjnis nhich lias to the greatest 
degree taxed the ingenuity of specialists is the table of unit- 
fractions Ifon nas it constructed? Some hold that it was 
not computed b^ an} one person nor even in one single epoch 
and that the inctliod of eonstniction was not tJje same for nil 
fractions On the otlier hand lorta tlnnXs he lias discovered 
a general mode b) which this and siimlar cxnimg tables maj 
have been catciilatod ’ 

That the period of Mimes was a flowering time for Lg^ptian 
matliemalits njipears from the fjrt thil there exist twoothcr 
papjri of this pcrio<l, containing quadratic equations I The) 
were found at Ivahuu sonth of tin pyramid of Illahiin Jhcii 
documents lK?ar close re stmbhiitt t«» Mmuss as does also ihi 
Akhmim papjrus,* reccntlj clistovtrtd at Vkhimm, a citj on 

1 See the following articles bj Giw I^nu C«iigcniiro e rfccrcho 
fiull arltmctlca clOj,lI anticl f I gWaiil In Jtibll thfea Vathmntlea ISP" 
pp Oi-lOJ I II iiuf todoeuimni > n htho aHaloglstko grcco-cgizlana 
Jbld 180 ij 70 8 1 Stmll liitoriio alia logistics fcitccK-girlana 
I-ftratto dal I olum^ VWfl (V della $erie) del Ctornale dl VifAemo 
tie/ e d( BallaglM pp 7-3 

*J lUiiLiT IvP papjrus malliilinatl |ue d Vlviinlin V^mofrMpKfr- 
lUa par lea mem/ rea de la inhat t arehfol jlQvt /ran aise au Caire 
7 J\ 1 fascicuk laris ISO* ip 188 r ft1«o I oiiu s papt rs In 
tJio preceding note and Camoii toJ I lOOi pp 05 00 
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the ISTile in Uppei Egypt It is in Gicek and is supposed to 
have been wiitten at some time between 500 and 800 a n Like 
his ancient predecessoi Ahmes, its authoi gives tables of unit- 
fi actions It maiks no progiess ovei the aiithmetic of Ahmes 
Foi moie than two thousand yeais Egyptian mathematics ivas 
statioyiaiy I 


GREECE 

In passing to Greek aiithmetic and algebra, we first obsene 
that the early Greeks weie not automaths , they acknowledged 
the Egyptian piiests to have been then teacheis While in 
geometiy the Greeks soon reached a height undreamed of by 
the Eg 3 ^ptian mind, they contributed liaidly anj'thing to the 
ait of calculation Not until the golden period of georaetiic 
discovery had passed a^vay, do we find in Nicomachus and 
Diophantus substantial contiibutois to algebra 
Greek mathematicians were in the habit of disci iminating 
between the science of numbers and the ait of computation 
The former they called a? itlimetica, the latter logistica 

Greek w’^riters seldom refer to calculation with alphabetic 
numerals Addition, subtraction, and even multiplication were 
probably performed on the abacus Eutocius, a commentator 
of the sixth centuiy A d , exhibits a great many multiplieations, 
such as expert Greek mathematicians of classical time may 
have used ^ While among the Sophists computation received 
some attention, it was pronounced a vulgar and childish 
art by Plato, who cared only for the philosophy of arithmetic 
Greek writers did not confine themselves to unit-fractions as 
closely as did the Egyptians Unit-fractions were designated 
by simply wilting the denominator with a double accent 

^ For specimens of such multiplications see Cantok, Beitrdge z Kultin i 
d Volker, p 393 , Hanicel, p 56 , Gow, p 50 , Friedleih, p 76 , my 
gnatorj -o/ Mathematics, 1895, p. 66. 



Thus Other fractions were usually indicated by 

writing the numerator once with an accent and the denomin i 
tor twice with a double accent Thus xn kk = As 
with the Egyptians, unit fractions in juxtaposition ‘n'e to be 
added 

Like the Eastern nations the Egyptians and Greeks emp]o;y 
two aids to computation, the abacus and finger sj mbolism It 
IS not known what the signs used m the 1 itter \v ere, but by the 
study of ancient statuary bas reliefs, and paintings this secret 
may yet be unravelled Of the abacus there existed many 
forms at different times and among the various nations In 
all cases a plane was divided into regions and a pebble or other 
object represented a different value in different regions We 
possess no detailed information regarding the Egyptian or 
the Greek abacus Herodotus (II 3C) sajs that the Egyp 
tians calculate tcith pebbles by moving the bund from right 
to left while the Hellenes move it from left to right ” This 
indicates a primitive and instrumental mode of counting with 
aid of pebbles The fact that the hand was moved towards the 
nght or towards the left, indicates that the plane or board was 
divided by lines which were xertxcai te up vnd down, with 
respect to the computer lambhchus informs us that the 
abacus of the Pythagoreans was a board strewn with dust or 
sand In that case anj’ writing could be easily erased by 
sprinkling the board anew A pebble placed in the right hand 
space or column designated 1 if placed in the second column 
from the right 10 if in the third column 100 etc I robablj 
never more than nine pebbles were placed m one column, for 
ten of them would equal one unit of the next higher order 
The Egyptians on the other hand chose the column on the 
extreme left as the place for units, the second column from the 
left designating tens the third hundreds etc In further 
support of this description of the abacus a comparison attrib- 
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uted by Diogenes Laertius (1 , 59) to Solon is interesting ^ “ A 
person friendly witb tyrants is like the stone in computation 
wbicb signifies now much, now little ” 

The abacus appears to have been used in Egypt and Greece 
to carry out the simpler calculation with integeis The hand- 
book of Ahmes with its treatment of fractions was presumably 
written for those already familiar with abacal or digital reck- 
oning Greek mathematical works usually give rhe numerical 
results without eifhibiting the computation itself Thus 
advanced mathematicians frequently had occasion to extract 
the square root In his Ifensw ation of the Ciicle, Archimedes 
states, for instance, that V3 < 'VW' > 1 1 3 > 

gives no clue to his method of approximation ^ 

When sexagesimal numbers (introduced from Babylonia 
into Greece about the time of the Greek geometer Hypsicles 
and the Alexandrian astronomer Ptolemseus) weie used, then 
the mode of root-extraction resembled that of the present time 
A specimen of the process, as given by Theon, the father of 
Mypatia, has been preserved He finds V4500° = 67° 4' 55" 

Archimedes showed how the Greek system of numeration 
might be extended so as to embrace numbers as large as you 
please By the ordinary nomenclature of his day, numbers 
could be expressed up to 10® Taking this 10® as a unit of 
second order, 10^® as one of the third order, etc , the system 
may be sufficiently extended to enable one to count the very 
sands Assuming 10,000 grams of sand to fill the space of a 
poppy-seed, he finds a number which would exceed the number 

1 Cantor, Vol I , p 132 

- W hat the Archimedean and, m general, the Greek method of root- 
extraction really was, has heen a favourite sub 3 ect of conjecture See for 
example, H Weissenborn’s Berechnung des Kreisumfanges hei Archt- 
medes und Leonardo Pisano, Berlin, 1894 For hibliogiaphy of this sub- 
ject, see S Gunther, Gesch d antiken Natunoissenscliaft u Philosophie, 
p 16. 
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of grains m a sphere whose radius extends from the earth to 
the fixed stars A counterpart of this interesting speculation 
called the ‘ sand counter ’ (arenanus), is found in a calcula 
tion attributed to Buddha, the Hindu reformer, of the number 
of primary atoms m a line one mile m length, when the atoms 
are placed one against another 

The science of numbers, as distinguished from the art of 
calculation, commanded the lively attention of the Pythago- 
reans Pythagoras himself had imbibed Egyptian mathemat- 
ics and mjsticism Aside from the capital discovery of 
irrational quantities (spoken of else^vhere) no very substantial 
contribution was made by the P3 thagoreans to the science of 
numbers "We may add that by the Greeks irrationals were 
not classified as numbers The Pythagoreans sought the 
origin of all things in numbers harmony depended on musi 
cal proportion, the order and beauty of the universe have 
their ongin in numbers , in the planetary motions they dis 
cerned a wonderful harmony of the spheres ” Moreover 
some numbers had extraordinary attnbutes Thus one is the 
essence of thing<« four is the most perfect number, correspond 
mg to the human soul According to Philolaus 6 is the cause 
of colour 6 of cold 7 of mmd, health and light, 8 of love and 
friendship ^ Even Plato and Aristotle refer the virtues to 
numbers 'While these speculations in themselves were fan 
tastic and barren lines of fruitful mathematical inquiry were 
suggested by them 

The Pythagoreans classified numbers into odd and even, 
and observed thit the sum of the odd numbers from 1 to 
2n4-l was always a perfect square Of no particular value 
were their classifications of numbers into heteromecic tn^ji 
gular, perfect excessive defective amicaUe * The Pythag 
^ Gow p 69 

For their definitions see Gow p 70 or Cajo t op cu p 68 
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oreaiis paid mucli attention to the subject of proportion The 
quantities a, h, c, d, were said to be in cn itJnneltcal propoition, 
■when a — b=c—d, in geomcfucal propoition, i\hen a b = c d , 
111 haimonic proportion, •when a — b b — c—a c, in musiccd 
piopoition, ■when a + b) — 2 ab/(a + b) b lamhlichus 
says that the last "was introduced from Babylon 

The 7th, 8th, and 9th books of Euclid’s Elements aie on the 
science of number, hut the 2d and 10th, though piofessedl} 
geometrical and ti eating of magnitudes, are applicable to 
numbeis Euclid ivas a geometer through and thioiigh, and 
even his arithmetical hooks smack of geometrj- Consider, for 
instance, definition 21, book VII ^ “ Plane and solid numbers 
are similar "when their sides aie proportional ” Again, num- 
bers are not ■written in numerals, nor are they designated bj 
anything like our modern algebiaic notation , they are repre- 
sented by lines Tins symbolism is very unsuggestive Fre- 
quently properties ■which oui notation unmasks at once eould 
be extracted from these lines only thioiigh a severe process of 
reasoning ^ 

In the 7th book we encounter foi the fiist time a definition 
of piime numbers Euclid finds the G C D of tivo numbers 
by a procedure identical with our method by division He 
applies to nnmbeis the theory of proportion which in the 5th 
book is developed for magnitudes in general The 8th book 
deals with numbers in continued propoition The 9tli book 
finishes that subject, deals with primes, and contains the proof 
for the remarkable theorem 20, that the number of piimes is 
infinite 

During the four centuries after Euclid, geometry monopo- 
lized the attention of the Greeks and the theory of nuinbeis 

1 Heiberg’s edition, Vol II , p 189 
G H F Nesselmann, Die Algebra der G-i lechen, Berlin, 1842, p 184 
To bp cited hereafter as Nesselmann 
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was neglected Of this period onlj tiro inmes deseneinen 
tion, Eratosthenes (about 275-194 iic) and Ilypsicles (between 
200 and 100 n c ) To the latter wc owe researches on poljg 
onal iiiunbcrs and arithmetical progressions Eratosthenes 
iniented the celebrated ‘‘sie\c’ for finding prime number's 
Write down in succession all odd numbers from 3 up 11^ 
erasing everj tlurd number after 3, sift out all multiples of 3 
by erasing e\er> fifth number after 5 sift out all multiples 
of T and so on Tlic numbers left after this sifting are all 
prime IMiile the indention of the * sieve called for no 
great mental powers it is remarkable that after Eratosthenes 
no advance was made in the mode of finding the primes, nor in 
the determination of the number of primes which exist m the 
numerical scries 1, 2 3 n until the nineteenth century 
when Gauss Legendre Dinchlet Hiemann and Chebichev 
■enriched the subject with in\cstigations mostly of great diffi 
cultj and complexity 

The study of arithmetic was revived about 100 a n b^ 
2ncomachu8,^ a native of Gerasa (perhaps a town in Arabia) 
and known as a Pythagorean He wrote in Greek a work 
entitled Introductio AnthmeUca The historical importance of 
this work IS great not so much on account of original matter 
therein contained but because it is (so far as we know) the 
earliest sjsteraatic text-book on arithmetic, and because for 
over 1000 years it set the fishion for the treatment of this 
subject m Europe In a small measure Nicomachus did for 
arithmetic what Euclid did for geometry His arithmetic was 
as famous in his day as was, later Adam Riese s m Germany 
and Cocker s in England Wishing to compliment a computer 
Lucian says “ "V ou reckon like Hicomachus of Gerasa * The 

1 See Nesseluavk pp 191 16 Gow pp 88-96 Cantor Vol I 
pp 400-404 

* Quoted by Gow (p 89) from Philopains 12 
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^vork was bionglit out in a Latin iianslation liy Appuleius 
(now lost) and tlien hy Boelluus In Boetlnus’s iianslation 
the elemental}’’ paiLs of the -woik weio m high authoiif} in 
Western Euiope until the countij Mas in\adod b} Hindu 
aiithinetic Theieupon foi seveial eentuiies Gieek aiithinetie 
bravely but vainly stiugglcd for eMstence against its iiiinicas- 
uiabl}^ supeiioi Indian iival 

The style of Nieomachus diiTeis essentially fioin that of his 
piedecessois It is not deductive, but inductne The geo- 
nietiical st 3 de is abaiidoued, the diffeicnt classes of numbers 
aie e\hibited in actual numcials The authoi’s mam objei t is 
classification Being undei the influence of jihilosophy and 
theolog} , he sometimes stiains a point to secuie a dn ision into 
groups of thiee Thus, odd numbcis are cithei pi line and 
ancompounded,” “compounded,” oi “compounded but piime 
to one anothei ” I-Iis noinenclatui e icsiilting fiom this classi- 
fication is evceedmgly burdensome The Latin equivalents 
foi his Greek teims aie found in thepiia^ec? aiithmetics of his 

disciples, 1500 jmais latei Thus the latio is siijm- 

m 

pai ticidm IS, ^ is suhsujjeijyailicidcn is, = is 

triplex sesquiquaitus^ Nicomachus gives tables of numbeis in 
form of a chess-board of 100 squaies It might have ansivered 
as a multiplication-table, but it appeals to have been used in 
the study of ratios “ He describes polygonal numbeis, the 
different kinds of proportions (11 in all), and treats of the 
summation of numerical senes To be noted is the absence of 
rules of computation, of pioblem-’working, and of practical 
arithmetic He gives the following important proposition 
All cubical numbers are equal to the sum of successive odd 

^ Gow, pp 90, 91 

^ Friedlein, p 78 , Cantor, Vol I , p 4ul 
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mimbers Thus, 8 = 2^ = 3 + 5, 2T = 3» = 7 4-9 -f-U , C4 = 
4^ = 13 + 15 + 17 4- 19 

In the writings of Nicomachus lambliehus Theon of 
Smyrna, Thymaridas, and others are found investigations 
algebraic in their nature Thymandas in one place uses a 
Greek word meaning unknown quantity in a manner sug 
gesting the near approach of algebra Of interest in tracing 
the evolution of algebra are the anthmetical epigrams in the 
Palatine Anthology which contained about 50 problems leading 
to linear equations ^ Before the introdaction of algebra these 
problems were propounded as puzzles No J3 gives the times 
in which four fountains can fill a reservoir separately and 
requires the time the> can fill it conjointly * No 9 What 
part of the day has disappeared if the time left is twice two- 
thirds of the time passed away Sometimes included among 
these epigrams is the famous cattle problem ' nhich Archi 
medes is said to ha\e propounded to the Alexandrian mathe 
maticiana ® This difficult problem is indeterminate In the 
first part of it from only seven equations eight unknown 
quantities in integral numbers are to be found Gow states 
it thus The sun had a herd of bulls and cows of different 
colours (1) Of Bulls the white (IF) were in number (44-1) 
of the blue (B) and yellow (T^ , the B were 4- i) of the 7 
and piebald (i ) the P were (J + of the IF and Y (2) Of 
Cows, which had the same colours (w 5 y p) w = + ^)(B 4- b) 

6 = (i+i)(P4-p), P=<i + i)(r4-y) y = (i + ^)(W+w) 

* These epigrams were written in Greek perhaps about the time of 
Constantine the Great For a German translation see G AA ERtnEUi 
Die Anlhmettk und die Schnfl uher Polygonal ahlen des Diophantus von 
Alexandria Leipzw 1890 pp «30-3l4 

* WcRTIILUf Op Cll p 337 

* AVhether it originated at the time of Archimedes or later is discussed 
bj T L IlEiTir Dlophantos of ^f«raJidno Cambridge 188 pp 142- 
14 

n 
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Find the number of bulls and cows Tins leads to excessively 
high numbers, but to add to its complexity, a second series of 
conditions is supei added, leading to an indeterminate equa- 
tion of the second degree 

Most of the pioblems in the Palatine Anthology, though 
puzzling to an arithmetician, are easy to an algebraist Such 
pioblems became popular about the time of Diophantus and 
doubtless acted as a poweiful mental stimulus 

Diophantus, one of the last Alexandrian mathematicians, is 
generally regarded as an algebiaist of great fertility ' He 
died about 330 a d His age was 84, as is known from an 
epitaph to the following effect Diophantus passed J- of his 
life in childhood, in youth, and \ more as a bachelor , five 
years after his marriage, was born a son who died four years 
before his father, at half his father’s age This epitaph states 
about all we know of Diophantus W e are uncertain as to the 
time of his death and ignorant of his parentage and place of 
nativity Were his woiks not written in Greek, no one would 
suspect them of being the product of Greek mind The spirit 
pervading his masterpiece, the Ai ithmetica [said to have been 
written in thirteen books, of which only six (seven ^)- aie ex- 
tant] is as different from that of the great classical works of 
the time of Euclid as pure geometry is from pure analysis 
Among the Greeks, Diophantus had no prominent forerunner, 
no prominent disciple Except for his works, we should be 
obliged to say that the Greek mind accomplished nothing 
notable in algebra Before the discovery of the Ahmes 
papyrus, the Arithmetica of Diophantus was the oldest known 
work on algebra Diophantus intioduces the notion of an 
algebraic equation expressed in symbols Being completely 

1 “ How far was Diophautos original ?” see Heath, op cit , pp 133- 
159 

2 Cantoe, Vol I , pp 466, 46*^ 
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divorced from geometry, bis treatment is purely analytical 
He IS the first to saj that “a number to be subtracted multi 
plied by a number to be subtneted gives a number to be 
added ” This is applied to differences^ like (2x — 3)(2x — 3) 
the product of ivhich he finds without resorting to geometry 
Identities like (a + 6 )*= + 2a6 + 6 * which are elevated 

by Euclid to the exalted rank of geometric theorems with 
Diopbantus are the simplest consequences of algebraic laws of 
operation Diophantus represents the unknown quantity x by 
y' the square of the unknown ar* by 5 hy k x* by SS 
Hib sign for subtraction is ^ his symbol for equality t Addi 
tion 18 indicated by juxtaposition Sometimes he ignores these 
symbols and describes operations in words, when the symbols 
would have answered better In a polynomial all the positive 
terms are written before any of the negative ones Thus 
a* — Sar' + Sai — 1 would be m his notation ' x as 17 ^ 8 a 
Here the numerical coefficient follows the x 
To be emphasized is the fact that m Diophantus the funda- 
mental algebraic conception of negatixe numbers is wanting 
In 2a!— 10 he avoids as absurd all cases where 2® <10 
Take Probl 16 BK I in his Arithmetica To find three num 
bers such that the sums of each pair are given numbers If 
a b c are the given numbers, then one of the required numbers 
is^(a + 6 +c)— c Ifr>I(a + 6 + c) then this result is umn 
telligible to Diophantus Hence he imposes upon the problem 
the limitation * But half the sum of the three given numbers 
must be greater than any one singly’ Diophantus does not 
give solutions general in form In the present instance the 
special values 20, 30 40 are assumed as the given numbers 
In problems leading to simultaneous equations Diophantus 
adroitly uses only one symbol for the unknown quantities 


Heats (yp at p 72 
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This poverty m notation is offset in many cases merely 
by skill in the selection of the unknown Eloquently he 
follows a method resembling somevhat the Hindu “false 
position” a preliminaiy value is assigned to the unknown 
which satisfies only one or two of the necessaiy conditions 
This leads to expiessions palpably vrong, but neveitheless 
suggesting some stiatagem by which one of the coirect 
values can be obtained ^ 

Diophantus knows how to solve quadiatic equations, but in 
the extant books of his ithmetica he nowhere explains the 
mode of solution Notewoitly is the fact that he always gives 
but one of the two loots, even when both loots are positive 
Hor does he evei accept as an answmi to a problem a quantitj’’ 
which IS negative oi iiiational 

Only the fiist book in the Ai ithmetica is devoted to deter- 
minate equations It is in the solution of indetei inmate 
equations (of the second degiee) that he exhibits his wmnderful 
inventive faculties How^ever, his extiaoidmary ability lies 
less in discoveiing general methods than in leducing all soits 
of equations to particular forms which he knows how^ to solve 
Each of his numerous and vaiious problems has its owm distinct 
method of solution, which is often useless in the most closely 
related pioblem “It is, therefoie, difficult for a modern 
mathematician, aftei studying 100 Diophantine solutions, 
to solve the 101st Diophantus dazzles more than he 

delights 

The absence in Diojihantus of general methods for dealing 
with indeterminate problems compelled modern workers on 
this subject, such as Euler, Lagrange, Gauss, to begin anew 

1 Gow, pp no, 116, 117 

2 Hankel, p 165 It should be remarked that Heath, op cit , pp 
83-120, takes exception to Hankel’s verdict and endeavours to give a 
general account of Diophantine methods 
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Diophantug could teach them nothing in the way of general 
methods The result is that the modern theorj of numbers is 
quite distinct and a decidedly higher and nobler science than 
Diophantine Analysis hlodem disciples of Diophantus usually 
display the Tveahnesses of their master and for that reason 
have failed to make substantial contributions to the subject 
Of special interest to us is the method followed by Diophan 
tus in solving a linear determinate equation Hi'j directions 
are ‘If now in anj problem the same powers of the unknown 
occur on both sides of the equition but with different coeffi 
cients we must subtract equals from equals until we have one 
terra equal to one term If there are on one side or on both 
sides terms with negative coefficients these terms must be 
added on both sides so that on both sides there are onl;y posi 
tive terras Then vre must again subtract equals from equals 
until here remains cnlj one term m each number Thus 
what is nowadays acbi ved by transposing simplifying and 
dividing by the coefficient of x was accomplished by Diophan 
tus by addition and subtraction It is to be observed that in 
Diophantus, and in fact in all wntings of antiquity the con 
ception of a quotient is wanting An opeiation of duision is 
nowhere exhibited When one number had to be divided by 
another, the answ er was reached by repeated subtractions * 

POME 

Of Roman methods of computation more is known than of 
Greek or Egyptian Abatal reckoning was taught in schools 
Writers refer to pebbles and a dust-covered abacus ruled 
into columns An Etruscan relic now preserved m Pans, 
shows a computer holding in his left hand an abacus with 

1 TVertheisi s Diophantus p 7 
* IfESSELUANV p 11^ FBIBCI.EIir p 79 



38 


A HISTORTi: OP MATHEMATICS 


numerals set in columns, wliile with the right hand he lays 
pebbles upon the table ^ 

The EiOinans used also another kind of abacus, consisting of 
a metallic plate having grooves with movable buttons By its 
use all integers between 1 and 9,999,999, as well as some frac- 
tions, could be represented In the two adjoining figures 
(taken from Big 21 in Ft ledlein) the lines represent grooves 
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and the circles buttons The Roman numerals indicate the 
value of each button in the corresjionding groove below, 
the button in the shorter groove above having a fivefold value 
Thus li = 1,000,000 , hence each button in the long left-hand 
groove, when in use, stands for 1,000,000, and the button in the 
short upper groove stands for 5,000,000 The same holds for 
the other grooves labelled by Roman numerals The eighth 
long groove from the left (having 5 buttons) represents duo- 
decimal fractions, each button indicating Jj, while the button 
above the dot means In the ninth column the uppei 

button represents the middle and two lower each 
Out first figure represents the positions of the buttons before 
the operation begins , our second figure stands for the number 
852 The eye has heie to distinguish the buttons in use 

and those left idle Those counted aie one button above 


1 Cai Vol I D 529 
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c (=500), and three buttons Ijclow c(ss:300) one button 
'ibo\e X (=50) two buttons below I (s=J) fou buttons 
indicating duodecimals (=4), and the button for 

Suppose now that 10318^1^^ is to bo added to8^2^5i4 
The operator could begin wath the highest units or the lowest 
units, as Iio pleased Natiirallj the hardest part is the addi 
tion of the fractions In this ease the button for the button 
above the dot and three buttons below the dot were used to 
indicate the sum The addition of 8 would bring all the 

buttons aboio and below 1 into play, making 10 units Hence, 
move them all bade and movo up one button in the groove 
below X Add 10 nio\ang up another of the buttons below 
X add 300 to 800 by moving back all buttons above and below 
c except one button below and moving up one button below l, 
add 10 000 by moving up ono button below S In subtraction 
the operation was similar 

Jlultiphcation could be earned out in several ways In caso 
of "^8 times 25 the abacus may ha\ o show n succcssii ely 
the following values COO (=*30 20), 7C0(=C00+20 8) 
7rO(=7CO + i- 20), r70fj(=770 + ^r 20), 920|5(= 770|5 
4-30 5), 900fJ(«92Off + 8 10, 903 j (=9C0f» ++ 5) 
9G3^Vi(-=i»G3i + * C), 973i*(=9G3i* + i 30), 
970AA(=973}A. + S i), 97(!iA(=97Crt^ + i i), 
0T6i^fy(^OT6iJj + i *.)■ 

In division the abacus was used to represent the remainder 
resulting from the subtraction from the dividend of the divisor 
or of a convenient multiple of the divisor The process was 
complicated and difficult These methods of abacal coraputa 
tion show clearlj how multiplication or division can be 
carried out by a series of successive additions or subtractions 
In this connection we suspect that recourse was had to mental 


^ f ItlEDLSIV p 69 
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opeiations and to the multiplication table I’lnger-ieckoning 
may also have been used In any case the multiplication and 
division with laige numbeis must have been be^mnd the power 
of the oidiiiaiy computor This difficulty uas sometimes 
obviated by the use of aiithmetical tables fiom uhich the 
requiied sum, diffeience, oi piodiict of two numbeis could be 
copied Tables of this soit ueie piepaied by V^ctouttf of 
Aquitania, a wiitei who is well knoun foi his canon ])as(hah‘i, 
a lule foi finding the coiiect date for Easter, uliitli he pul> 
lished in 457 ad The tables of Victoiius coni am a peculiar 
notation foi fiactions, which continued in use thioughout the 
middle ages ^ Fiactions occui among the Tiomans most fie- 
quently in money computations 
The Roniaii paitiality to duodecimal fiactions is to be 
obseived Why duodecimals and not decimals ^ Doubtless 
because the decimal division of weights and measuies seemed 
unnatuial In eveiyday aflaiis the division of units into 2, 3, 
4, 6 equal paits is the cominonest, and duodecimal fiactions 
give easiei expiessions foi these paits In duodecimals the 
above parts aie -^j, y\, of the whole , in decimals these 

5 3-1- 2^- 1“ 

parts aie Unlike the Greeks, the Bomans dealt 

with concrete fractions The Boman as, oiiginally a copper 
com Aveighing one pound, was divided into 12 uncice The 
abstiact fraction was expressed concretely by deun% (= de 
uncia, i e , as [1] less n,ncia [yV]) > called qumcmix 

(= qumgue [five] imcice) , thus each Boman fraction had a 
special name Addition and subtraction of such fractions weie 
easy Fractional computations were the chief part of arith- 
metical instruction in Boman schools * Horace, in remem- 
brance, perhaps, of his own school-days, gives the following 


^ Consult FnirDLEiN, pp 93-98 


2 Haxkel, pp 68, 69 
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dialogue betw^een teacher and pupil (A}s poetica V 326-330) 
‘Let the son of Albinus tell me if from five ounces \te !«•] 
be subtracted one ounce e whit is the remainder^ 
Come, j ou can tell One third Good jou ivill be able to 
tahe care of j our property If one ounce [i e be added 
what does it make ^ ^One half 
Doubtless the Pomans unconsciouslj hit upon a fine 
pedagogical idea in their concrete treatment of fractions 
Eoman boys learned fractions m connection ivith money 
weights and measmes We conjecture that to them fractions 
meant more than what was convened bj the definition 
‘ broken number given m old iinglish arithmetics 
One of the last Roman wnteis was Bovthtua (died 024) who 
IS to be mentioned m this connection as the author of a woik, 
De Institutions Anlkmeiica essentiallj a translation of the 
arithmetic of Nicomachus although some of the most beau 
tiful arithmetical results in the onginal are omitted bj 
Boethius The historical importance ot this translation lies 
in the extended use made of it later m W estern Europe 
The Roman laws of mlientance gave nse to numeious anth 
metical evatnples The following is of interest in itself and 
also because its occurrence elsewhere at a later peiiod assists 
us in tracing the source of arithmetical knowledge in W estern 
Europe A dying man wills that if his wife being with child 
gives birth to a son the son shall receive -j and she \ of his 
estate but if a daughter is born the daughter shall receive 
and the wife f It happens that twins are born a boy and 
a girl How shall the estate be divided so as to satisfy the 
will^ The celebrated Roman jurist Salvianus Julianus 
decided that it should be divided into seven equal parts of 
which four should go to the son two to the wife and one 
to the daughter 

Aside from the (probable) improvement of the abacus and 
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the development of duodecimal fiactions, the Romans made no 
contributions to arithmetic The algebia of Riophantus "was 
unknowu to them With them .as with all nations of antiquity 
numerical calculations ere long and tedious, foi the reason 
that they nevei possessed the boon of a pcifcit notation of 
numbers with its zero and piinciple of local ^alue 



GEOMETRY AND TRIGONOMETRY 


EGYPT AND BABYLONIA 

Tub crude beginnings of empirical geometry, like the art of 
counting, must be of very ancient origin Vn e suspect that our 
earliest records reaching back to about 2i>00 u c represent 
comparatively modern thought The Ahmes papyrus and the 
Egjptian pyramids are probably the oldest evidences of geo- 
metrical study We find it more convenient however, to 
begin with Babylonia Ancient science is closely knitted with 
superstition We have proofs that m Babylonia geometrical 
figures were used m augury ' Among these figures are a pair 
of parallel lines a square a figure nith a re entrant angle and 
an incomplete figure, believed to represent three concentric tri 
angles ^\ith their sides respectively parallel The accompanj 
mg text contains the Sumerian word tm meaning line 
originally rope” hence the conjecture that the Babylonians 
like the Egy ptians used ropes in measuring distances and in 
determining certain angles The Babylonian sign * is be 
lieved to be associated with the division of the ciicle into six 
equal parts and (as the Babylonians divided the circle into 
3G0 degrees) with the ongm of the sexagesimal system That 
this division into six parts (probably by the sixfold application 
of the radius) was known in Babylonia follows from the in 
spection of the six spokes m the wheel of a royal carnage 

I CXKTOR \ al I pp 4 l»-48 
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represented in a di awing found m the remains of Nineveh 
Like the Hebrews (1 Kings vii 23), tke Babylonians took the 
latio of the circumference to the diameter equal to 3, a de- 
cidedly inaccurate value Of geometrical demonstrations there 
IS no trace “As a rule, in the Oiiental mind the intmtive 
powers eclipse the severely rational and logical ” 

We begin our account of Egyptian geometry with the geo- 
metrical problems of the Ahmes papyrus, which are found in 
the middle of the arithmetical matter Calculations of the 
solid contents of bains precede the determination of areas ^ 
Not knowing the shape of the barns, we cannot verify the cor- 
rectness of the computations, but in plane geometry Ahmes’s 
figures usually help us He consideis the area of land in the 
forms of square, oblong, isosceles triangle, isosceles trapezoid, 
and circle Example No 4d gives 100 as the area of a square 
whose sides are 10 In No 51 he draws an isosceles triangle 
whose sides are 10 luths and whose base is 4 ruths, and finds 
the area to be 20 The correct value is 19 6“ Ahmes’s 
approximation is obtained by taking the product of one leg 
and half the base The same error occurs in the area of 
the isosceles trapezoid Half the sum of the two bases is 
•nultiplied by one leg His treatment of the circle is an actual 
qnach ature, for it teaches how to find a square equivalent to 
the ciicular area He takes as the side, the diameter dimin- 
ished by of itself This is a fan approximation, for, if the 
radius is taken as unity, then the side of the square is J/-, and 
its area = 3 1604 . Besides these pioblems there are 

others relating to pyramids and disclosing some knowledge of 
similar figures, of proportion, and, perhaps, of rudimentary 
trigonometry " 

Besides the Ahmes papyrus, proofs of the existence of 

^ Gom , pp 126-130 

- Consult CA^TOn, Vol I,pp 99-102, Gow, p 128 
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anc:ent Egyptian geometry arc found m figures or the trills 
of old structures Tlic wall was ruled with squares or other 
rectiUncar figures within which coloured pictures were drawn ' 
The Greek philosopher Democritus (about 4G0-37O n c ) is 
quoted as saj mg tint in the construction of plane figures 
no one has jet surpassed me, not even the so^alled llarpedo- 
naptcE of EgjpL* Cantor has |iointed out the meaning of the 
word ‘harpodonaptai to be ‘rope stretchers * Ihis, togetlicr 
with other clues led him to the conclusion that in hj in^ out 
temples the Egyptians determined b} accurate astronomical 
observation a north and south line, then thej constructed a 
lino at right angles to this by means of ft rope stretched around 
three pegs in such a wa^ that the three sides of the tnanglo 
formed arc to each other as 3 1 5 and that one of the legs of 
this right triangle coincided with the N and S hnc Then 
the other leg gave the E and W line for the exact orientation 
of the temple According to a leathern document in the Ber 
lin Sfuseum, "rope stretching” occurred at the very earlj ago 
of Amenerahat I If CantoEs explanation is correct it fol 
lows therefore that the Egyptians were familiar with tho 
well known propert) of tho nght-triangle in case of sides m 
the ratio 3 4 5 as carlj as 2000 b c 
From what has been said it follows that Egyptian geometry 
flourished at a very early agt AVliat about its progress in 
subsequent centuries ? In 257 n c was laid out the temple of 
Horus, at Edfu, in Upper Egypt About 100 n c tho number 
of pieces of land owned by tho priesthood, and their areas 
Were inscribed upon the walls m hicroglj pines Tho incorrect 
formula of Ahmes for the isosceles trapezoid is here applied 
for any trapezium, however irregular Thus the formulae of 
more than 2000 n c yield closer approximations than those 

* Consult the drawings reproduced III Castok \ol I p 108 

J lildfm p 104 
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written two centuries after Euclid ' The conclusion irresist 
ibly follows that the Egyptians resembled the Chinese in the 
stationary charactei, not only of their government, but also of 
their science An explanation of this has been sought m the 
fact that their discoveries in mathematics, as also in medicine, 
were enteied at an early time upon their sacred books, and 
that, in aftei ages, it was consideied heretical to modify or 
augment anything therein Thus the books themselves closed 
the gates to piogiess 

Egyptian geometry is mainly, though not entirely, a geome- 
try of areas, for the measurement of figures and of solids con- 
stitutes the main part of it This piactical geometiy can 
hardly be called a science In vain v e look foi theorems and 
proofs, or for a logical system based on axioms and postulates 
It IS evident that some of the rules were purely empirical 

If we iiiay trust the testimony of the Greeks, Egj’iitiau 
geometry had its oiigiu in the suiveying of land necessitated 
by the frequent overflow of the Nile 


GREECE 

About the seventh century b c there arose between Greece 
and Egypt a lively intellectual as well as commercial inter- 
course Just as Americans in our time go to Germany to 
study, so early Greek scholars visited the land of the pyra- 
mids Thales, CEnopides, Pythagoras, Plato, Democritus, 
Eudoxus, all sat at the feet of the Egyptian priests for in- 
struction While Greek culture is, therefore, not primitive, 
it commands our enthusiastic admiration The speculative 
mind of the Greek at once transcended questions pertaining 
merely to the practical wants of everyday life, it pierced 
into the ideal relations of things, and revelled in the study 
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of science as science For this reason Greek geometry -will 
alwajs be admired notwithstanding its limitations and 
defects 

Eudemus a pupil of Anstotle, wrote a history of geometry 
This historv has been lost, but an abstract of it, made by Pro 
clus in his commentaries on Euclid, is extant and is the most 
tru&tii orthj information we hare regarding early Greek 
geometry We shall quote the account under the name of 
I^uderman Summary 

I The lonxc School — The studj of geometry was introduced 
into Greece by Fhcdes of Aliletus (640-546 b c ) one ot the 

seien wise men ’ Commercial pursuits brought him to 
Egjpt intellectual pursuits for a time detained him there 
Plutarch, declares that Thales soon excelled the priests and 
amazed King Amasis measuring the heights of the pyra 
nnds from their shadows According to Plutarch this was 
done thus The length of the shadow of the pyramid is to the 
shadow of a vertical staff as the unknown height of the pyra 
mid IS to the known length of the staff But according to 
Diogenes Laertius the niposurement was different The height 
of the pyramid was taken equal to the length of its shadow at 
the moment when the shadow of a vertical staff was equal to 
its owm length * 

1 The firet method implies a knowledge of the proportionality of the 
sides of equiangular triangles which some critics are unwilling to grant 
Thafes The rudiments ol propocttoa wenp cettsmly tcofni fo Abmes 
and the builders of the pyramids Allman grants Thales this knowledge 
and m general assigns to him and liis school a bi^h rank See Greek 
Geometry from Thales to Eudid by Gtoaot. Joii stov Ate iav Dublin 
I8S9 p 14 Gow (p 14 ) ol o believes in Plutarcl s narrative but 
Cantor (I p 135) leaves the qnesuon open while Ilanl cl (p OO) Bret 
g ineidtr Tannery Loria are inclined to deny T1 ales a knowledge of 
similitude of fimres See Die Geometrie tind he Ceometer vor Eukhdes 
E i Jhstonscher 1 ersuch von C A 'BKETSciiaEiDEn Ltipzi^ 1870 p 46 
la Geomitne Grecque par Paw. Tatvebt Pans 1887 p 0- Ze 
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The Exidciman Sximmcmf ascribes to Tliales the invention of 
the theoieins on the equality of leitical angles, the equality 
of the base angles in isosceles tiiangles, the bisection of the 
circle bj’- any cliainetei, and the congruence of tvo triangles 
having a side and the two adjacent angles equal respectively 
Famous is his application of the last theoiem to the detei- 
niination of the distances of ships fioni the shoie The 
theoiem that all angles insciibed in a semicircle are right 
angles is attiibuted bj’ some ancients to Thales, bj’’ others to 
Pythagoras Thales thus seems to ha\ e originated the geome- 
tiy of lines and of angles, essentially abstiact in chaiactei, 
while the Egjqitians dealt piimaiil}’’ vith the geometiy of sui- 
faces and of solids, empiiical in chaiacter ’ It would seem as 
though the Egj’ptian piiests who cultivated geometry ought at 
least to have felt the truth of thb above theorems We ha\ e 
no doubt that they did, but i\e incline to the opinion that 
Thales, like a tiue philosopher, formulated into theoiems and 
subjected to pi oof that which others meiely felt to be tiue 
If this view IS coirect, then it follows that Thales in his pjna- 
mid and ship measurements was the fiist to apply theoretical 
geometiy to practical uses 

Thales acquiied great celebrity by the prediction of a solar 
eclipse in 685 b c With him begins the study of scientific 
astronomy The story goes that once, while viewing the stars, 
he fell into a ditch An old woman attending him exclaimed, 
“How canst thou know what is domg in the heavens, when 
thou seest not what is at thy feet ^ ” 

Astronomers of the Ionic school are Anaximander and 
Anaximenes Anaxagoras, a pupil of the latter, attempted to 
square the circle while he was confined in prison Appioxi- 

Scienze Esatte nelV Antica Grecia, di Gino Lokia, in Modena, 1893, 
Libro I , p 25 

1 Almian, p 16 
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mations to the ritio r occur eirl^ imong the Egyptians Babj 
lonians and Hebreirs but Vmxagoras is tbe first recorded os 
attempting the (letcnnnntion of the exact ratio — tint knottj 
problem uhiUi since Ins time has been unsuccessfully attacked 
by thousands \naxagoras apparently o/Tereti no solution 
II The Pfjfhatjnrean School — llie life of / ythagorat 
(*>80^-000’ nc) IS enveloped in a deep mvtlncal haze \\e 
are reasonably certain, however that he was born in Samos 
studied in Lgvpt and later, returned to the place of Ins 
nativity 1 erhaps ho visited IKbylon Failing in his attempt 
to found a school in Samos, he followed the cm rent of civ iliza 
tion and settled at Croton in South Italy (Ma^na Grrcia) 
There he founded the PytliaoOrean brotherJiood with observ 
ances approaching 'NKsoiiic ptcnliarity Its members were 
forbidden to divulge the discoveries an I doctrines of tlieir 
school Hence it is now iin|)os$ib)c to tell to whom individu 
ally the various 1 vthagorean discoveries must bo asciibed It 
was the custom among the lytliagoreans to refer every di& 
covery to the great founder of the sect At first the school 
flourished but later it became an object of suspicion on account 
of its mystic observances A political party m Lower Italy 
destroyed the buildings, Pythagoras fled but was killed at 
Jletapontum Fliough politics broke up the Pythagorean fra 
ttrnity tlie school tontimicd to c\ist for at least two centimes 
Like Thales, lythagoras wrote no mathematical tieatises 
The Etulevuan Summary say s P} thaguns changed the. study 
of geometry into tlio form of a liberal education for I e exam 
ined its principles to the bottom and investigated its tueorems 
111 an immaterial and intellectual manner ” 

To Pythagoras himself is to be ascribed the well known 
property of the right triangle Tlie truth of the theorem for 
the special case when the sides are 3 4 and 5 respectively he 
may have learned from the Egyptians "W e are told that Py 
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thagoras "was so 3ubilant over tins great discovery that he sac- 
rificed a hecatomb to the muses ivho inspired liim That this 
IS but a legend seems plain from the fact that the Pythagoreans 
believed in the transmigration of the soul, and, foi that reason, 
opposed the shedding of blood In the traditions of the late 
ISTeo-Pythagoreans the objection is lemoved by leplacing the 
bloody sacrifice by that of “an made of floiu ” ’ The dem- 
onstration of the law of thiee squaies, given in Euclid, I , IT, 
is due to Euclid himself The pi oof given by Pythagoras 
has not been handed down to us IMucli ingenuity has been 


expended in conjectures as to its natuie Pretschneidei’s sur- 
mise, that the Pythagorean proof was substantially the same 
as the one of Bhaskara (given elsewhere), has been well 
received by Hankel, Allman, Gow, Lona ^ Cantor thinks it 
not improbable that the early proof involved the consideration 



of special cases, of which the isosceles 
right triangle, peihaps the fiist, may 
have been pioved m the manner indi- 
cated by the adjvuning figure- The 
four lower tiiangles togethei equal the 
four upper Divisions of squares by their 
diagonals in this fashion occur in Plato’s 


Meno Since the time of the Greeks the famous Pythagoiean 


Theorem has received many different demonstrations ® 


A characteristic point in the method of Pythagoras and his 


school was the combination of geometry and arithmetic, an 


1 See Bretschveider, p 82, Allman, p 36, HA^KEL, p 98, Gow, 
p 155 , Loria, I , p 48 

2 Cantor, 1 , 185 , see also Gow, p 155, and Allman, p 29 
^SeeJoH Jos Jgn Hoffmann, De? Pythagorische Lehi satz mit zwey 

und dreysig theils bekannten, theils neuen Beweisen Mainz, 1819 See 
also Jury Wipplb, Sechsundvierztg Beweise des Pythagoraischen Lehr- 
satzes Aus dem Russischen von F Graap, Leipzig, 1880 The largest 
collection of proofs is by F Yanney and J A Calderhead in the Am 
Math Monthly, Vols 3 and 4, 1896 and 1897 
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arithmetical fact has its analogue in geometry, and vice lersa. 
Thus in connection nith the Ian of three squares Pythagoras 
devised a nile for finding integral numbers representing the 
lengths of the sides of right triangles Choose -}- 1 as one 
side, then 4[(d« + 1)*— 1] = 2n* + 2n=: the other side and 
2«* + 2n + l = thc hjpotenuse If n = 5, tlien the three 
sides are 11 CO Cl This rule fields onl^ triangles whose 
Iij potenuse exceeds one of the sides by unit> 

Ascribed to the I^thagoreans is one of the greatest irirhi> 
matieal discoieries of antiqmtj — that of Irrational Quantims 
The disco\erj is usnallj supposed to have groun out of the 
study of the isosceles right trian Je * If each of ne equal 
legs IS taken as unitj then the hypotenuse, being equal 
to Vd, cannot bo exactly represented by any number what- 
ever "W e maj imagine that other numbers, 8a> 7 or were 
taken to represent the legs, in these and all other cases expen 
mented upon no number could be found to exactly measure the 
length of the h) potenuse After repeated failures doubtless 
some rare genius to whom it is granted during some happy 
moments, to soar with eagles flight above the lei el of human 
thinking — it maj have beenPytliagoras himself --grasped the 
happj thought that this problem cannot be solved ’ * As there 
was nothing m the shape of any geometrical figure which could 
suggest to the eje the existence of irrationals their discovery 
must have resulted from unaided abstract thought The 
Pythagoreans siw iii irrationals asjmbol of the unspeakable 
The one ivho first dnulged their theory is said to have suf 
fered shipwreck in consequence, for the unspeakable and 
invisible should always be kept secret”* 

1 Allsian p 4 tliinka it more likely that the discovery was owing to 
the problem — to cut a line in extreme and mean ratio 
IliNKi L p mi 

s T1 e same story of death in the sea is told of the Pythagorean Hip 
pjsus for divulging the knowledge of the dodecaedron 



52 


A HISTORY OF MATHEMATICS 


The theoiy of paiallel lines enters into the Pytliagorean 
pioof of the angle-sum in tiiangles, a line being drawn parallel 
to the base In this mode of proof we observe pi ogress from 
the special to the general^ foi accoiding to Geminus the early 
demonstiation (by Thales'-’) of this theoiein embraced three 
diffeient cases that of equilateial, that of isosceles, and, finally, 
that of scalene tiiangles ' 

Eudemus says the Pythagoreans invented the problems con- 
cerning the application of aieas, including the cases of defect 
and excess, as in Euclid, VI , 28, 29 They could also constiuct 
a polygon equal in area to a given 25olygon and similai to 
another In a general way it may be said that the Pythago- 
rean plane geometiy, like the Egy’^iitian, wsas much concerned 
with areas Conspicuous is the absence of theorems on the 
circle 

The Pythagoieans demonstrated also that the plane about 
a point is completely filled by six eqiulateial triangles, foui 
squares, or three regular hexagons, so that a plane can be 
divided into figuies of either kind Related to the study 
of regular polygons is that of the regular solids It is here 
that the Pythagoreans contributed to solid geometiy Erom 
the equilateral triangle and the square aiise the tetiaedron, 
octaedion, cube, and icosaedron all foui probably known to 
the Egyptians, ceitainly the fiist three In Pythagorean phi- 
losophy these solids lepiesent, respectively, the foui elements 
of the physical world fiie, an, eaitli, and water In absence 
of a fifth element, the subsequent discovery of the dodecaedion 
was made to represent the universe itself The legend goes 
that Hippasus perished at sea because he divulged “the sphere 
with the twelve pentagons ” 

Pythagoras used to say that the most beautiful of all solids 
was the sphere , of all plane figures, the circle 

^ Consult Hankel, pp 96, 96 
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\\ itli w lilt degree of rigour the Itihnn seJiool deinonstnted 
their theorems mc hi'C no sure tti> of determining ^^e ire 
sife, however in assuming thit the progress from cmpiricil to 
reasoned solutions wis slow 

liSMiig to the later 3>thigoreini we meet the nimo of 
1 hilolius, ^Uio wrote a book on 1 >lhigorein doetnnes uhich 
ho iindc knosvn to the \%orld lAstU v.e mention the brilhint 
Ire7/yta« of Tircntinn (1-S-»{I7 iic) who n is tlie onl> grtit 
geometer in Greece when 1 lito opened his school He ad 
vinecd the theory of pra|>orttoti and wrote on the dujilicition 
of the cube ' 

HI Hit SchofiX — The perioils of existence of the 

scservl Greek mithcmiticil * schools oscrlip considenbl) 
Ihus Pjtliigorcin actisitj continiieil during the time of the 
sop lists until the opening of the I litoiuc school 
After the repulse of the I trsiins it the Ixittlo of Sihmis 
in 480 no ind the expulsion of the Difcnitiins iml pirates 
from the AZgcin Sci Greek commerce liogin to flourish Vthens 
giincd grcit iscendancj, ind beciinc the centr tonird winch 
scholirs gMcititod I ) thagoreaiis flocked thither Vnitig 
oras brought to Vthens Ionic philosophy TJio lythigorein 
practice of secrecy ceased to be observed the spirit of Vtlio- 
man life demanded publicity * All meniil work being per 
formed by slaves the Athenians were people of leisure Tint 
they might excel in public discussions on philosophic or scicn 
tific questions they must bo ediicited Tliere irose i demand 
for teachers, who were cillcd 01 ‘wise men Unlikt 

the early Pyfchigoreins the sophists accepted piy for their 
tea/ hing They taught principilly rhetoric, but also philoso- 
phy mathematics and astronomy 

TJie geometry of the ein,le neglected by the Fy thigoreins 
was now taken up The researches of the sophists centre 
^ Consult Alluak pp 102->1 7 ^ Illiun p 
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aiound the three follo-mng famous problems, -^Uiich were to be 
constructed with aid only of a luler and a pair of compasses 

(1) The trisection of any angle or aic , 

(2) The duplication of the cube , ? e to construct a cube 
whose volume shall be double that of a gi\en cube, 

(3) The squaring of the circle, ? e to const met a squaic oi 
other rectilinear figure Ailiose area exactly equals the aiea of a 
given cncle 

Ceitainly no other problems in mathematics ha^e been stud- 
ied so assiduously and persistently as these The best Gieelc 
intellect vas bent upon them , Aiabic learning vas applied to 
them, some of the best mathematicians of the Western Renais- 
sance wiestled with them Tiained minds and unti .lined minds, 
wise men and cranks, all endeavoured to conquei these piol> 
leins vhich the best biains of pieceding .ages had ti led but failed 
to solve At last the fact dan ned upon the minds of men th.it, 
so long as they limited theniseh es to the postul.ates haul doim 
by the Greeks, these problems did not admit of solution This 
divination was latei confirmed by rigorous pi oof The Gieeks 
demanded constiuctions of these pioblems by ruler and com- 
passes, but no other instiiiments In other voids, the figuie 
was to consist only of straight lines and of ciicles A con- 
struction Avas not geometucal if effected by di.aving ellipses, 
parabolas, hyperbolas, oi othei higher cuives With aid of 
such cuives the Gieeks themselves resolved all three pioblems, 
but such solutions Avere objected to as mecliamcal, AAdieieby 
“the good of geometry is set aside and destroyed, for Ave again 
reduce it to the Avorld of sense, instead of elcAmting and imbu- 
ing it with the eternal and incorporeal images of thought, even 
as it is employed by God, for AAdiich reason He ahvays is God” 
(Plato) Why should the Gieeks have admitted the cncle into 
geometrical constructions, but rejected the ellipse, parabola, 
and the hyperbola curves of the same order as the circle 
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We 'inswer in the words of Sir Isiac Newton ‘ ‘It is not the 
simplicity of the equation but the cisjness of the description, 
which IS to determine the choice of our lines for the construe 
tions of problems 1 or the equation that expresses a panbola 
IS more simple than that that expresses a circle and jet the 
circle, bj its more simple construction is admitted before it”* 
The bisection of an angle is one of the easiest of geometneal 
constructions Tarlj ini estigators as also beginners m our 
elementarj classes doubtless expected the division of an angle 
into three equal parts to bo fullj as casj In the special case 
of a right angle the construction is readilj found but the 
general case offers insuperable difficulties One llippias serj 
probably llippias of Lhs (bom about -ICO nc), was among 
the earliest to studj this problem Tailing to find a construe 
tion involving merely circles and straight linos ho discovered 
a transcendental curve (le ono which cannot be represented 
bj an algebraic equation) by which an angle could bo divided 
not onlj into three but into any number of equal parts As 
this same curve was used later m tiie quadrature of the 
circle it received the name of quadmtnx^ 

* Iuac Siwto-t Umcersal Anlhm*t(ek Translated by the late Mr 
Ralplison revised by ^fr Cunn I/ondo» 1709 p 408 

In one of Pe Morgan a lectciB to Sir M It Ilamilton occurs the fol 
lovvin Ilutwliat distinguishes the straight line and circle more than 
anytluni; el t and properly separates tliein for the purpose of elementary 
geometry ? Their self simllanty Every Inch off a straight line coincides 
witli every other inch and off a circle with every other off the same 
circle Where then did I uciid fail? In not introducing the tiiird curve 
whJcJj has the same property — tho sciew Ibe right line tie circle tie 
screw — the representatives of translation rotation and tl e two combined 
— on ht to have been the instruments of geometry With a screw we 
should never have heard of the Impossibility of trisecting an angle squar 
Ing tl e circle etc — Gkaves Life of Sii IHWiam ^ouan Hamilton 
1889 Vol III p 34J However If N wton a test of easiness of desenp 
tion be aj plied then the screw roast be excluded 

• For a description of the quadratnx see Gow p ifll That the in 
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The paoblem “to double the cube” perhaps suggested itself 
to geometers as an extension to three dimensions of the prob 
lem in plane geometiy, to double a square If upon the diag 
onal of a square a new square is constructed, the area of tins 
new squaie is exactly twice the area of the hist square Tins 
is at once evident fiom the Pythagoican Theoiem But the 
construction of a cube double in soluine to a given cube brought 
to light unlooked-foi difficulties A different oiigin is assigned 
to this pioblem b}’’ Eiatosthenes The Delians ueie once suf- 
feiing from a pestilence, and ueie oideied by the oiacle to 
double a certain cubical altai Thoughtless uoikmen simply 
constructed a cube with edges twice as long, but brainless 
woiklike that did not pacify the gods The error being dis- 
covered, Plato was consulted on this “Delian pioblem ” Ei.i- 
tosthenes tells us a second story King Minos is lepresented 
by an old tragic poet as unslnng to erect a tomb for his son, 
being dissatisfied with the dimensions proposed by the archi- 
tect, the king exclaimed “Double it, but fail not in the 
cubical form ” If we trust these stones, then the problem 
originated in an aiclutectuial difficulty ^ JLjypoo ates of Chios 
(about 430 b c ) was the fiist to show that this pioblem can be 
reduced to that of finding between a given line and anothei 
twice as long, two mean propoitionals, ie of inserting tuo 
lengths between the lines, so that the foui shall be in geomet- 
rical progression In modem notation, if a and 2a are the 
two lines, and a and y the mean proportionals, we have the 

progression a, a, y, 2a, which gives - = -= ^ whence 'xr=ay, 

a y 2a 

y^=2a% Then x* = a-y- = 2a\ 'iP = 2o? But Hippocrates 

ventor of the quadratnx was Hippias of Ehs is denied by Hamcel, p 161, 
and Ailman, p 94, but affirmed by Cantoh, I , p 181 , BKETSCII^EIDER, 
p 94 , Gou , p 163 , Loria, I , p 66 , Takneri , pp 108, 131 
‘ Gow, p 162 
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natunllj failed to find x the side of the double cube by geo- 
melnccd construction However, the reduction of the problem 
in solid geometry to one of pHne geometry was iii itself no 
mean achievement He became celebrated also for his success 
m squaring a lune This result ho attempted to apply to 
tlie squaring of the circle * In his stiidj of the Delian and 
the quadrature problems Hippocrates contributed much to the 
geometr} of the circle The subject of sunilir figures in\olv 
mg the theorj of proportion also engaged liis attention Ho 
wrote a geometrical text-booh, called the Elements (now lost) 
wherebj no doubt be contributed \astlj towards the progress 
of geometry b) making it more easilj accessible to students 

Hippocrates is said to hate once lost all his property 
Some accounts say he fell into the hands of pirates, others 
attribute the loss to his own want of tact Sajs Aristotle 
* It IS well knotvn that persons stupid in one respect nro bj 
no means so in others Thcro is nothing strange in this so 
Hippocrates, though skilled m geometry appears to ha\e been 
in other respects weak and stupid, and he lost, as thej saj 
through his simplicitj a large sum of monej by the fraud of 
the collectors of customs at Djzantium ”* 

A considerable step m ad\anco was the introduction of the 
process of exhaustion bj the sophist Antiphon a contemporarj 
of Hippocrates By inscribing in a circle a square and on its 
sides erecting isosceles tnangles ^vith their \erticcs m the cir 
cumference and on the sides of these triangles erecting new 
isosceles tnangles etc , ho obtained a succession of regular in 
scribed polygons of 8 16, 32, sides and so on, each polygon 
approaching in area closer to that of the circle than did the 
preceding polygon, until the circle was finally exhausted Anti 

1 For details see Gow pp 1C5-168 

* Translated by Acljiax p 67 from Artst Elk ad Eud VII , c XIV 
p 1247 a 16 ed. Bekker 
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plion concluded that a polygon could he thus inscribed, tlic 
sides of which, on account of their minuteness, '\\ould coincide 
with the ciicumfeience of the circle Since squares can hr 
found exactly equal in aiea to any gi\en polygon, there can 
be constiucted a squaie exactly equal in aiea to the last pol} 
gon insciibed, and theiefoie equal to the ciule itself Thus 
it appeals that he claimed to Inuc established the possi- 
bility of the exact quadiatuie of the ciicle One of his ton- 
tempoiaiies, Bunon o) Jloacloa. modilied this piocess of 
exhaustion by not only insciibing, but also, at the same 
time, ciicumsciibing legulai pol 3 'gons lie did not claim to 
seeme coincidence between the polj gons and ciiclc, but he 
committed a gioss ciioi by assuming the aiea of the ciiclc to 
be the exact aiithmetical mean of the t\io poljgonal areas 
Antiphon’s attempted quadiatuie iinohcd a jioint eagerly 
discussed by philosopheis of that time All other Gieek 
geometeis, so fai as wc know, denied the jiossibility of the 
coincidence of a pol^'gon and a ciicle, foi a stiaight line can 
nevei coincide with a ciicumfeience or pait of it If a poly- 
gon could coincide with a circle, then, says Simplicius. i\e 
would have to put aside the notion that magnitudes aie dnisi- 
ble ad infuntum AYe have heie a difficult philosophical ques- 
tion, the discussion of Viluch at Athens appeals to ha^e 
gieatly influenced and modified Greek niathematical thought 
in lespect to method The Eleatic philosophical school, vith 
the gieat dialectician Zeno at its head, aigued Math admiiable 
ingenuity against the infinite divisibility of a line, or othei 
magnitude Zeno’s position ivas practically taken bj’- Antiphon 
in his assumption that straight and curved lines are ultimately 
reducible to the same indivisible elements ' Zeno reasoned by 
9 educiio ad absu^ dum against the tlieoiy of the infinite divisi 


At lman, p 6G 
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bility of a line He argued that if this theorj is assumed to 
be correct, Achilles could not catch a tortoise For while he 
ran to the place where the tortoise had been when he started 
the tortoise crept some distance ahead, and uhile Achilles 
hastened to that second spot it again moved forward a little 
and so on Being thus obliged first to retch every one of the 
infinitely raanj places which the tortoise had previously occu 
pied Achilles could never overtake the tortoise But, as a 
matter of fact Achilles could catch a tortoise, therefore it is 
wrong to assume that the distance can be divided into an 
indefanite number of parts In like manner, the flj ing arrow 
IS alwaj s at rest for it is at each moment only in one place ” 
These paradoxes involving the infinite divisibility and there 
fore the infinite multiphcity of parts no doubt greatlj per 
plexed the mathematicians of the time Desirous of construct- 
ing an unassailable geometric structure, thej banished from 
their science the ideas of the mfimtelj little and the infinitely 
great Moreover to meet other objections of dialecticians 
theorems evident to the senses (for instance that two inter 
secting circles cannot have a common centre) were sub- 
jected to rigorous demonstration Thus the influence of 
dialecticians like Zeno, themselves not mathematicians greatly 
modified geometric science in the direction of increased rigour 
The process of exhaustion, adopted by Antiphon and Bryson, 
was developed into the perfectly rigorous ‘^et/iod oj 'uiartsfion 
In finding for example, the ratio between the ar as of two 
circles similar polygons were inscnbea and by increasing the 
number of sides the spaces between the polygons and circles 
nearlj exhausted- Since the polygonal areas were to each 
other as the squares of the diameters geometers doubtless 
d.fined the theo em attributed to Hippocrates of Chios that 

Coflsuit furthe Rankbi. p 118 Cantob I p 198 Allman p 65 
a>obia 1 p 63 
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the circles themselves are to each other as the square of their 
diameters But in older to exclude all vagueness oi possibility 
of doubt, later Greek geometers applied leasoiiiiig like that in 
Euclid, XII , 2, which we give m condensed foim as follows 
Let G, c be two circulai aieas, D, cJ, the diameteis Then, 
if the propoition = G c is not true, suppose that 

dr = G c' If c' < c, then a polygon p can be inscribed in 
the circle c which comes iieaiei to c in aiea than does c' If 
Pbe the coi responding polygon m G, then P p=D‘ d-=G c', 
and P G=p c' Since > c', we have P> G, which is 
absurd Similarly, c' cannot exceed c As c' cannot be larger, 
nor smaller than c, it must be equal to c Q e n Here we have 
exemplified the method of eihauslion, involving the process of 
reasoning, designated t\\Q i edxictio ad absxodum Hankel refers 
this method of exhaustion back to Hippocrates of Chios, but 
the reasons for assigning it to this eaily writer, rather than 
to Eudoxus, seem insufficient ^ 

IV The Platonic School After the Peloponnesian War 
(431-404 B c ), the political power of Athens declined, but her 
leadership in philosophy, literatuie, and science became all the 
stronger She brought forth such men as Plato (429 b c ), 
the strength of whose mind has influenced philosophical 
thought of all ages Socrates, his early teacher, despised 
mathematics But after the death of Socrates, Plato travelled 
extensively and came in contact with several prominent math- 
ematicians At Cyiene he studied geometry with Theodorus, 
in Italy he met the Pythagoreans Archytas of Tarentum and 
Timmus of Locri became his intimate fi rends About 389 b c 
Plato returned to Athens, founded a school in the groves of 
the Academia, and devoted the remainder of his life to teach- 
ing and writing IJnlike his master, Socrates, Plato placed 


1 Consult Hankel, p 122 , Gow, p 173^ Cantor, I , pp 242, 247 
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great value upon the mmd-dcv doping ponerof mathenntics 
Let no one who is unacquainted mth geomctr) enter here, 

M as inscribed er the entrance to hia school Likeu ise \eno- 
crates, a successor of Plato as teacher in the Acadeni} declined 
to admit a pupil without mathematical training Depart for 
thou hast not the grip of philosophy I he LniUmian iSio/i 
mary says of Ilato that ho filled his ^^ntlngs %Mth niathc 
matical terms and illustrations, and exhibited on every occa- 
sion the remarkable connection belvvecn matbematics and 
philosophy ’ 

l*Iato was not a professed mathematician Ho did little or 
no original work but he cncotiraocd mathematical study and 
suggested iin])rovcnicnts in the logic and methods cmpluvtd 
m geometry He turned the instinctive logic of the earlier 
geometers into a method to l»e used consciously and without 
misgivu>g* MitU him begin careful dclnntions and the 
consideration of postulates and axioms Die 1 y tlngorean 
definition ‘‘a point is unity in |>ositton embodying a philo- 
sophical theory was rejected by the llatoinsts, a |X)int was 
defined as* the beginning of a straight lino” or * an indivisible 
line* According to Aristotle the following dcnnitiens were 
also current The point the line the surface, arc respectively 
the boundaries of the line, the surface, and the solid a solid 
IS that which has three diincDSioiis Aristotle quotes from 
the Platoiusts the axiom If equals bo tal en from equals the 
remainders are equal How many of the definitions and axi 
oms were due to Ilato himself wo cannot tell Proclus and 
Diogenes Laertius name Ilato as the inventor of tlie method 
of proof called analysis io be sure, this method liad been 
used unconsciously by Hippocrates and others but it is gen 
erally believed that Plato wras the one who turned the un 


1 Goh pp 176 no See also IIakk^i. pp i 7-160 
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conscious logic into a conscious, legitimate method The 
de-elopment and peifection of this method i\as certainly a 
great achievement, but Allman (p 125) is moie inclined to 
ascribe it to Aichytas than to Plato 

The teinis synthe<iis and anoZysis in Greek mathematics had 
a diffeient meaning fiom what they ha\e in modem mathe- 
matics or in logic ‘ The oldest dehnition of analysis as oji- 
posed to synthesis is given in Euclid. XIII , 5, mIiicIi i,\as most 
likely flamed by Eiidoviis * “Analysis is the obtaining of 
the thing sought by assuming it and so leasoning up to an 
admitted truth, synthesis is the obtaining of the thing sought 
by reasoning up to the infeience and pioof of it” ® 

Plato gave a powerful stimulus to the study of solid geom- 
etry The sphere and the legiilar solids had been studied 
somewhat by the Pythagoreans and Egyptians The latter, 

iHaskei, pp 137-1o0 , also Hamcll, MathematiL tn (Icn Utzten 
Tah hundei te7i, Tubingen, 1884, p 12 

2 BnETSCIINEIDEn, p 1G8 

3 Greek matlieinatics exhibits different types of analj sis One is the 
lediictio GcI absiudum, in the mctlmd of erhanstion Suppose vc wish 
to prove that “A is B ” We assume that A is not B , then wo form a 
synthetic series of conclusions not H is (7, C D, D \5 E , if now .1 is 
not E, then it is impossible that A is not B , x c , A ih B q i d Verify 
this process by taking Euclid, XII , 2, given abo\e Allied to this is the 
theoretic analysis To pi ove that A is B a'^snme that .1 is B, then B is C, 
O IS D, D IS E, E IS F , hence A is F If this last is known to be f.ilse, 
then A is not JB , if it is known to be true, then the reasoning thus far 
IS not conclusive To lemove doubt w'e must follow the reterse process, 
Ais F, F IS E, E IS D, D IS C, C IS B , therefore A is I? This second 
case involves two processes, the analytic followed by the synthetic The 
only ami of the analytic is to aid in the discovery of the sj nthetic Of 
greater importance to the Greeks was the pio&Zemntic analysis, applied 
in constructions mtended to satisfy given conditions The construction 
is assumed as accomplished , then the geometric relations are studied 
with the view of discovering a synthetic solution of the problem For 
examples of proofs by analysis, consult Hankee, p 143 , Gow , p 178 , 
Alemax, pp 160-163 , Todhdnter’s Euclid, 1869, Appendix, pp 320-328 
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^ course were more or less fimilnr wuh the geometrj of 
Jie pyramid In the Platonic school, tlic prism p\rami(l 
cylinder, md cone uero in\cstigated The stud) of the cone 
led Men echn us *o the discoverj of the come sections 1 er 
haps the most brilliant mathematician of this period was 
Eudoxxis lie was born at Cnidus about 408 n c studied 
under Archytas and, for tuo months under I lato Later he 
taught at C)zicus At one time ho visited with his pupils 
the Platonic school lie died at C)zicus in 3o5 n c Among 
the pupils of Eudoxus at C)zicus w ho afterw ards entered the 
acidem) of Plato were 'MenTchmus Dmostratns Athcnoius 
and Helicon The fame of the Academy is 1 irgcly duo to 
these The Euflcvvfin Snmmart/ s'iya that Eudoxus first 
increased the number of general theorems added to the three 
proportions three more and raised to a considerable qnantit) 
the learning bOpUn by Plato on the subject of tbo section to 
which he applied the anal)tic method” P) this “section ’ 
IS meant, no doubt, the ‘ golden section, ^ which cuts a lino 
m extreme and mean ratio Ho proved 8a)s Archimedes, 
that a pyramid is cxactl) one third of a prism, and a cono 
one third of a c)lindcr having equal base and altitude That 
spheres are to each other as the cubes of their radii, was 
probably established b) him The method of exhaustion 
was used by him extensively and was probably lus own in 
V ention ‘ 

1 Tbe Eudemian Summary mentions besides the geometers alresd) 
named Tlie^tctus of Athens to whom Euclid is supposed to bo indebted 
in the composition of the 10th boob treating of incommensurables ( \i i 
WAV pp 200-‘’16) Leodamas of Tliasos ^coc!elde8 and his pupil I eon 
who wrote a geometry Theudius of Magnesia who also wrote a geometry 
DT Elements Ilermotimiis of Colophon who discovered many propositions 
m Euclid s Elements Ainyclas of Hcraclea Cyzicenus of Athens and 
Philippus of Jlende The pre Euclidean text-books just mentioned are 
not extant 
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V TJie FnU AJexanduan School DuiniK the si'^ty-siA 
yeais following the Peloponnesian War a penwl of polilu.il 
d^ecline — Athens brought foith sonic of the gie.ilcst .iml most 
subtle thinkeis of Gieek antiquit} In 338 n c she n.is con* 
queied by Philip of Jtlacedon and lici power broken fore\cr 
Soon after, Alcxaiidiia -was founded by Alcsandci the Great, 
and it w'as in this city that hlci.ituic, philosophy, science, 
and ait found a new home 

In the couise of oui naiiative, we ha^e seen geometr} take 
feeble loot in Egypt, wo lia\e seen it tiansplanted to tlie 
Ionian Isles, thence to Lower Italy and to Athens, now, at 
last, grown to substantial and graceful pi opoi lions, we see it 
transferred to the land of its origin, and thcie, newly iinigoi- 
ated, expand nr cxubeiant giowdh 
Perhaps the founder, certainly a cential figure, of the Alex- 
andrian iiiathematical school was Endul (about 300 n c ) No 
ancient writer in any branch of knowledge has held such a eoin- 
manding position in modern education as has Euclid in ele- 
mentary gcometiy “The sacied writings excepted, no Greek 
has been so much read or so variously translated as Euclid”* 
After mentioiiing Eudoxus, Theartetus, and other members 
of the Platonic school, Pioclus" adds the follownng to the Eu- 
demian Sxmmai y 

“Not much later than these is Euclid, who WTote the Ele- 
ments, arranged much of Eudoxus’s w'ork, completed miieli 
of Theaetetus’s, and brought to iiiefiagable proof propositions 
which had been less strictly proved by his predecessors 
Euclid lived during the reign of the fust Ptolemy, foi he is 
quoted by Archimedes in his iiist book , and it is s.utl, more- 
over, that Ptolemy once asked him, wdiethei in geometric mat- 

1 De Mono VN, “ Eucleides ” in Smith's Dictionai y of Giceh and Homan 
Biogiaphy and Mythology We commend this remarkable article to all 
* PnooLus (Ed Fkiedli in), p 68 
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ters there 'was not a shorter path than through h\s Elements 
to which he replied that there was no rojal road togcometr) ' 
He IS therefore, }Oungcr than the pupils of Plato, but older 
than Eratosthenes and Vrehimcdcs, for these are contempora 
ries as Eratosthenes informs us He belonged to the Platonic 
sect and was familiar wath Platonic philosophy, so much so in 
fact that he set forth the final aim of his w ork on the Elements 
to be the construction of the so-called 1 latonic figures (regular 
solids) * Pleasing are the remarks of lappiis,* irho sa^s he 
was gentle and amiable to all those who could m the least 
degree advance mathematical science Stobcus* tells the fol 
lowing storj A jouth who had begun to read geometry with 
Fuclid, ■when he had learned the first proposition, inquired, 
W hat do I get by learning those things f So Euclid called 
lnssla\eand said ‘Give him threepence since he must gam 
out of what he learns ’ ' 

ITot much more than what is gnen in these extracts do wo 
know concerning the life ot Euclid All other statomentc 
about him are triaial, of doubtful autbontj, or clearly 
erroneous ' 

I Thu piece ot wit has bad many Imitators Quel dlable said a 
French nobleman to Rohault Ills teacher in geometry pourralt entenilre 
cela? to which the answer was Oe eeralt un dlable qul aurali tie la 
patience A story similar to that of Euclid U related by SLneca(Lp Di 
cited by Vugust) of Alexander De MonoAf op cit 
^ This statement of I uclid b aim is obviously erroneous 
*pAiPns(Ed IIoLTScn) pp 670-078 
* Quoted by Gow p lOo from FloHl IV p •> 0 
® Syrian and Arabian writers claim to possess more Information about 
Euclid they say that his fatlier was Naucrates that Tuclid was a Greek 
bom m Tyre that he lived in Pauiascus and edited the Elements of \poI 
lonius For extracts from \rabic auUiors and fc r a list of books on the 
principal editions of Euclid see Jobia II pp ]0 II 17 18 Dunn 
ll e middle a es the geometer Fuclid was contused with Euclid of Me ara 
a pupil of Socrates Of interest Is the following quotation from De iloa 
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Though the author of several woihs on mathematics and 
physics, the fame of Euclid has at all times rested mainly upon 
his book on geometiy, called the Elements Tins book vas so 
fai superior to the Elements written by Hippocrates, Leon, and 
Theudius, that the latter works soon peiished in the struggle 
foi existence The gieat role that it has played in geometric 
teaching durmg all subsequent centuries, as also its strong and 
weak points, viewed in the light of pedagogical science and of 
modem geometrical disco\ cues, will be discussed more fully 
later At present we confine ouiselves to a biief critical 
account of its contents 

Exactly how much of the Elements is original vith Euclid, 
we have no means of ascei taming Positive we are that certain 
early editors of the Elements ueie wrong in then view that 
a finished and unassailable system of geometiy sprang at once 
from the brain of Euclid, “an armed Mineiva fiom the head 
of Jupitei ” Historical research has shovn that Euclid got 
the larger part of his mateiial from the eminent mathema- 
ticians who preceded him In fact, the proof of the “ Theorem 
of Pythagoras” is the only one diiectly ascribed to him 
Allman^ conjectures that the substance of Books I, II, IV 
comes from the Pythagoreans, that the substance of Book VI 
IS due to the Pythagoreans and Eudoxus, the latter contiibut- 
ing the doctrine of proportion as applicable to incommensu- 
rables and also the Method of Exhaustions (Book XII ), that 
Theeetetus contributed much toward Books X and XIII , that 
the principal part of the original work of Euclid himself is to 

GAN, op cit “ In the frontispiece to Winston’s translation of Tacquet’s 
Euclid there is a bust, ■which is said to he taken from a brass com in pos- 
session of Christina of Sweden , but no such com appeals m the published 
collection of those m the cabinet of the queen of Sweden Sidomus Apol- 
Iinaris says (^Epist XI , 9) that it was the custom to paint Euclid with 
the fingers extended (laxatis), as if in the act of ” 

^ Allman, pp 211, 
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De found m Book X- The greatest aclne\emcnt of Euclid, no 
doubt, vris the co-ordinating and sjstcmatizing of the material 
handed do^n to him Ho deserves to bo ranked as one of he 
greatest systcmatizers of all time 
The contents of the Elements mij be briefly indicated as 
follows Books I 11,111 IV VI treat of plane geometrv, 
Book V , of the theory of proportion applicable to magaitudes 
in general, Books VII VIIL, IX , of arithmetic Book \, of 
the arithmetical characteristics of divisions of straignt lines 
(i e of irrationals) Books \I , \II , of solid gcometrj Books 
\III , XIV XV , of the regular solids The last tv o books 
are apocryphal, and are supposed to have been written by 
Hypsicles and Damascius, respectively * 

Difference of opinion long existed regarding the merits of the 
Elements as a scientific treatise Some regarded it as a work 
whose logic IS in everj detail perfect and unassailable while 
others pronounced it to be riddled with fallacies * In our 
opinion neither view is correct That the text ot the Elements 
is not free from faults is evident to an> one who reads the com 
mentators on Euclid Perhaps no one ever surpassed Robert 
Simson m admiration for the great Alexandrian let Sim 
sons notes” to the text disclose numerous delects ^^^lllo 
Simson is certainly wrong m attributing to blundering editors 
all the defects which ho noticed in the early editors 

are doubtless responsible for many of them Alost of the 
emendations pertain to points of minor importance The 
work as a whole possesses a high standard of accuracy A 
minute examination of the text has disclosed to commentators 
* See Gow p 272 CA>Ton I pp 3t>8 601 Book "VV in the opinion 
of Heiberg and others consists of three parts of which the tlnrd is perhaps 
due to Damascius See Lobia II pp 88 0^ 

2 See C S PeincE in i^ation Vol 64 189 pp 116 38 and in tho 
ilfonist July 1892 p 539 G B Halbted Educational Eevttte 8 1894, 
pp 91 93 
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A rt occasional lack of extreme precision in the statement of 
■ynat is assumed without proof, for truths are treated as 
self-evident which are not found in the list of postulates ’ 
Again, Euclid sometimes assumes what might be proved, as 
when in the very definitions he asseits that the diameter of a 
circle bisects the figure,^ which might be leadily proved from 
the axioms He defines a plane angle as the “inclination of 
two straight lines to one anothei, ivhich meet together, but are 
not in the same stiaight line,” but leaves the idea of angle 
magnitude somewhat indefinite by his failure to give a test for 
equality of two angles or to state what constitutes the sum or 
difference of two angles ® Sometimes Euclid fails to consider 
or give all the special cases necessary for the full and complete 
proof of a theorem * Such instances of defects which friendly 
critics have found in the Elements show that Euclid is not 
infallible® But in noticing these faults, we must not lose 

1 For instance, the intersection of the cncles in I , 1, and in 1 , 22 
See also H M Tailor’s Euclid, 1803, p \ii 

2 De Morgin, aiticle “ Luclid of Alcwndiia ” in the Enqhkh Ct/rlo- 
pcedia 

® See Simon NEwcojin, ^Ze?neii<s of Geometuj, 1884, Preface, H M 
Tailor’s Euclid, p 8, De Morgan, The Connexion of Number and 
Magnitude, London, 1836, p 85 

^ Consult Todhunter’s Euclid, notes on I , 35 , III , 21 , XI , 21 
Simson’s Euclid, notes on 1 , 7 , III , 35 

® A proof which has been repeatedly attacked is that of 1 , 16, which 
“uses no premises not as true in the case of spherical as in that of plane 
triangles , and yet the conclusion drawn from these premises is known to 
be false of spherical triangles ” See Nation, Vol 54, pp 116, 366 , 
E T Dixon, m Association foi the Impiovement of Geoinetncal Teaching 
(A I G T), 17th Geneial Report, 1891, p 29, Engel und Stackel, 
Die Theorie der Parallellinien von Euklid bis auf Gauss, Leipzig, 1895, 
p 11, note (Hereafter we shall cite this book as Engel and Stackei ) 
In the Monist, July, 1894, p 485, G B Halsted defends the pioof of 1 , 16, 
arguing that spherics aie ruled out by the postulate, “Two straight lines 
cannot enclose a space ” If we were sure that Euclid used this postulate, 
then the proof of 1 , 16 would be unobjectionable, but it is probable that 
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^ight of the gcncnl cxcclleiiro of tli*' work ns i scjentific 
trp'iti'se — ^n pxcollonco «J»uli in IS77 w Ji filtiripl\ rccog 
inzod In n coniimltoc *if tho Itriti*(}i \ss(KntM»n for the 
Vihiiictiiunt of Sdpucc (coinprisinj, jmiue of I iighml « nbltst 
nntheimlicnns) in tlitir report thit no text lx)ok tint lixs 
jet been produced is fit to sticcnil J mlu! m the |)osilinji of 
'lutlioritj * \s'ilrtsd) nitnrkid sonic t<iitorHof tliL 
pirtitiilsrl} Kol)ert ^itnson nrolt on the 8iip|K)sii:on tint the 
origitnl I uclid was perfect ind aiij defects in tlio text ns 
known to tliein, tlit\ attributed to e.orruptioiis lorexampli 
Simson tliinks tlierc sliould t>c n detinition of rumiKnind ratio 
at tlic beginning of the ilftli benik , so lie inse rts oni nntl assures 
us tiiat It IS tbc icr} definition gieeii b^ Lin lid Not n single 
manuscript liowcecr bU]i{>ort5 him The text of iht J lemritts 
now cominunl} used is Ihcons Simson was tnehnid to make 
him the scajicgoat for all elcfects which ho tliouglit be elistoi 
cred m 1 uclid Ihit a cop) of the J lemmln sent witli otlnr 
manuscripts from tlio \aticaii to JHns b) Nn|>olcon I is 
beliGied to Ix} anterior to Thcon's recension tins difTers but 
slight!) from riieons version showing tint the faults are 
]irobabl) I uclid s own 

At ttic beginning of our modem translations of the I hmenti 
(Robert Siinsoii s or rodhunters for ex imple) under the head 
of definitions arc given tlic assuinjitions of sueh notions as tlic 
point lino etc, and some verbal explanations Jhtn follow 
three postulates or demands (1) tint a line nia) lie draw n from 
anj point to ail) other (J) that a line ma) be indcfinitel) pro- 
duced (3) that a circle ma) be drawn with aii) radius and niiv 
point as centre After these come twche axioms * 1 he term 

the pMtuhte wxs omltlrd by I-nclId and nupplied by soinp coiiinunntor 
bee HrinEun J- ueUJis t Itmenla 

lA I G r ClU C eneral Pfpt rt 1878 p 14 

* Of these twelve axioms fivearcBUiposednottohaeebeeugiveuby 
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axiom was used liy Pioclus, but not by Euclid He speaks 
instead of “ common notions ” common either to all men or to 
all sciences The fiist nine “ axioms ” lelate to all kinds of mag- 
nitudes (things equal to the same thing aie equal to each other, 
etc, the whole is gieatei than its pait),^ nhile the last three 
(two straight lines cannot enclose a space , all light angles are 
equal to one another , the parallel-axiom) relate to space only 
While in nearly all but the most recent of modern editions 
of Euclid the geometric “axioms” are placed in the same 
category wath the other nine, it is certainly true that Euclid 
sharply distinguished betw een the tw o classes An immense 
preponderance of manuscripts places the “axioms” relating to 
space among the postulates- This is their proper place, for 
modern research has shown that they are as'iumptions and 
not common notion'i or axioms It is not knownr nlio first 
made tire unfortunate change In this respect there should 

Euclid, VIZ the four on inequalities and the one, “two straight lines can- 
not enclose a space ” Thus Hliblug and Mlnoe, in their Latin and 
Greek edition of 1883, omit all five See also Engel and Stackfl, 
p 8, note 

1 “That the whole is greater than its part is not an axiom, as that emi- 
nently had leasoner, Euclia, made it to he Of finite collections it is true, 
of infinite collections false ” — C S Peikce, Momst, July, 1892, p 539 
Peirce gives illustrations m which, for infinite collections, the “ axiom ” is 
untrue Nevertheless, we are unwilling to admit that the assuming of 
this axiom pioves Euclid a had reasoner Euclid had nothing wdiatever 
to do with infinite collections As for finite collections, it would seem 
that nothing can he mo? e axiomatic To infinite collections the terms 
great and small are inapplicahle On this point see Georg Cantor, 
“Ueher eine Eigenschaft des InhegriBes reeller algehraischer Zahlen,” 
Cl elle Jow nal, 77, 1873 , or foi a more elementary discussion, see Fi lix 
Klein, Ausgewahlte Fiagen del Elemental geometne, ausgearheitet von 
F Tagert, Leipzig, 1895, p 39 [This work will he cited hereafter as 
Klein ] That “the whole is greater than its part” does not apply in 
the comparison of infinites was recognized hy Bolyai See Halsted’s 
Bolvai’s Science Absolute of Space, 4th Ed , 1896, § 24, p 20 
2 Hankel, Die Complexen Zahlen, Leipzig, 1867, p 62 
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oe a speedy leturn to Euclid s practice The parallel postu 
late plays a verj important role in the history of geometry * 
Most modern authorities hold that Euclid missed one of the 
postulates, that of rigidity (or else that of equal variation) 
ivhich demands that figures may be moved aboui. in spice 
without any alteration in form or magnitude (or that ill mo\ 
mg figures change equally and each fills the same space when 
brought back to its original position) The rigidity postulate 
IS given in recent geometries but a contradictory of it stated 
above (the postulate of equal variation) would likewise admit 
figures to be compared b} the method of superposition and 
‘everythmg would go on quite as well (Clifford) Of the 
two, the former is the simpler postulate and is moieoier in 
accordance -with what we conceive to be our every day experi 
ence O B Halsted contends that Euclid did not miss the 
rigidity assumption and is justified m not making it since he 
covers it by his assumption 8 ‘ Magnitudes which can be 
made to coincide with one another are equal to one another 

In the first book, Euclid onlj once imagines figures to be 
moved relatively to each other, namely, m proving proposi 

' The parallel postulate is If a straight line meet two straight line 
60 as to make the two mterior angles on the same side of it taken to 
gether less than two right angles these straight line? being continually 
produced shall at length meet on that side on which are the angle? which 
are le?8 than two right angles In the various editions of Fuclid different 

numbers are assigned to the axioms Thus the parallel postulate is 
m old manuscripts the 6th postulate This place is also as igned to it by 
F PETRAnn (who was the first to critically compare the various MSb ) 
in bis edition of Euclid in French and Latin 1814 and bj Heibuhg and 
Mevge in their excellent annotated edition of Euclid s works lO Greek 
and Latin Leipzig 1883 Clavius calls it the I3th axiom Robert Sim 
son the l^th axiom others (Boljai for instance) the 11th axiom 

^ Consult W K Clif>ord 77ie Common Sense of the Exact Sciences 
188 p 64 (1) Different things chan®^d equally and anythin" 

vhich was carried about and brought back to its original position filled 
iho game space 
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tion4 two triangles aie equal if two sides and the included 
angle are equal respectively To bring the tiiangles into coin- 
cidence, one triangle may have to be turned o\ei, but Euclid 
IS silent on this point “Can it have escaped his notice that 
in plane geometry tlieie is an essential difference betucen 
motion of translation and reversion ^ 

Book V, on proportions of magnitudes, has been greatly 
admired because of its iigour of tie.itment- Bcginneis find 
the book difficult It has been the chief battle-ground of dis- 
cussion regal ding the fitness of the Elements as a text-book 
for beginners 

Book X (as also Books VII , VIII , IX , XIII , XIV , XV ) 
IS omitted from modern school editions But it is the most 
wondeiful book of all Euclid investigates every possible 

variety of lines which can be lepresented by V^, 

a and h lepiesenting two commensuiable lines and obtains 25 
species Eveiy individual of every species is incommensu- 
rable with all the individuals of every othei species De 
Morgan was enthusiastic in his admiration of this book ® 

1 Engel and 'tackli, p 8, note 

2 For intertsting comments on Books V and VI , see Haxkel, pp 
389-404 

® See his articles “Eucleides” m Smith’s Die of Giceh and Itoman 
Biog and Myth and “Irrational Quantity” in the Penny Cyclopccdta 
01 m the English Cydopcedia See also Nlssllm vvn, pp 165-183 In 
connection with this subject of irrationals a lemark by Dedekind is of 
interest See IIicii\rd Dedlkind, Was sind nnd loas sollcn die Zahlen, 
Braunschweig, 1888, pp xii and xiii He points out that all Euclid’s 
constructions of figures could be made, even if the plane were not con- 
tinuous , that IS, even if certain points in the plane were imagined to be 
punched out so as to give it the appearance of a sieve All the points 
in Euclid’s constructions would lie between the holes , no point of the 
constructions would fall into a hole The explanation of all this is to be 
sought in the fact that Euclid deals with certain algebraic irrationals, to 
the exclusion of the transcendental 
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The mam differences in subject-matter between the Elements 
and our modern school geometnes consist m this tlic modem 
■works paj less attention to the rlatonic figures" but add 
theorems on triangles and quadrilaterals inscribed in or cir 
cumsenbed about a circle on the centre of grantj of the tri 
angle, on spherical tnangles (m general, the geometry of a 
spherical surface), and, perhaps, on some of the more recent 
discoveries jxjrtaining to the geometry of the plane triangle 
and circle 

The main difference as to method, between ruclul and his 
modern rivals lies m the treatment of proportion and the 
development of size relations Ills geometric tbcorj of pro- 
portion enables him to studj these relations without reference 
to mensuration Tlie ZT/emew/t and all Greek geometry before 
Vrchiincdcs eschew mensuration The theorem that the area 
of a triangle equals lialf the product of its b^so ami its altitude 
or that the area of a circle equals t- limes tlic square of the 
radius, is foreign to Euclid In fact he nowliorc finds an 
approximation to the ratio between the circumference and 
diameter Another difference is that 1 uclid, unlike the great 
majoritj of modem writers, never draws a line or constructs a 
figure until he has actually shovm tho possibihtj of such eon 
struction with aid onlj of the first three of his postulates 
or of some previous construction Tho first three propositions 
of Book I are not theorems, but problems (1) to describe an 
equilateral triangle, (2) from a given point to draw a straight 
line equal to a given straight line (3) from the greater of two 
straight lines to cut off a part equal to the less It is only bj 
the use of hypothetical figures that modern books can relegate 
all constructions to the end of chapters For instance, an 
angle is imagined to be bisected before the possibility and 
method of bisecting it has been shown One of tlio most 
startling examples of hypothetical constructions is the division 
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of a circumference into any desired number of equal parts, 
given m a modem text-book This appeals all the more star- 
tling, when we leinember that one of the disco\eues vhich 
make the name of Gauss immortal is the theorem that, besides 
regular polygons of 2", 3, 5 sides (and combinations thciefrom), 
only polygons whose number of sides is a piime number larger 
than five, and of the foim ^ = 2-" -f 1, can be insciibed in a 
circle with aid of Euclid’s postulates, i e with aid of luler and 
compasses only * Is the absence of hj'pothetic.il constructions 
commendable ^ If the aim is iigoiir, v e ansu er emphatically , 
Yes If the aim is adheience to lecogni/ed pedagogieal prin- 
ciples, then ve answer, in a general way, that, in the transition 
from the concrete to the more abstract geometiy, it often seems 
desirable to let facts of observation take the place of abstruse 
processes of reasoning Even Euclid resorts to observation for 
the fact that his two circles in 1 , 1 cut each other * Keasoning 
too difficult to be grasped does not develop the mind ’ !More- 
over, the beginner, like the ancient Epicureans, hikes no interest 
in trains of reasoning which to him uhat he has long 

Lnoion, geometiical leasoiiing is more apt to interest him 
when it discloses new facts Thus, pedagogics may reasona- 
bly demand some concessions fioni demonstrative rigour 

Of the other woiks of Euclid we mention only the Data, 
probably intended for students who had completed the Ele- 
ments and wanted drill in solving new problems , a lost work 
on Fallacies, containing exercises in detecting fallacies, a 
treatise on Poi isms, also lost, but restored by Robert Simson 
and Michel Chasles 

1 Klein, p 2 

2 The Epicureans, says Proclus, blamed Euclid for pro\ mg some things 
which were evident without proof Thus, they derided 1 , 20 (two sides 
of a triangle are gi eater than the third) as being manifest even to asses 

® For discussions of the subject of Hypothetical Constructions, see 
E L Richards in Educat JReview, Vol III , 1892, p 34 , G B Halsted 
In same journal, Vol IV , 1893, p 162 
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The pcnwl m which Euclid nourished wna the golden era in 
Greek mathematical history This era brought forth the two 
most original mathematicians of antiquity, Ardnmedes and 
ApoUonxtts of ]<rga They rank among tho greatest mathe 
roaticians of all tune Only a small part of their disco\ erics 
can be described here 

^rc7iimedcs (287 7-212 nc) was born at Syracuse in Sicily 
Cicero tells us lie A\asof low birth He Msited Egypt and 
perhaps studied in Alexandria then returned to his native 
place, where he mailc himself useful to lus admiring friend and 
patron King Ilieron by applying his extraordinary mscntiic 
pouers to the construction of war-cngincs by m Inch he inflicted 
great loss on the Romans who under Mnrcellus were besieging 
the city lhat by tho use of mirrors reflecting tho sun a rays 
he set on fire tho Roman ships when they came within bow 
shot of tho walls, IS probably a fiction Sy racuso was taheu at 
length by the Romans, and Archimedes died in the mdiscrun 
mate slaughter which followed Tho story goes that at tho 
time, he was studying some geometrical diagram dnim in the 
sand To an approaching Roman soldier ho called out “ Don t 
spoil my circles ” but tho soldier feeling insulted killed luin 
The Roman general Harcclhis who aibmred lus gemus raised 
ID his honour a tomb bearing tho figure of a sphere inscribed m 
a cy linder The Sicilians neglected tho memory of Archimedes, 
for when Cicero visited Syracuse, he found tlio tomb ouned 
under rubbish 

While admired by his fellow-citircns mainly for Ins median 
ical inventions, ho himself prized more highly his discoveries 
in pure science 

Of special interest to us is his book on the ifeasurement oj 
the Circle' He proves first tliat tho circular area is pqual to 

^ A recent Blandard edition ol liU works is that of IlEtDERo Leipzig 
1880-81 For a fuller account of bis iltaiurtmtnt Qf the Circle sea 
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that of a right triangle liavmg the length of the circumference 
for its base and the radius foi its altitude To find this base 
is the next task He fust finds an upper limit for the ratio of 
the ciicumfeience to the diameter After constructing an equi- 
lateial triangle with its veitex m the centie of the circle and 
its base tangent to the ciicle, he bisects the angle at the centre 
and determines the latio of the base to the altitude of one of 
the lesiilting light tiiangles, taking the iriational squaie loot 
a little too small Next, the cential angle of this light tiiangle 
IS bisected and the latio of its legs detei mined Then the cen- 
tial angle of this last light tiiangle is bisected and the latio of 
its legs computed This bisecting and computing is earned on 
foul times, the iiiational square loots being taken eiei} time 
a little too small The latio of the last two legs consideied 
is > 4673 J 153 But the shoitei of the legs haiing this latio 
IS the side of a legulai ciicumscubed pol} gon This leads him 
to the conclusion that the latio of the ciicumfeience to the 
diametei is < 31 Next, he finds a lower limit b^ inscribing 
regular polygons of G, 12, 24, 18, 90 sides, finding for each suc- 
cessive polygon its peiimetei In this wxay he aiiives at the 
lower limit 3^- Hence the final result, 31 >->34-5-, an 
approximation accurate enough foi most purposes 
Worth noting is the fact that wdiile appioxiniations to - w eie 
made before this tune by the Egyptians, no sign of such com- 
putations occur in Euclid and his Greek predecessors Why 
this strange omission*? Perhaps because Greek idealit}’’ ex- 
cluded all calculation from geometry, lest this noble science 
lose its rigour and be degraded to the level of geodesy oi sui- 
veying Aristotle says that truths pertaining to geometrical 
magnitudes cannot be proved by anything so foreign to geom- 

Cantor, I , pp 300-303, 316, 319 , Lori v, II , pp 126-132 , Gow, pp 233- 
237, H WiissENBORx, Die Beiechming des Ki cis-Umfanges bet Aich’ 
medes und Leonardo Pisano, Berbn, 1894 
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trj as anthmelic The real reason, perhaps, may be found 
m the contention bj some ancient critics that it is not evident 
that a straight line can be equal in length to a curved line, in 
particular that a straight line exists which is equal in length 
to the circumference This involves a real difficult) in geomet- 
rical reasoning Euclid bases the equality between lines or 
between areas on congruence Now, since no curved line or 
even a part of a curved line, can be made to exactly coincide 
with a straight line or even a part of a straight line, no com 
parisons of length between a curved line and a straight line 
can be made So, in Euclid, we nowhere find it given that a 
curved line is equal to a straight line The method employed 
in Greek geometry truly excludes such comparisons , according 
to Duhamel, the more modern idea of a limit is needed to logi 
cally establish the possibility of such comparisons * On Euclid 
ean assumptions it cannot even be proved that the perimeter 
of a circumscribed (inscribed) poljgon is greater (smaller) than 
the circumference Some writers tacitly resort to observation, 
they can see that it is so 

Archimedes went a step further and assumed not only this 
but, trusting to hia intuitions, tacitly made the further assump< 
tion that a straight line exists which equals the circumference 
m length On this new basis he made a valued contribution to 
georaetrj No doubt we have here an instance of the usual 
course in scientific progress Epoch making discoveries at 
their birth, are not usually supported on every side by unyield 
mg logic, on the contrary, intuitive insight guides the seeker 
over difficult plaxipii As further examples of this we instance 
the discoveries of Newton in mathematics and of Maxwell in 
physics The complete chain of reasoning by which the truth 
of a discovery is established is usually put together at a latei 
period 

*G B Haisted In Tr Texas Acaderaj of Sntnee I p 96 
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Is not the same course of advancement observable in the 
individual mind^ We first airivc at truths without fully 
giasping the reasons for them Kor is it alwa}& best that 
the young mind should, fiom the start, make the effort to 
giasp them all In geometrical teaching, whcic the reasoning 
IS too hard to be mastered, if observation can conveniently 
assist, accept its results A student cannot wait until he has 
mastered limits and the calculus, before accepting the truth 
that the circumference is greater than the peiimeter of an 
inscribed polygon 

Of all his discoveries Archimedes prized most highly those 
in his book on the Splicic and Cylinder In this he uses the 
celebrated statement, “the straight line is the shortest path 
betvreen tw'o points,” but he does not offer this as a formal 
definition of a straight line^ Archimedes pioves the new 
theorems that the surface of a sphere is equal to four tunes 
a great ciicle, that the suiface of a segment of a sphere is 
equal to a circle whose radius is the straight line drawm from 
the vertex of the segment to the circumference of its basal 
circle , that the volume and the surface of a sphere are 5 of 
the volume and surface, respectively, of the cylinder circum- 
scribed about the sphere The w ish of Archimedes, that the 
figure foi the last proposition be insciibed upon his tomb, was 
carried out by the Roman geneial IMarcellus 
Archimedes fiiithei advanced solid geometry’’ by adding to 
the five “Platonic figures,” thirteen senu-i egxdar solids, each 
bounded by regular polygons, but not all of the same kind 
To elementary geometry belong also his fifteen Lein'mas " 

Of the “Gieat Geometei,” of Peiqa, who flour- 

ished about forty years aftei Archimedes, and investigated 
the properties of the conic sections, we mention, besides his 

1 Cantor, 1 , 298 

* Consult Goiv, p 232 , Cantor, I , p 298. 



GREECE 


79 


celebrated ^rork on Comes, only a lost work on Contac^^, 
which ^ leta and others attempted to restore from certain 
'emmas given by Pappus It contained the solution of the 
elebrated “Apollonian Problem” Given three circles to 
find a fourth which shall touch the three Lven in modem 
times this problem has given stimulus toward perfecting geo- 
metric methods * 

■\^ ith Euclid, Archimedes, and Apollonius the eras of Greek 
geometric discovery reach their culmination Put little is 
knovvn of the history of geometrj from the time of Apollonius 
to the beginning of the Christian era In this interval falls 
Zenodoru^, who wrote on Piyuref of Equal Pinphery This 
book IS lost, but fourteen propositions of it are preserved bj 
Pappus and also bj Theon Here arc three of them The 
circle has a greater area than anj polygon of equal periphery 
Of polygons of the same number of sides and of equal 
periphcrj the regular is the greatest ’ ‘ Of all solids having 
autfaoes equal in area, the sphere has the greatest volume 
Betw cen 200 and 100 B c lived //y/wic/e^ the supposed author 
of the fourteenth book m Litchds Elements IIis treatise on 
Rmngs is the earliest Greek work giving the division of the 
circle into 3G0 degrees after the manner of the Babylonians 
Hippardiua of Ivicica in Bitliynia the author of the famous 
theory of epicycles and eccentrics is the greatest astronomer 
of antiquity Theon of Alexandria tells us that ho originated 
the science of trigonometry and calculated a table of chords ” 
JJ3 tirehe hooks extaat) IhppoFchas ssirosi^ica} 
observations between 101 and 120 b c 
A writer whose tone is very different from that of the great 
writers of the First Alexandrian School was Heron of Mexan 

* Consult E SciiiLKE Die Lbsungen EneeUerxingen dea ApoUont 
aehen Beriihrungaproblema Berim 1880 
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Ina, also called Heron tlie Elder ^ As lie was a practical 
surveyor, it is not suipiising to find little resemblance between 
Ins writings and those of Euclid or Apollonius 
Heron was a pupil of Ctesibius, who was celebrated for his 
mechanical inventions, such as the hydraulic organ, water-clock, 
and catapult It is believed by some that Heion was a son 
of Ctesibius Heron’s invention of the eolipile and a curious 
mechanism, known as “Heron’s Fountain,” display talent of 
the same order as that of his mastei Great uncertainty exists 
regarding his writings Most authorities believe him to be 
the author of a work, entitled Dioptni, of which three quite 
dissimilar manuscripts are extant Marie^ thinks that the 
Dioptt a IS the work of a writer of the seventh or eighth een- 
tuiy A D , called Hei on the Youvgei But we have no reliable 
evidence that a second mathematician by the name of Heion 
leally existed^ A reason adduced by Mane for the latei 
origin of the Diopti a is the fact that it is the first woik which 
contains the important formula for the area of a triangle, ex- 
pressed in terms of the three sides How, not a single Greek 
writer cites this formula , hence he thinks it improbable that 
the Dioptia was written as early as the time of Heion the 
Elder This argument is not convincing, for the reason that 
only a small part of Greek mathematical literature of this 
period has been preserved The formula, sometimes called 
“Heronie formula,” expresses the triangular area as follows 

a-j-b + c a + b — G a+c — & b-i-c — a 
^ 2 2 2 2 

where a, 6, c are the sides The proof given, though laborious, 

1 According to Cantor, 1 , 363, he flourished about 100 b c , according 
to Marie, 1 , 177, about 165 b c 
- Marie, 1 , 180 
® Cantor, 1 , 367 
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13 exceedingly ingenious and discloses no little mathematical 
abilit} ‘ 

“Dioptra/ says Ventun, “'uere instnimtnts resembling our 
modern theodolites The instrument consisted of a rod four 
yards long with little plates at the ends for aiming This 
rested upon a circular disc The rod could bo moved horizon 
tall} and also vertical!} L} tuniing the rod around until 
stopped by two suitabl} located pins on the circular disc the 
surveyor could work off a line perpendicular to a given ducc 
tion The level and plumb-line were used Heron explains 
with aid of these instnimcnts and of geometr} a largo num 
ber of problems, such as to find the distance between two 
points of winch one onl} is accessible or betw een tw o points 
which are visible, but both inaccessible from a given point to 
run a perpendicular to a line which cannot bo approached, 
to find the difTcrenco of level between two points , to measure 
the area of a field w itliout entering it 

The Dioptra discloses considerable mathematical abilitj and 
familiant} with the writings of the authors of the classical 
period Heron had read Hipparchus and ho w rote a commen 
tat} on Euclid’ I^everthcless the character of his geonietr} 
is not Grecian, but Egyptian Usually lie gives directions and 
rules without proofs He gives formul® for computing the 
area of a regular polygon from the square of one of its sides 
this implies a knowledge of tngonometrj Some of Heron s 
formulse point to an old Egyptian origin Thus, besides the 

formula for a triangular area, given abov e, ho gives x ^ 

which bears a striking likeness to the formula X 

* For the proof see Dioptra (Ed IIultscii) pp 235- 37 Cantoii I 
376 Gow p 281 

* Caktoh L 382 


• See Taskebt pp 16&-181 
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foi finding ilie aiea of a quadrangle, found in the Edfn inscrip- 
tions There aie points of lesemblance beti\ecn Jfeion and 
Ahines Thus, Aliines used unil/-fiaetions e\clusi\ely , llcion 
used them oftener than oiliei fiactions Tliat the aiithmetical 
theoiies of Ahines iieie not foigotten at this time is also 
demonstrated by the Aldimim pap^ius, -which, though the 
oldest extant text-book on piactical Gieek anthmetic, -was 
piobably iviitten aftei Ileion s time Like Ahmcb and tlie 
piiests at Edfu, Ileion dnides complicated figuies info simpler 
ones by dialling auxiliary lines, like them he displays par- 
ticulai fondness foi the isosceles liape/oid 

The iiiitings of Heion satisfied a piaclical iiant, and for 
that reason iieie ividely lead We find tiaccs of them in 
Rome, in the Occident during the hliddle Ages, and eien in 
India 

VI TJie Second Alexamh Htn School With the absorption 
of Egypt into the Roman Empiie and iiith the spread of 
Chiistianity, Alexandiia became a great commercial as iiell as 
intellectual centre Traders of all nations met in her cionded 
streets, ivliile in her magnificent libiaij'-, museums, and leetiire- 
loonis, scholars from the East mingled ii ilh those of the West 
Greek thinkers began to study the Oriental literature and 
philosophy The lesulting fusion of Greek and Oriental 
philosophy led to Reo-Pythagoieanism and Reo-Platonism 
The study of Platonism and Pythagorean mysticism led to a 
revival of the theory of numbers This sulpect became again 
a favourite study, though geometiy still held an impoitaiit 
place This second Alexandrian school, beginning ivith the 
Christian era, -was made famous bj'- the names of Diophan- 
tus, Claudius Ptolemmus, Pappus, Theoii of Smyrna, Theon 
of Alexandria, lamblichus, Poij)hyiius, Serenus of Antinoeia, 
Menelaus, and others 

Menelaus of Alexandi la lived about 98 a n , as appears from 
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two 'istronoraic'il observations taken by him and recorded in 
the "Nalinblo contributions were made by him to 
spherical gcometr\, in Ins ^ork Splutnca, uhich is extant in 
Hebrew and Arabic, but lost in the original Greek He gi\es 
the theorems on the congruence of spherical triangles and de 
scribes their properties in much the same way as Luclid treats 
plane triangles He gives the thcorcius that the sum of the 
three sides of a spherical triangle is less than a great circle 
«ul that the sum of three angles exceeds two right angles 
Celebrated are two thcorcnis of Ins on plane and spherical tn 
nicies The one on plane triangles is that if the three sides 
be cut b} a straight line, the proiluct of the one set of three 
segments winch liav c no common e\tremitj is equal to the prod 
uct of the other throe * Tlie illustrious Lazarc Carnot makes 
this proposition, known as the lemma of Mcnchus the base 
of his theory of transversals * The corresponding theorem for 
spherical tiianglos, tho so^allcd ‘rule of six quantities is 
obtained from the above bj reading chords of three segments 
doubled ” in place of three segments 

Another fundamental theorem in modern geometry (m tho 
theory of harmonics) is the following ascribed to Sermxis of 
AntincEia If from D vve draw DP cutting tho triangle ABC 
and choose II on it so that DE DP— HE IIP and if wo 
draw the line -^17/ then everj transversal through D such as 

* CxMon 1 412 

* For the history of the theorem sec M Ciiaslcs Ce$chv:htnUr Geom 
ttrle Aus ileiii I; ranzCsisclicn Ul>ertra„en durch Dn I \ Soiinckj 
Halle 1839 Note VI pp 9 ‘>'>9 Hereafter we quote this work as 
CiiASLES A recent French edition of tins important work Is now easily 
obtainable Chasles points out that the lemma of Mcnelaus was well 
known during the sixteenth and seTenteenth centuries but from tint 
time for over a century It was fruitless and hardly known until finally 
Carnot began his researches Carnot as well as Ceva rediscovered tl e 
theorem 
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DG, Will be divided by All so that DK DG = JK JG As 
Antinoeia (oi Antmoupolis) in Egypt vas founded 1)} bbnperor 



Hadnan in 122 a d , ve have 
an nppei limit foi the date 
of Seienub ’ The fact that 
lie IS quoted b} a viitei of 
the fifth or sixth centui} sup- 
plies us V ith a lov er limit 


A cential position in the liistoi} of am lent astionomy is 
occupied b}’’ Clcnuhvs Ptolemceus Xothing is known of his 
peisonal histoiy except that he ivas a natneof Eg}pt and 
flouiished in Alexandiia in 139 A n The chief of his woiks 


aie the Sijntcms 2fathemattca (oi the Almaqe*^t, as tlie Aiabs 
called it) and the Geogiaplnui Tins is not the jilace to de- 
sciibe the “Ptolemaic System”, we mention Ptoleimeus because 
of the geometiy and especially the tiigonometiy contained in 
the Almagest He divides the ciicle into 300 degiees, the 
diametei into 120 divisions, each of these into 60 paits, which 
aie again divided into GO smallei paits In Latin, these paits 
Aveie called paites mimitcc jv imu: and paile^, vi}nitttt> seuincUv- 
Hence our names “ minutes ” and “ seconds ” Thus the Paby- 
lonian sexagesimal system, knoAvn to Geminus and Ilippaichus, 
had by this time taken film lOot among the Greeks in Egypt 
The foundation of tiigonometiy had been laid by the illustiious 
Hippaichus Ptolemams imparted to it a lemaikably perfect 
form He calculated a table of chords by a method whioh 
seems original with him After proving the proposition, noiv 
appended to Euclid, VI (D), that “the rectangle contained by 
the diagonals of a quadiilateial figure insciibed in a ciicle is 
equal to both the rectangles contained by its opposite sides,” 
he shows how to find fiom the choids of two arcs the cho’d-® of 


1 J L Heiberg m Bibliotheca Mathematica, 1894, p 97 

2 Cantor, I , p 416 
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their sum and difference and from the chord of anj arc that 
of its half These theorems, to which he gi\es prett} proofs,’ 
are applied to the calculation of chords It goes u ithout say 
ing that the nomenclature and notation (so far as he had any) 
ere entirely different from those of modern trigonoinetiy In 
place of our “ sine,” ho considers the chord of double the arc 
Thus m his table, the chord 21 21 12 is given for the arc 
20 30' Reducing the sexagesimals to decimals, ^^c get for the 
chord 35588 Its half, 17794 is seen to be the sine of 10 15 , 
or the half of 20 30' 

More complete than in plane trigonometr} is the theoretical 
exposition of propositions in sphencal trigonometry * Ptolemy 
starts out with the theorems of Menclaus The fact that 
trigonometry was cultiiated not for its own sake but to aid 
astronomical inquiry, explains tbc rather startling fact that 
spherical trigonometry came to exist in a de% eloped state 
earlier than plane trigonometry 
Of particular interest to us is a proof which, according to 
Proclus, was given by Ptolemy to Euclid s parallel postulate 
The critical part of the proof is as follows If the straight 
lines are parallel, the interior angles [on the same side of the 
transversal] are necessarily equal to 
two right angles For nf yr] 
less parallel than f/S, 178 and, there 
fore, whatever the sum of the angles y 
whether greater or less than 
two nght angles, such also must be 
the sum of the angles afi; fijy But the sum of the four 
cannot be more than four right angles because they are two 
pairs of adjacent angles ® The untenable point in this proof 

1 Consult Cantor I for the proofs 
* Consult Cantor I p 420 Oo v p 297 
» Gow p 301 
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IS the assertion that, in case of parallelism, the sum ot the 
interior angles on one side of the transversal must be the same 
as their sum on the othei side of the transveisal Ptolemy 
appears to be the first of a long line of geometers who dur- 
ing eighteen centuries vainly attempted to piove the parallel- 
postulate, until finally the genius of Lobatchewsky and Bolyai 
dispelled the haze which obstructed the vision of mathemati- 
cians and led them to see ivith unmistakable clearness the 
reason why such proofs have been and always will be futile 
Por 150 years after Ptolemy, there appeared no geometer 
of note An unimpoitant work, entitled Cestes, by Sextics 
Julius Afi icanus, applies geometiy to the ait of war Pappus 
(about 300 or 370, A D ) was the last great mathematician of 
the Alexandiian school Though luferioi in genius to Archi- 
medes, Apollonius, and Euclid, who wrote five centuiies earlier, 
Pappus towers above his contempoiaiies as does a lofty peak 
above the surrounding plains Of his several woiks the Mathe- 
matical Collections is the only one extant It was in eight 
books , the first and parts of the second are now missing The 
object of this treatise appears to have been to supply geometers 
with a succinct analysis of the most difficult mathematical 
woiks and to facilitate the study of these by explanatory 
lemmas It is invaluable to us on account of the rich 
information it gives on vaiious treatises by the foremost 
Greek mathematicians, which aie now lost Scholars of the 
last century considered it possible to restore lost works from 
the oesume given by Pappus alone Some of the theorems 
are doubtless original with Pappus, but here it is difficult to 
speak with certainty, for in three instances Pappus copied 
theorems without crediting them to the authors, and he may 
have done the same in other cases where we have no means of 
ascertaining the real discoverer 

Of elementary propositions of special inteiest and probably 
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his own wc mention the foUotPinR (1) The centre of inertn 
(grv\ itj ) of a trnnglc is tint oi another trnnglc ts hose \ crticcs 
lie ui)on the sides of the first and duidc its three sides m 
the same ratio (2) solution of the problem to draw through 
three jKiints l>ing m the same straight hue tlirec straight 
lines which shall form i trnnglc iiiscnlicd in a gi\cn circle • 
(3) he projwunded tho thoorv of in\ultition of ixnnts (1) the 
line connecting the opi>osite extremities of parallel diamcti n 
of two cxtcrnallj^ tangent circles pas^os through tlio |x)int of 
contact (a theorem suggesting the tonsidcration of centres 
of siimhtmle of twocircks) (5) solution of the probUin to 
find a parallelogram whose sides arc in a fixed ratio to tho-so of 
agi\cn parallelogram wliile the areas of tho two arc manothtr 
fixed ratio This resembles somewhat an indeterminate juvlv 
lem giscn b) Heron to construct two rectangles in wlntli the 
sums of their sides as w ell as their areas are in gn cn ratios * 

It remains for us to name a w more mathematicians 
Ttiton of Alcxtmlrta brought out in edition of I uclids I 
mints with notC') his commciitar} on tin is \aliiablo 

on account of tho lustorital notes and tho s|)ccimens of Greek 
arithmetic found therein rheon s daughti r Jhpnlia a woman 
renowned for her beauty and modest} was the last Vlcxandrian 
teacher of reputation Her notes on )iophantus ami Ai>ollo» 
nius base been lost Her tragic death in 11" s n is vi\idl} 
described in Kingsley’s //y/xitia* 

From now on Christian theology absorbed men s thoiighLs 

I Tho problem generaUzcl by placln" the points anj where las 
become celebrated i arlly by lu difficulty partly by the names of geom 
elera who aolvtd it and especially by tho solution ns general as U was 
simple given by a boy of 10 Ottaiano of Naples Cuaslm p 41 
Cl asks gives a history of the problem In nor \I s Cavtoh I 4H 

*Tlie reader may be Interisled In an article by G aiLCSTiv Die 
Frauen In den exalcten ^\ Usonsebafton BlbUotf tea ilathematka 189a 
pp 0»/-76 
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In Alexandria Paganism disappeaied and with it Pagan leain 
ing The hTeo-Platonic school at Athens struggled a century 
longei Proclus, Isidoius, and others endeavoured to keep up 
“ the golden chain of Platonic succession ” Pi oclus wrote a 
commentary on Euclid , that on the first book is extant and is 
of great historical value A pupil of Isidorus, Damascius of 
Damascus (about 510 ad) is believed by some to be the 
author of Book XV of Euclid’s Elements 

The geometers of the last 500 years, with the possible 
exception of Pappus, lack creative power , they are commenta- 
tors rather than originators 

The salient features of Greek geometry are 

(1) A wonderful clearness and definiteness of concepts, 
and an exceptional logical rigour of conclusions We have 
encountered occasional flaws m reasoning , but when we com- 
pare Greek geometry in its most complete form with the best 
that the Babylonians, Egyptians, Romans, Hindus, or the 
geometers of the Middle Ages have brought forth, then it 
must be admitted that not only in rigour of presentation, but 
also in fertility of invention, the geometric mind of the Greek 
towers above all others in solitary grandeur 

(2) A complete absence of general principles and methods 
For example, the Greeks possessed no general method of 
drawing tangents In the demonstration of a theorem, there 
were, for the ancient geometers, as many different cases re- 
quiring separate proof as there were different positions for the 
lines ^ “It IS one of the greatest advantages of the more 
modern geometry over the ancient that through the considera- 
tion of positive and negative quantities it embraces in one 
expression the several cases which a theoiem can present in 
respect to the various relative positions of the separate parts 


1 Take, for example, Euclid, III , 35, 
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of the figure Thus to-da} the nine main problems and the 
numerous special cases, which are the subject-matter of 83 
theorems m the two books de sectione determinata (of Pappus), 
constitute onlj one problem uhioh can be solved by one single 
equation * If we compare a mathematical problem with 
a huge rock, into the interior of which ive desire to penetrate 
then the work of the Greek mathematicians appears to us 
like that of a vigorous stonecuttei who u itli chisel and ham 
iner begins with indefatigable perseverance from without to 
crumble the rock slowly into fragments , the modern mathe 
matician appears like an excellent miner who fiist bores 
through the rock some feu passages from which he then 
bursts it into pieces with one powerful blast, and brings to 
light the treasures within ” * 


ROME 

Although the Romans excelled in the science of government 
and war in philosophy poetry and ait they were mere imita- 
tors In mathematics they did not even rise to the desire for 
imitation If we except the period of decadence, during 
which the reading of Euclid began ue can saj that the classical 
Greek writers on geometry were wholly unknown in Rome 
A science of geometry with definitions postulates, axioms 
rigorous proofs did not exist there A practical geometry 
like the old Egyptian with empirical rules applicable in sur 
veying stood in place of the Greek science Practical treatises 
prepared bj Roman surveyors, called agnmensores or gromatici 
have come down to us ‘ As regards the geometrical part of 

1 Chasles p 39 

* Herbiann Hankee Die Entmckelunff der ^fathematiH in ien letgten 
lahrkunderten Tubinc^en 1884 p 0 
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these pandects, which treat exhaustively also of the juristic 
and purely technical side of the ait, it is diflicult to say 
whethei the crudeness of presentation, oi the paucity and 
faultmess of the contents moie stioiigly lepels the leader 
The piesentation is beneath the notice of ciiticisin, the teiiiu- 
iiology vacillating, of definitions and axioms oi proofs of the 
piesciibed lules theie is no mention The lules aie not foimu- 
lated, the leader is left to abstiact them fiom niimeiical 
examples obscurely and inaccurately described The total 
impression is as though the Homan giomatici were thousands 
of years older than Greek geometij", and as though the deluge 
were lying between the two”* Some of their rules ■were 
probably inherited from the Etiuscans, but others are identi- 
cal with those of Heron Among the latter is that for finding 
the area of a triangle from its sides [the “Ileronic foimula”] 
and the approximate formula, Her, for the area of eqiiilateial 
triangles (a being one of the sides) But the latter area was 
also calculated bj’’ the formulas -1(0- + a) and \ a-, the first of 
which was unknoivn to Heron Probably Va” was derived 
from an Egyptian formula The more elegant and refined 
methods of Heron were unknown to the Romans The giom- 
atici considered it sometimes sufficiently accurate to determine 
the areas of cities iiiegulaily laid out, simply by measuring 
their circumferences " Egyptian geometry, or as much of it 
as the Romans thought they could use, was imported at the 
time of Julius Csesar, who ordered a survey of the whole 
empire to secure an equitable mode of taxation From early 
times it was the Roman practice to divide land into rectan- 
gular and rectilinear parts AValls and streets were parallel, 
enclosing squares of prescribed dimensions This piactice 

^ Hankel, pp 295, 296 For a detailed account of tlie agnmensoi es, 
consult Caktor, I , pp 521-538 

^ Hankel, p 297 
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Simplified mitters imincnsolj ind prcitl^ rcdticod the neoc';- 
sirj 'imount of gcomctricil knowledge Vpproxini ile fornml p 
inswercd'iH ordiinr} doimnds of prcLision 

C Ls^r reformed the cilendir 'iiid for thin timlerLil itig drew 
from 1 gjptnn Icnrniiig Ihe Mtxuidnin islrtim im r 
gPHci wxs enlisted for this t-usk Vniutig horn in mmr idcnti 
fied with geometr} or surveting ire the folhwin^ Vomu 
/Vren/iMi I orro (ilxmt llC--? Ik ) **ex/nj» Fi h»t / a» (niun (m 
70 All pretor in Itoine) yfartianun Vinrii% 1 hr f 
(liorn It Cirtlngo in the e»rU pirt of the fifth i nttir>) 
Mnjnu^ ylurehn* C(i«tod>ri«f (liorn nlmiit 17 in) \n.stl^ 
snjHjrior to anj of these were the (nek gioinelerH Ik longing 
to the period of decadence of ( rttk leirmn;^ 

It IS 1 rcmarkiblo fiet tint the }ien<Ml of pohtiril humilii 
tun rnirked b) the fill of the ^^e^t^rn Komin 1 iiiptrennd 
the iscendinc) of the O trogolhs is the jx ruxl during whuh 
the study of Greek science Ugin m Ilil> Ihi toinpili 
tions mide it this tuiio ire difuient \tt interesting from the 
fict that, doim to the twelfth ciiilurj iho) were the onK 
sources of malhcmaticil knowlidgc in the Occident, lore 
most among these writers is lfuci«5 Von/iin '•cicrnooi 
Bofithxu^ (lS0?-o2l) At first i fnonrite of King Theoil 
one he wis liter chirgcd with treason imprisoned iml 
finill} dccipitited AMiilo in prison he wrote On (Ac Com 
sf>?nt>OTi» o/ Phdosophy Itoclhiwi wrote aw JnsiiJnfjo Anth 
vxrtica (essentiillj a tniislition of the arithmetic of Kico- 
miclms) ind i Ocomt'try The first liook of Itis Crovxctrfj is 
in extract from the first three iKxiki of lucluls 1 Icmoxt^ 
with the proofs omitted It appears tint llocthiiis and a num 
her of other writers after him siert somehow led to the belief 
tint the theorems alone belonged to 1 uchd, while the proofs 
were interpolated bj Theon, hence the strange omission of all 
demonstration The second book in the Geometry of Iloctluiis 
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consists of an abstiact of the practical geometry of Frontinus, 
the most accomi^hshed of the gromatici. 

Notice that, imitating Nicomachiis, Boethius divides the 
mathematical sciences into four sections, Aiithmetic, j\rusic. 
Geometry, Astronomy He first designated them by the void 
qxiadruvmni (four path-wa 3 ’’s) This term vas used extensively 
during the Middle Ages Cassiodoiius used a similar figure, 
the four gates of science Isidoius of Carthage (born 570), in 
his Ongrmes, groups all sciences as seven, the four embraced 
by the quadiuvxnm and three (Grammar, Rhetoric, Logic) 
which constitute the tnvmm (three path-v.iys) 
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AEITHSffiTIC VND VLGLBRA 
IJinilus 

Soon after the decadence of Greek nntlicmatic'i! reseirch 
another Ar^aii nee, the Ilindui bcipn to display brdhint 
aaatbematical i»ower Not tn the field of tcoinetrj hut of 
arithmetic and altchra, thej achieved glorj In gcoinetrj 
thoj were even weaker than were the Greeks in algebra, fho 
subject of indeterminate anal>6is (not within the 6C0j>e of this 
historj) was conspicuousl) ailvanced b> them, but on this 
point thej exerted no influence on 1 uropian investigators 
for the reason that their researches did not become known 
m the Occident until the nineteenth centurj 

India had no professed mathematicians tho writers we are 
about to discuss considered themselves astronomers To them, 
mathematics was mcrcl} a handmaiden to astronom} lu 
view of this it IS curious to observe that tho auxiliary 
science is after all tho only one m which they won real dis 
tmctiOD, while m their pet pursuit of astronomy they displayed 
an inaptitude to observ e, to collect facts and to make iiiductn o 
investigations 

It is an unpleasant feature about tho Ilmdii mathematical 
treatises lianded down to us that rules and results are expressed 
la verse and clothed in obscure mystic language To him who 
93 
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already understands the subject such verses may aid the 
memory, but to the uninitiated they are often unintelligible 
Usually proofs are not preserved, though Hindu mathemati- 
cians doubtless reasoned out all or most of their discoveries 

It IS certain that portions of Hindu mathematics are of 
Greek origin An interesting but difficult task is the tracmg 
of the relation between Hindu and Greek thought After 
Egypt had become a Roman province, extensive commercial 
relations sprang up with Alexandria Doubtless theie was 
considerable inteichange of philosophic and scientific know- 
ledge The Hindus were indebted to Heron, Diophantus and 
Ptolemy They were borrowers also fiom the Chinese 

At present we know very little of the growth of Hindu 
mathematics The few works handed down to us exhibit the 
science in its complete state only The dates of all important 
works but the first are well fixed In 1881 there was found 
at Bakhsh^li, in northwest India, buried m the earth, an 
anonymous arithmetic, supposed, from the peculiarities of its 
veises, to date from the third or fourth century aftei Chiist 
The document that was found is of birch bark and is an in- 
complete copy, prepaied probably about the eighth centuiy, 
of an older manuscript ^ 

The earliest Hindu astronomer known to us is A) yabliatta, 
born in 476 ad, at Pataliputra, on the upper Ganges He 
IS the author of the celebrated work, entitled Ai yabhattiyam, 
the third chapter of which is given to mathematics ^ About 
one bundled years later flourished Bi alimaqnpta, born 598, who 
in 628 wrote his Bi ahmorsphutorsidclhanta (“ The revised system 
of Brahma’’), of which the twelfth and eighteenth chapters 

^ Cantor, T, pp 598, 613-615 See also Thf BaLhshali Manuscript, 
edited by Rudolf Hoernle m the Indian Anliquauj, XVII , 33-48 and 
275-279, Bombay, 1888 

2 Translated by L Rodet m Tournal Asiatique, 1879, s§rie 7, T. XlIT 
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belong to mathematics * Important is an elementary work by 
■Nrahavira (9th century ^) , then come Qridhara who wrote a 
OamtOrsanx^ Quintessence of Calculation ) anil PaffmanaWa 
the author of an algebra. The science seems to ha^e made 
but little progress since Ilrahinagiipta for a work entitled 
Siddhantactromani ( Dndem of an Vstrononucal System ) 
written by BluisJara Acarya in 11 >0 stands little higher th in 
Brahmaguptas Stddhanta written o\er fiic hmulred a ear 
earlier The two most important mathematical chapters in 
Bhaskara s work arc the Ldaiati ( the beautiful, t e tho 
noble science) and ^'iga-yamta ( root-extraction ) dc%otc<l tc 
arithmetic and algebra. From this time the spirit of research 
was extinguished and no great names apjicar 

Elsewhere we hai t spoki n of th< Hindu s clt\ er ust of tlio 
principle of local value and of tho zero in arithmetical nota 
tion U 0 now give an account of Hindu methods of computv 
tion which were clalwratcd m India to a perfection undreamed 
of by earlier nations Tho information handed down to our 
time IS dent ed partly from tho Hindu works hut mainly from 
an arithmetic written by a Greek monk, Vnximns I lanudc^ 
who li\cd m tho first half of tho fourteenth century, and wlio 
avowedly used Hindu sources 

To understand tho reason why certain modes of computation 
were adopted, we must bear lu mmd tho instnuncuts at tho 
disposal of the Hindus in tlicir written calculations Ihcy 

1 Translated into Tnglisli b) II T Colu nooKr I/)ndon 181 This 
celebrated Sanskrit echolar translated also tho mathematical chapters of 
the (Si(WAanlaciroman» of Dlnskam Coicbrooke held a judicial office In 
India and about the year liOl entered upon the study of Sanskrit lint 
he mioht read Hindu law books I roni youth fond of mathematics ho 
aUo began to study Hindu astronomy and nmhemaUcs and finally I y 
his translations demonstrated to l-urope tho fact tl at tho Hindus in 
previous centuries had made remarkable discovenes some of which bad 
been wrODoly ascribed to the Arabs 
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■wrote “ •with a cane pen upon a small hlachboard nitli a white, 
thmly-liqnid paint -which made inaiks that could he easily 
erased, oi upon a white lablet, less than a foot squ.uc, stiewn 
with led floui, on -which Ihc} mote the figuies with a small 
stick, so that the hguios appealed white on a led gioiind’” 
To be legible the figuies had to be quite laige, hence it became 
necessaiy to devise schemes for the saving of space Tins 
was accomplished by eiasing a digit as soon as it had done 
its seivnce The Hindus weie gencially inclined to follow the 
motion fiom left to light, as in wilting Thus in adding 2.}4 
and 663, they wmiild say 2 + 6 = S, o + 6 = 11, w Inch changes 
8 to 9, 4 + 3 = 7 Hence the sum 91 7 

In action, they had two methods when “bon owing” 
became necessary Thus, in 61—28, they would say 8 from 
11 = 3, 2 fiom 4 = 2, or they would say 8 fiom 11 = 3, 3 
fiom 5 = 2 

In mxdtiphcation seveial methods weie in vogue Sometimes 
they resoh'ed the multiplier into its factois, and then multi- 
plied in succession by each factoi At other times they would 
resolve the multipliei into the sum oi the diffeience of two 
numbers which weie easier multi jilieis In wiitten w'ork, a 
multiplication, such as 5 X 57893411, was done thus 5 x 5=25, 
which was wiitten down above the multiplicand , 5 x 7 = 35 , 
adding 3 to 25 gives 28 , eiase the 5 and in its place wuite 8 
We thus have 285 Then, 5x8 = 40, 4-j-5 = 9, replace 5 
by 9, and we have 2890, etc At the close of the operation the 
work on the tablet appealed somewhat as follows 

289407055 
67893411 5 

When the multiplier consisted of seveial digits, then the 
Hindu operation, as described by Hankel (p 188), in case of 


1 Hankel, p 186 
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324 X 753 was as follows Plaxje the left-hand digit of the 
^59 multiplier, 324 over units place in the multiplicand, 
3 4 3 x 7 = 21, VTite this down, 3 x 5 = 15, replace 21 
763 by 22 , 3 X 3 = 9 At this stage the appearance of 

the work is as here indicated Next the multiplicand is 
moved one place to the right 2 x 7 = 14 , in the place w here 
the 14 belongs we already have 25 the two together give 39, 
24098 which is written m place of 25, 2 x 5=10, add 10 
3‘’4 to 399 and write 409 in place of 399 , 2 x 3 = 6 
763 adjoining figure shows the work at this stage 

We begin the third step by again moving the multiplicand to 
the right one place 4x7 = 28 add this to 09 and wnte 
down 37 in its place, etc 

043072 This method, emplojed by Hindus even at the pres 
8^4 ent time, economizes space remarkably well since only 
a few of all the digits used appear on the tablet at any 
one moment It was therefore well adapted to then small 
tablets and coarse pencils The method is a poor one if the 
calculation is to be done on paper (1) because we cannot 
readily and neatly erase the digits and (2) because having 
plenty of paper it is folly to sa\e space and thereb} un 
necessarily complicate the process by performing the addition 
of each partial product as soon as formed Nevertheless we 
find that the early Aiabic writers unable to improve on the 
Hindu process adopted it and showed how it can be earned 
out on paper, viz by crossing out the digits (instead of eras 
ing them) and placing the new digits above the old ones ^ 
Besides these the Hindus had other methods more closely 
resembling the processes in vogue at the present time Thus 
a tablet w as divided into squares like a chess board Diagonals 
were drawn The multiplication of 12 x 735 = 8820 is ex 


1 Haneei. p 188 
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liibited in tlie adjoining diagram ’ The inaimscnpts extant 

gi\e no detailed infoimation legai ding the 
Hindu piocess of dinsion It seems that 
tlie partial piotlucts iieie deducted by 
ciasing digits in the dnidend and leplac- 
ing them by the new ones lesulting fioin 
the subti action The above scheme of 
multiplication was known to the Aiabs and ma} not be of 
Hindu origin 

The Hindus used an ingenious piocess (not of Jndiaii 
oiigin) foi testmg the coiiectness of then computations It 
rests on the theoiem that the sum of the digits of a iiiimbei, 
divided by 9, gives the same lemaindor ns does the niimbei 
itself, divided by 0 The pi ocess of “ casting out the 9’s " w as 
more seiviceable to the Hindus than it is to us Then custom 
of eiasing digits and wilting others in then places made it 
much raoie difficult lor them to leiifj then lesults by leiiew- 
ing the opeiatioiis peiformed At the close of a multiplication 
a laige number of the digits aiising during the process weie 
erased Hence a test w Inch did not call foi the examination 
of the intermediate piocesses was of seiiice to them 
In the extant fiagments of the BalJisMll aritlmetic, a 
knowledge of the piocesses of computation is presupposed 
In fractions, the numeiatoi is wiitten above the denomniatoi 
without a dividing line Integeis aie wiitten as fiactions 

with the denomniatoi 1 In mixed expressions the integral 

1 



part is written above the fiaction Thus, 1 = In place 

3 

of our = they used the word p/iafa/a, abbieviated into plia 
Addition was indicated by yu, abbreviated from yvta Hum 
bers to be combined weie often enclosed in a lectangle 


Thus, pha 12 


6 

1 



means 


^ + I- = 12 


An unknown 


1 Cantok, I , p 611 
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quantity is sunya, and is designated thus by a heavy 
dot The ivord sunja means emptj and is the uord for 
zero, ivliich is here likewise represented a dot This double 
use of the word and dot rested upon the idea that a position 
IS “empty” if not filled out It is also to be consideied 
“emptj ” so long as the number to be placed there has not 
been ascertained * 

The Bakhshali arithmetic contains problems of which some 
are solved by reduction to unit} or b} a sort of false position 
ExAiiPLE B gues twice as much as A, C three times os much 
as B D four times as much as C, together they gi\e 132, 
how much did A give ^ Take 1 for tho unknoum {siinya), 
then A = l, B = 2 C=sC D = 24, their sum =33 Divide 
132 by 33, and the quotient 4 is what A gave 

The method of false position we have encountered before 
among the early Egyptians With them it was an instinctive 
procedure, with tiie Hindus it had risen to a conscious method 
Bhaskara uses it but while the Bakhsb&li document preferably 
assumes 1 as the unknown Bhaskara is partial to 3 Thus 
if a certain number is taken fivo-fold \ of the product be 
subtracted, the remainder divided b} 10 and -J, i and \ of the 
original number added, then C8 is obtained hat is the num 

ber ^ Choose 3 then you get 15 10 1, and 1 + ^ — 

Then (68 3 = 48, the answer * 

A favourite method of solution is that of inierswn With 
laconic brevity, Aryabhatta describes it thus “ Jlultiphca- 
tion becomes division division becomes multiplication, what 
was gam becomes loss what loss gam mveision Quite 
different from this in style is the following problem of 
Aryabhatta which illustrates the method Beautiful maiden 
with beaming eyes tell me as thou unclerstandst the right 


* Cartor I pp 613-016 


® Caktoh I p 618 
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method of inveipion, which is the number i\hich multiplied by 
3, then incieasrd by ] of the pioduct, duided by 7, diminished 
by ^ of the aaotient, multiplied by itself, diminished by 52, by 
extiaction rf the squaie root, addition of 8, and dnision b^ JO, 
gives the number 2 ^ ” The pioccss consists in beginning u ith 
2 and woilcing bachwaids Thus, (2 10 — 8)* + 52 = 195, 
VlOG = 14, and 11 \ 7 4 — 3 = 28, the ansucr^ Here is 
nnothei example taken fiom the Likivah '‘The square root 
of half the numbei of bees in asw.iim has flown out upon a 
jessamine-bush, g of the uholc suarm has lemained behind, 
one female bee flies about a male that is bu//ing Avithin a lotus- 
flower into which he was alluiod in the night by its sveet 
odour, but is now imprisoned in it Tell me the number of 
bees Answei 72 The pleasing poetic gaib in vliicli arith- 
metical pioblems are clothed is due to the Hindu practice of 
miting all school-books in \eise, and especially to the fact 
that these pioblems, propounded as pu/rles, veie a favourite 
social amusement Saj’^s Biahmagupta “These pioblems are 
proposed simply foi pleasure, the vise man can in\ent a 
thousand others, or he can sohe the problems of others b} the 
rules given here As the sun eclipses the star s by his biilliancy, 
so the man of knov ledge will eclipse the fame of others in 
assemblies of the people if he proposes algebraic problems, and 
still more if he solves them ” 

The Hindus Aveie familiar with the Rule of Three, vith the 
computation of interest (simple and compound), vith alliga- 
tion, with the fountain oi pipe problems, and vith the sum- 
mation of aiithmetic and geometiic senes Aryabhatta 
applies the Rule of Thiee to the problem — a 16 year old 
girl slave costs 32 nishkas, what costs one 20 years old ^ and 
says that it is treated by inverse piopoition, since “the value 


1 Caktor I , p 618 


2 Hanker, p 101 
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of living creatures (sHncs and cattle) is regulated tlieir 
age,” the older being the cheaper * The extraction of square 
and cube roots was familiar to the Hindus This was done 
with aid of the formulas 

(a + 6)* = a’ + 2 a6 + &’ , (<* + 6)* = a* -f* 3 n*6 + 3 al* + ^ 

The Hindus made remarkable tontributions to Vlgebra. 
Addition was indicated simply juxtajHisitiou as m Dio- 
phantme algebra, subtraction b^ placini, a dot over the 
subtrahend multiplication h> putting after the factors bha 
tliL abbre\ntion of the word 6Aau/a, 'the product dnision, 
bj placing the di\isor beneath the dmdend square root by 
writing la from the uord Xamna (irntional) before tlio 
quantity 1 ho unknown quantitj uas called b} Ilralimagupta 

ydiattiUat In case of scacral unknown quantities he ga\e, 
unlike Diophantus a distinct name and sv mbol to each Uii 
known quantities after the first were assigned tlic names of 
colours being called the black blue yellow, red or green 
unknown Tlie initial sellable of each word was se'eclcd ns 
the 8} mbol for the unknown Thus yit meant x Ad (from 
Ad/aAa = black) meant y, ydkdbha “jr times y' , AaloAalO, 
vl5-Viu’ 

The Hindus were the first to recognize tlie existence of 
abiolutel^ negatiie numbers and of irrational numbers Iho 
difference between + and — numbers was brought out b^ 
attaching to the one the idea of assets," to the other that 
of debts or bj letting them indicate opposite directions 
A great step bejond Diophantus was the recognition of two 
answ ers for quadratic equations Thus IJliaskara gii es x = /JO 
w — 5 for the roots of x* — 45x =* 2»>0 “ Uut,” saj s he “ the 

second value is in this case not to be taken, for it is inadequate , 


iCawtorI p 018 
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people do not approve of negative roots ” Thus negative roots 
were seen, but not admitted In the Hindu mode of solving 
quadratic equations, as found in Brahmagupta and Aryabhatta, 
it IS believed that Greek processes are discernible For 
example, in their works, as also in Heron of Alexandria, 
ay? -\-hx = c IS solved by a rule yielding 



a 


This rule is improved by Qndliara, who begins by multiplying 
the members of the equation, not by a as did his predecessors, 
but by 4 a, whereby the possibility of fractions under the 
radical sign is excluded He gets 


X = 


V4ac + 6* — 
2a 


The most important advance in the theory of affected quadratic 
equations made in India is the unifying under one rule of the 
three cases 

ax^ + &T = c, bx + c = ax^, oar -\-c=bx 


In Diophantus these cases seem to have been dealt with sepa- 
rately, because he was less accustomed to deal -with negative 
quantities ^ 

An advance far beyond the Greeks and even beyond 
Brahmagupta is the statement of Bhaskara that “the square 
of a positive, as also of a negative number, is positive , that 
the square root of a positive number is twofold, positive and 
negative There is no square root of a negative number, for 
it IS not a square ” 

We have seen that the Greeks sharply discriminated between 
numbers and magnitudes, that the iiiational was not recognized 


1 Cantok, I , p 625 
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by them as a number The discover} of the existence of 
irrationals was one of their profoundest aclne\emcnts To 
the Hindus this distinction between the rational and irrational 
did not occur, at any rate, it was not heeded The} passed 
from one to the other, unmindful of the deep tulf separating 
the continuous from the discontinuous Irrationals u ere sub- 
jected to the same processes os ordinary numbers and were 
indeed regarded by them as numbers B} so doing the} 
greatly aided the progress of mathematics , for the} accepted 
results armed at intuitively, which b} seicrcl} logical 
processes would call for much greater cfTorL Sa}8 Hankel 
(p 195), “if one understands by algebra the application of 
arithmetical operations to complex magmliidcs of all sorts, 
whether rational or irrational numbers or space magnitudes, 
then the learned Brahmins of Hmdostan arc the real inventors 
of algebra. * 

In Bhaskara we find two remarkable identities one of which 
IS given in nearly all our school algebras as showing how to 
find the square root of a “binomial surd 11 hat 1 uclid in 
Book embodied in abstract language, difficult of compre 
hension, is here expressed to the eye in algebraic form and 
applied to numbers * 

Va ± V6= \/“ iV" “ 

Arabs 

The Arabs present an extraordinary spectacle in the history 
of civilization Unknown ignorant and disunited tribes of 
the Arabian peninsula, untrained in government and war are 
^Bxnkel p 194 
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in the course of ten years fused by the furnace blast of 
religious enthusiasm into a powerful nation, which, in one 
century, extended its dominions from India across northern 
Africa to Spain A hundred years after this grand march of 
conquest, we see them assume the leadership of intellectual 
pursmts, the Moslems became the great scholars of their 
time 

About 150 years after Mohammed’s flight from Mecca to 
Medina, the study of Hindu science was taken up at Bagdad 
in the court of Caliph Almansur In 773 a d there appeared 
at his court a Hindu astionomer with astronomical tables which 
by royal ordei were translated into Arabic These tables, 
known by the Arabs as the Sindhind, and probably taken from 
the Siddhdnta of Brahmagupta, stood in great authority 
W ith these tables probably came the Hindu numerals Except 
for the travels of Albiruni, we possess no other evidence of 
intei course between Hindu and Arabic scholars , yet we should 
not be sui prised if future historical research should reveal 
greater intimacy Better informed are we as to the Arabic 
acquisition of Greek learning Elsewhere we shall speak of 
geometry and trigonometiy AhUH Wafd (940-998) translated 
the treatise on algebra by Diophantus, one of the last of 
the Greek authors to be brought out in Arabic Euclid, Apol 
lonius, and Ptolemseus had been acquired by the A rabic schol- 
ars at Bagdad nearly two centuries earlier 

Of all Arabic arithmetics known to us, first in time and 
first in historical importance is that of IfuJiammed ibn Miisd 
Alclmai izmi who lived during the reign of Caliph A1 Mamun 
(813-833) Like all Arabic mathematicians whom we shall 
name, he was first of all an astronomer , with the Arabs as with 
the Hindus, mathematical pursuits were secondary Alchwar 
rizmi’s arithmetic was supposed to be lost, but in 1857 a 
Latin translation of it, made probably by Athelard of Bath, 
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was found m the library of the University of Cambridge ’ The 
aiithmetic begins with the words Spoken has Algontmi Let 
us give deserved praise to God, our leader and defender ” Here 
the name of the author, Alchu^anzml has passed mio Algontmi, 
whence comes oui modern word algorithm, signifying the art of 
computing in any particular way Alchvvanzmi is familiar 
w ith the principle of local value and Hindu processes of calcu 
lation According to an Arabic writer his arithmetic “ excels 
all others in brev ity and easiness, and exhibits the Hindu intel 
lect and sagacity in the grandest inventions ” * Both m addition 
and subtraction Alchwanzmi proceeds from left to right, bnt in 
subtraction, strange to say, he fails to explain the case when 
a larger digit is to be taken from a smaller His muUiphciition 
18 one of the Hindu processes, modified for working on paper 
each partial product is wrntten oier the corresponding digit m 
the multiplicand , digits are not erased as with the Hindus but 
are crossed out The process of division rests on the same 
idea The divisor is written below the dividend the quotient 
jgg above it The changes in the dividend resulting from 
24 the subtraction of the partial products are wiitten 
110 above tbe quotient For every new step m the divi 


140 
143 
46468 
324 
324 
3 4 


Sion the divisor is moved to the right one place The 
author gives a lengthy description of the process in 
case of 46468 — 324 = 143 which is represented by 
Cantor* by the adjoining model solution This proc 
ess of division was used almost exclusively by early 
European wnteis who followed Arabic models and it 


1 It wa"! found by Prince B Boncoxfagnz under the title Algontmi 
de numero Indorum He published it in his book Tratfati d Ant 
metica Kome 1857 

* Cantor I <13 IIankel p 2j9 

•Cantor I 717 Thisprocessof division will be explained more fully 
under Pacioh 
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was not extinct in Europe in the eighteenth century ^ Later 
Arabic authors modified Alchwarizmi’s process and thereby 
approached nearer to those now prevalent Alchwarizmi 
explains in detail the use of sexagesimal fractions 

Arabic arithmetics usually explained, besides the four caidi- 
nal operations, the process of “casting out the 9’s” (called 
sometimes the “Hindu proof”), the rule of “false position,” 
the rule of “ double position,” squaie and cube loot, and frac- 
tions (written without the fi actional line, as by the Hindus) 
The Rule of Tliiee occiiis in Aiabic woiks, sometimes in their 
algebras It is a remarkable fact that among the eaily Aiabs 
no trace whatever of the use of the abacus can be discovered 
At the close of the thiileeuth centniy, foi the first time, we 
find an Arabic wiitei, Ihn Albannd, who uses piocesses which 
aie a mixture of abacal and Hindu computation Ibn Albanna 
lived in Bugia, an African seaport, and it is plain that he came 
under European influences and thence got a knowledge of the 
abacus “ 

It is noticeable that in course of time, both in arithmetic 
and algebra, the Arabs in the East depaited further and 
further from Hindu teachings and came more thoroughly under 
the influence of Greek science This is to be deplored, for on 
these subjects the Hindus had new ideas, and by rejecting 
them the Arabs barred against themselves the road of prog- 
ress Thus, Al Kai chi of Bagdad, who lived in the beginning 
of the eleventh century, wrote an arithmetic in which Hindu 
numerals are excluded’ All numbers in the text are written 
out fully in words In other respects the work is modelled 
almost entirely after Greek patterns Another prominent and 

^ Hankel, p 258 

- Whether the Arabs knew the nse of the abacus or not is discussed 
also by H Weissenborn, Einfuhrung der jetzigen Ziffein in Europa 
lurch Gerbert, pp 6-9 
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iblc ViTiter, Abdl IJa/d in the second half of the tenth cen 
turj, wrote an irithmctio m iihich Hindu immcnls find no 
phcc The question Hindu nunicnU are ignored by 
authors so eminent is ccrtainlj a puzzle Cantor suggests that 
at one tune there ina^ have been n\al schools of which one 
followed almost cxclusnel} Greek mathematics, the other 
Indian * 

riie algebra of Alchwarizmi is the first work m which the 
word algebra * occurs The title of the treatise is alJschebr 
tcalinuJ dbala These tuo words mean “restoration and oppo- 
sition ’ * restoration was meant the transposing of neg 

atiic terms to the other side of the equation hj ‘ opposi 
tion, the discarding from both sides of the equation of like 
terms so that after this operation, such terms appear only on 
that side of the equation on which thej were in excess Thus 
5a* — 3* = G4-3ar passes aldschcbr into 5 x* = C + 2 a: 
+ 3®* and this b^ w almukSbala into 2 «* s» C -p 2 x ^Vllcn 
Alchwarizmi s aldschcbr tcalmuhdbala was translated into 
Latin the Arabic title was retained but the second word was 
gradually discarded the first word remaining in the form of 
algebra Such is the origin of this word as rc\calcd b} the 
stud> of manuscripts Several popular etjmologies of the 
word unsupported hj manusenpt evidence used to bo current 
For instance “algebra was at one tune deri\ed from the 
name of the Arabic scholar, Dschdhtr tbn Afluh of Seville 
who was called Oeber bj the Latins But Geber lived two 
centuries after Vlcliw arizmi and therefore two centuries after 
the first appearance of the word * 

Alchwarizmi s algebra like liis antlunctic, contains nothing 

1 Castor I 05 

sSeeCANToi I 710 ‘’1 ** IIassei. p -18 Felix MOller IIis 
ton h (j wlojUche bluditn Uber Matheviatlsche Temitnologie Berlin 
1887 pp 9 10 
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oiiginal It explains the elemeiitaiy operations and the solu 
tioii of lineal and quadiatic equations ‘Whence did the 
authoi receive his knowledge of algebra^ That he got it 
solely fiom Hindu soiiices is impossible, for the Ilindiis had 
no such lilies as those of “lestoration ’’ and '' opposition ” , 
they weie not in the habit of making all teinis in an equa- 
tion positive as is done by “ icstoiation ” Alchvaii/mi’s 
rules lesemble someivhat those of Diophantns But ve can- 
not conclude that oui Aiabic authoi diev entiiel}^ fiom 
Gieek souices, foi, unlike Dioiihantus, but like the Hindus, he 
recognized two loots to a quadiatic and accepted iriational 
solutions It vould seem, theicfoie, that the ahlschchr tuil- 
mukdhala was neithei puiely Gieek noi puiely Hindu, but vas 
a hybiid of the two, with the Gieek element piedominating 

In one respect this and other Aiabic algebias aie infeiioi to 
both the Hindu and the Dioiihantine models the Eastern 
Arabs use no symbols whatever With respect to notation, 
algebras have been divided into three classes ’ (1) Rhetoi luil 
Algehias, in which no sj'mbols are used, eveiy thing bemg 
wiitten out m voids Undei this head belong Aiabic voiks 
(excepting those of the latei Western Aiabs), the Gieek woiks 
of lamblichus and Thymaiidas, and the vorks of the eaily 
Italian wi iters and of Kegiomontanus The equation 10 a: 
= 39 was indicated by Alchwaiizmi as follows “A squaie 
and ten of its roots are equal to thiity-nine diihem, that is, if 
you add to a square ten roots, then this togethei equals thirty- 
nine ” 

(2) Syncopated Algehi as, in which, as in the first class, every- 
thing is written out in words, except that the abbreviations aie 
used for certain frequently recuiring operations and ideas 
Such are the works of Diophantus, those of the later Western 


1 Nesselmann, pp 302 - 306 . 
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Arabs and of the later European writers down fo about the 
middle of the seventeenth century (excepting Vieta’s) As 
an illustration v,e take a sentence from Diopliantus, m ^hich, 
for the sake of clearness, we shill use the Hindu numerals 
and in place of the Greek symbols the corresponding English 
abbreviations If S, li H m stand for square” ‘ num 
ber, “umtj,” “minus, then the solution of problem III, 7, 
m Diophantus viz, to find three numbers whose sum is a 
square and such that auy pair is a square is as follows ‘Let 
us assume the sura of the three numbers to be equal to the 
square* IS 2 X 1 H, the first and the second together I S 
then the remainder 21>i lU will be the third number Let 
the second and the third bo equal to IS lU m 217, of 
which the root is 1 N m 1 H Now all three numbers ore 
IS 2 N 1 U , hence the first will be 1 N But this and 
the second together were put equal to 1 S , hence the second 
will be 1 S minus 4 N Consequently, the first and third 
together G N 1 U must bo a square Let this number bo 
121 U , then the number becomes 20 U Htneo the first is 
SO U, the second 320 U, the third 41 U, and they satisfy 
the conditions ” 

(3) Symbohe Algebras, in which all forms and operations 
are represented by a fully developed sjmbolism, as for ex 
ample a:* + 10»=39 In this class may be reckoned Hindu 
works as well as European since the middle of the seventeenth 
century 

From this classification due to Ncsselmann the advanced 
ground taken by the Hindus is brought to full view also 
the step backward taken by the early Arabs The Arabs 
however, made substantial contributions to what v\ e may call 
geometrical algebra Not only did thej (Alchvvanzmi, AI 

1 In our notation the expressions given here are respectively 
a:2+2®+l, x* x+1 **+1—2* x—\ a:*+2*+l 4* ** **—4* 6*+! 
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Karchi) give geonietiical pi oofs, besides the arithmetical, for 
the solution of quadiatic equations, but they (A1 Mahani, Abu 
Dscha ‘fai Alchazin, Abii’l Dschiid, 'Omar Alchaijami) dis- 
covered a geometrical solution of cubic equations, ■which alge- 
braically •\veie still considered insolvable The roots ■svere 
constiucted by intersecting conics ^ 

A1 Kaichi was the fiist Arabic author to give and prove 
the theorems on the summation of the series. 

12 + 22 + 3^-1- +n2=^’^ + ''-(l + 2+ +n) 

o 

13 + 23 + 33 + +n3=(l + 2-f . -|-n)2 

Allusion has been made to the fact that the Western Arabs 
developed an algebraic symbolism While in the East the 
geometric treatment of algebra had become the fashion, in 
the West the Arabs elaborated arithmetic and algebra inde- 
pendently of geometry Of interest to us is a work by AJhal- 
sddl of Andalusia or of Granada, who died in 1486 or 1477 - 
His book was entitled Raising of the Veil of the Science oj 
Gubdi The word “giib2.r” meant originally ^^diist,” and 
stands here for written arithmetic with numerals, in contrast 
to mental arithmetic In addition, subtraction, and multipli- 
cation, the result is written above the other figures The 
square root is indicated by the initial letter of the word 
dschidi , meaning “ root,” particularly “ square root ” Thus, 

\/48 = 7^ The proportion 7 12 = 84 x was written A 84 
4o 

12 7, the symbol foi the unknown being here probably 

imagined to be the initial letter of the Avord dschahala, ‘^not to 
know ” Observe that the Arabic Aviiting is from right to left 
In algebra proper, the unknown was expressed by the words 

1 Consult Cantok, 1 , 721, 726, 781, 776-778, Hankel, pp 274-280 

* Cantor, 1 , 810-817 
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schai or dschtdr foi which Alkalsadi uses the abbreviations 
X = or = -<s J" for equality Thus he writes 3 jc* = 12 a 
+ 63 in this way 

63 ^ \J~S 

This symbolism probably began to be developed among the 
Western Arabs at least as early as the time of Ibn Albanna 
(born 1252 or 1257) It is of interest when we remember 
tint in the I atm translations made by Europeans this sym 
holism w as imitated 

Europe during the Middle Ages 

The barbaric nations, which from the swamps and forests of 
the North and from the Uril Mountains swept down upon 
Europe and destroyed the Poroan Empire were slowei than 
the Mohammedan^ m acquiring the intellectual treasures and 
l/ie civiliration of antiquity The first traces of mathematical 
knowledge m the Occident point to a Roman origin 
Introduction of Homan Anthmetic — After Boethius and 
Cassiodonus mathematical activity m Italy died out About 
one century later, Isidorus (570-036) bishop of Seville, in 
Spam wrote an encyclop-edia entitled Ongines It was 
modelled aftei the Roman ency clopsedias of Martmus Capella 
and of Cassiodonus Fart of it is taken up with the quad 
ruviuni He gives definitions of technical terms and their 
etymologies, but does not describe the modes of computation 
then in vogue He divider numbers into odd and even speaks 
jf perfect and excessive numbers etc and finally bursts out 
in admiration of number, as follows Take awav number 
from all things and everything goes to destruction ’* After 
Isidoius comes another century of complete darkness, then 
V CamoB 1 8^4 
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appears tlie English monk, Bede the Venetahle (672-735) 
His woiks contain treatises on the Computus, or the computa- 
tion of Easter-time, and on finger-reckoning It appears that 
a finger-symbolism was then widely used for calculation The 
collect deteimination of the time of Easter was a problem 
which in those days greatly agitated the chuich The desira- 
bility of having at least one monk in each monastery -who 
could determine the date of religious festivals appears to have 
oeen the gieatest incentive then existing towaid the study of 
arithmetic “The computation of Eastei-time,” saj^s Cantor, 
“the real central point of time-computation, is founded by 
Bede as by Cassiodonus and others, upon the coincidence, 
once eveiy nineteen yeais, of solar and lunai time, and makes 
no immoderate demands upon the aiithmetical knowledge of 
the pupil who aims to solve simply this problem ’’ ^ It is not 
surprising that Bede has but little to say about fractions In 
one place he mentions the Roman duodecimal division into 
ounces 

The year in which Bede died is the year in which the next 
prominent thinker, Alcuin (735-804) was boin Educated in 
Ireland, he afterwards, at the court of Chailemagne, directed 
the progiess of education in the great Erankish Empue In 
the schools founded by him at the monasteries were taught the 
psalms, wilting, singing, computation {computtis), and giani- 
mar As the determination of Easter could be of no particular 
interest or value to boys, the woid computus jiiobably refeis 
to computation in general We are ignorant of the modes of 
reckoning then employed It is not probable that Alcuin was 
familiar with the abacus or the apices of Boethius He be- 
longed to that long list of scholars of the Middle Ages and of 
the Renaissance who dragged the theory of numbers into 


1 Cantor, 1 , 831 . 
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theology For jnstince tlio number of beings created bj God, 
■nho created all things ^rell, is sir, because sir is a perfect 
number (being equal to the sum of its divisors 1, 2, 3) but 
8 IS a defective number, since its divisors 1 4- 2 + 1 < 8 and, 
for that reason, the second ongin of mankind emanated from 
the number 8, ivhich is the number of souls said to ha\o 
been in Noah’s Ark 

There is a collection of "Problems for Quickening the 
Jlind which is certainly as old as 1000 a d and possiblj 
older Cantor is of the opinion that it was imtten much 
earlier and bj Alcuin Among the arithmetical problems of 
this collection arc the fountain problems which uc ha\o cn 
countered in Heron, m the Creek anthology, and among tho 
Hindus Probkm No 26 reads A dog chasing a rabbit, 
which has a start of 150 feet, jumps 9 feet c\ery time tho ral> 
bit jumps 7 To determine in how manj leaps tlio dog oser 
takes the rabbit 160 is to bo divided by 2 The 3uth problem 
is as follows A dying man wills that if Ins wife, being with 
child, gives birth to a son, the son shall inherit | and the 
widow \ of the property, but if a daughter is bom, she shall 
inherit ^ and the nadow ^ of the property How is tho 
property to be di\ ided if both a son and a daughter are born ? 
This problem is of interest because by its close resemblance to 
a Roman problem it unmistakably betraj s its Roman origin 
However its solution, given in the collection is different from 
the Roman solution, and is quito erroneous Some of tho 
problems are geometrical others are merely puzzles, such as 
the one of the w olf, goat, and cabbage head which we shall 
mention again The collector of these problems eiidently 
aimed to entertain and please his readers It has been re 
marked that the proneness to propound jocular questions is 
truly Anglo-Saxon, and that Alcuin was particularly noted in 
this respect Of interest is the title which the collection 
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bears “Problems for Quickening tlie INfind ” Do not these 
woicls bear testimony to the fact that e\cn in tlie daikncss of 
the Middle Ages the mind-developing poi\ci of m.itliematic« 
was recognized*? Plato’s famous insciiption o\ei the eiitiaiice 
of Ins academy is fiequcntly quoted, heic v.c lia\e the less 
weighty, but significant testimony of a people haidly }ct 
awakened fiom intellectual slumbei 

Duiing the wais and confusion is Inch follossed the fall of 
the empiie of Chailcmagne, scientific puisuits sscie abandoned, 
but they weie levived again in the tenth ccntuiy, piiiuipally 
thiough the influence of one man, Geiheil lie is as bom in 
Auiillac in Am eigne, icceiied a monastic education, and en- 
gaged 111 studj’’, chiefly of mathematics, in Spain lie became 
bishop at Rheims, then at Kavenn.i, and linally is as made 
Pope under the name of Sylvester II lie died in 1003, after 
a life involved in many political and ecclesiastical quarrels 
Geibeit made a careful study of the is ntings of Boethius, and 
published two aiithmetical woiks, 7?»/c of Comjyutatwii on 
the Abacus, and A Small Booh on the Divtswn of Nimbers 
Now for the fiist time do we get some insight into methods of 
computation Geibert used the abacus, which was probably 
unknown to Alcuin In his j’^oimger days Geibert taught 
school at Kheims the trivium and quadruvium being the 
subjects of instruction and one of his pupils tells us that 
Geibert ordered from his shield-maker a leathern calculating 
board, which was divided into 27 columns, and that counters 
of horn weie piepared, upon which the fiist nine numeials 
(apices) were marked Bemelinns, a pupil of Geibeit, de- 
scribes the abacus as consisting of a smooth boaid upon ■\\hich 
geometricians were accustomed to stiew blue sand, and then 
to draw their diagrams For arithmetical purposes the board 
was divided into 30 columns, of which three were reserved for 
fractions while the remaining 27 were divided into groups 
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with three columns in each Everj group of the columns was 
marked respectiv ely bj the letters C (centum, 100), D (decern, 
10) and S (singulaiib) or M (monas) Bernelinus gi\es the 
mne numerals used (the apices of Boethius) and then remarks 
that the Greek letters may be used in their place ‘ By the 
use of these columns any number can be written ivitliout intro 
ducing the zero and all operations in arithmetic can be per 
formed Indeed the processes of addition subtraction, and 
multiplication employed by the abacists, agreed substantially 
with those of to-day The adjoining 6guiB shows the multi 
plication of 4600 by 23 * The process is as 
follows 3 6 = lb 3x4== 12 2 6 = 12 
2x4 = 8, 14*2 + 2 = 6 remove the 1 2, 

2 and put down 5 1 + 1 + 8 = 10, re 
move 118, and put down 1 in the column 
next to the left Hence, the sum 105800 
If counters avere used, then our crossing 
out of digits (for example, of the digits 1 
2 2m the fourth column) must be im 
agmed to represent the removal of the counters 1 2, 2, and 
the putting of a counter marked 6 in their place If the 
numbers were written on sand then the numbers 1, 2 2 were 
Biased and 5 written instead 

The process of division was entirely different from the 
modern So difficult has this operation appeared that the 
concept of w quoUent may almost be said to be foreign to 
antiquity Gerbert gave rules for division which apparently 
were framed to satisfy the following three conditions (1) The 
use of the multiplication table shall be restricted as far as 
possible at least it shall never be required to multiply 
mentally a number of two digits by another of one digit, 
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(2) Subtiaciions sliall be a\oided as mucli as possible and 
leplaced by additions, (3) The opeiation sliall pioceed in a 
piuely meclianical way, without lequiiing ti nils’ That it 
should be necessary to make such conditions, i\ill peihaps not 
seem so stiange, if we lecollcct that monks of the Middle 
Ages did not attend school duiing childhood and leain the 
multiplication table N\hile the memoiy Mas fiesh Geibeit’s 
lules foi division aie the oldest evtant The} aie so bnef as 
to be veiy obscuie to the uninitiated, but veie piobably 
intended to aid the memoiy by calling to mind the successive 
steps of the process In latei manusciipis they aie stated 
moie fully We illustrate this dnision b} the 
example* 4087 — 6 = 681 The piocess is a 
kind of “complementaiy dnision” Begin- 
nings of this mode of pioceduie are found 
among the Romans, but so far as knovn it 
was never used by the Hindus or Aiabs It 
IS called “ complementaiy ’’ because, in our 
example, for instance, not 6, but 10—6 oi 4 
IS the numbei opeiated ivith The lativnale 
of the piocess may, peihaps, be seen fiom this 
partial explanation 4000 — 10 = 400, Miite 
this below as pait of the quotient But 10 is 
too large a divisor, to rectify the eiioi, add 
4 400 = 1600 Then 1000-10 = 100, Mwite 
this below as part of the quotient, to rectify 
this new error, add 4 100 = 400 Then 600 + 
400 = 1 000 Divide 1000 — 10, and so on 
It will be observed that in complementary 
division, like this, it was not necessary to 

1 Hankel, p 323 j 

2 Quoted by Priedlein, p 109 1 The mechanism of the division is as 
folio V7S Write down the dividend 4087 and above it the divisor 6 
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Know the multiplication table abo\e the 5s’ To a modern 
coinputoT it would seem as though, the abov e process of divi 
Sion were about as complicated as human ingenuity could 
make it No wonder that it was said of Gerbert that he ga^ e 
rules for di\ ision u hich were hardly understood by the most 
painstiking abacists, no wonder that the Arabic method of 
division when first introduced into Europe, was called the 
golden division ’ (divisio aiirea) but the one on the abacus 
the iron division (div isio ferrea) 

The question has been asked, whence did Gerbert get his 
abacas and his complementary division** The abacus was 
probably derived flora the works of Boethius, but the complo 
mentary division is nowhere found m its developed form before 
the time of Gerbert as it mamlj his invention From one 
of his letters it appears that he had studied a paper on multiph 
cation and division by “Joseph Sapiens ’ but modern researct 
has as yet revealed nothing regarding this man or his writings 

Above the 6 writ^ 4 which is the difference between 10 and 6 Multiply 
this difference 4 into 4 lo the column I and move the product 16 to the 
rwht by one column erase the 4 in column I and write it in column C 
below the lower horizontal Ime as part of the quotient Multiply the 1 
in I by 4 write the product 4 in column 0 erase the 1 and write it 
below one column to the ri<’ht Add the numbers in C 6+4 = 10 and 
write 1 in I Then proceed as before 14 = 4 write it in C and write 

1 below 4 4 = 16 in C and Y 4 below in\ 14 = 4 m\ 1 below 
4 + 6 + 8 = 18 inC and Y 14 = 4 in \1 below 4 + 8 = 1** m C and 
Y 14=4 mYl below ^ + 4 = 6 in \ 84 = '>4m\ and I 6 below 

2 4 = 8 in I 2 below 8 + 4 + 7 = 19 in Y and I 14 = 4 mil below 
9 + 4 = 13 in Y and I 14 = 4 in I I below 3 + 4 = 7 Dividing 7 by 
6 goes 1 and leaves 1 rite the I m I above and also below Add the 
digits in the columns below and tlie sum 681 1 the answer souoht i e 
4087 — 6 = 681 leaving the remainder 1 

1 For additional examples of complementary division see Priedlein 
pp 109-124 Gunxiilr TfatA Unterr im d MiUela pp 102-106 

^ Consult 11 ^Y£I8SENBOB■^ EinJMhrtmg der jetzxgen Ztffern in 
Europa Berlin 1892 
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In coiiise of the next five centuries the instinments for 
abacal compui.iiion ^^cle consuleiahlj modified Hot onlj did 
the computing tables, stieiin iiith sand, disappeai, but also 
Geibeit’s abacus i\ith veitical columns and inaiked counleis 
(apices) In then place thcie was used a calculating board 
Mith lines diaiin houzontaUy (fiom left to light) and Mith 
counleis all alike and uninaikcd Its use is explained in the 
fiist punted aiithmetics, and "Mill be described under Rccoide 
The neiv instiument iias emplo^'cd in Germany, France, 
England, but not in Italy ^ 

Tinnslation of Aiahic Manu’fcupt'i Among the transla- 
tions 11111011 iveie made in the peiiod beginning iiitli the 
tiielfth centiiiy is the aiithmetic of Alchiiaii/nn (piobably 
tianslated by Athelaid of Bath), the algebia of AlcliMaii/ini 
(by Gerald of Cieinona in Lombaidy) and the astroiiomj^ of A 1 
Battani (by Plato of Tnoli) John of Senile mote a hber 
alglioarismi, compiled by him fioin Aiabic authois Thus Ara- 
bic aiithmetic and algebia acquiied a foothold in Euiope 
Arabic or rathei Hindu methods of computation, mth the 
zeio and the piinciple of local value, began to displace the 
abacal modes of computation But the victoiy of the neiv 
over the old was not immediate The stiiiggle between the 
two schools of aiithmeticians, the old abacisUc school and the 
new algoustic school, was inciedibly long The noiks issued 
by the two schools possess most striking diffeiences, fioin 
which it would seem clear that the two paities diew fiom in- 
dependent sources, and yet it is argued b}’’ some that Geibert 
got his apices and his aiithmetical knowledge, not from 
Boethius, but fiom the Aiabs in Spain, and that pait oi the 
whole of the geometiy of Boethius is a foigery, dating fioin 
the time of Geibeit If this weie the case, then we should 

1 See Cantor, Vol 11 , 2nd Edition, 1900, pp 216, 217 , see also Ger- 
HARDT, Geschichte der Matheinatih in Deutschland, Munclien, 1877, p 29 
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expect the writings of Gerbert to betraj Arabic sources as da 
those of John of Seville But no points of resemblance are 
found Gerbert could not have learned from the Arabs the 
use of the abacus, because we possess no reliable evidence that 
the Arabs ever used it The contrast between algorists and 
abacists consists in this that unlike the latter the former 
mention the Hindus, use the term algorism, calculate with the 
zero and do not employ the abacus The former teach the 
extraction of roots, the abacists do not, the algorists teach 
sexagesimal fractions used by the Arabs, while the abacists 
employ the duodecimals of the Komans 

The First Auakening — Towards the close of the twelfth 
century there arose in Italy a man of genuine mithematical 
power He was not a monk like Bede Alcuin and Gerbert, 
but a business man, whose leisure hours were given to mathe^ 
matical study To Leonardo of Pisa, also called Fibonaca or 
Pibonaci we owe the first renaissance of mathematics on 
Christian soil When a boy Leonardo was taught the use 
of the abacus In later years during his extensile traiels 
in Egypt Sjria Greece and Sicily he became familiar with 
lanous modes of computation Of the several processes 
he found the Hindu unquestionably the best After his 
return home, he published m 1202 a Latin work, the liber 
abaci 4. second edition appeared in 1828 While this book 
contains pretty much the entire arithmetical and algebraical 
know ledge ot the Arabs it demonstrates its author to be more 
than a mere compiler or slavish imitator The liber abaci 
begins thus The nine figures of the Hindus are 9 8 7 6 5 
4 3 2 1 With these nine figures and with this sign 0, 
which in Arabic is called sifr any number may be ^vritten ” 
The Arabic si/r (sifra = empty) passed into the Latin zephirum 
and the English cipher If it be remembered that the 4rabs 
wrote from right to left it becomes evident how Leonardo, 
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in the above quotation, came to write the digits in descend 
ing rather than ascending order, it is plain also how he 
came to write 4182 instead of 182-} The liber abaci is the 
earliest woik known to contain a recurimg series ^ Interest- 
ing IS the following problem of the seven old women, because 
it IS given (in somewhat different form) by Ahmes, 3000 yeais 
earliei Seven old women go to Rome, each woman has seven 
mules, each mule caiiies seven sacks, each sack contains seven 
loaves, with each loaf are seven knives, each knife rests in 
seven sheaths What is the sum total of all named ^ 
137256- Leonardo’s treatise ivas for centuries the storehouse 
f 10111 which aiithois drew' mateiial for their arithmetical and 
algebraical books Leonardo’s algebra was purely “rhetor- 
ical ” , that is, devoid of all algebraic symbolism 

Leonardo’s fame spread over Italy, and Emperor Erederick 
II of Hohenstaiifen desired to meet him The presentation 
of the celebrated algebraist to the great patron of learning was 
accompanied by a famous scientific tournament John of 
Palei mo, an imperial notary, proposed several problems which 
Leonardo solved promptly The first was to find the number i, 
such that x^-j-5 and — 5 are each square numbers The 
answer is a* = 3^ , for (3 -f- 5 = (4r^jy , (3^)‘ — 5 = 

The Arabs had already solved similar problems, but some parts 
of Leonardo’s solution seem original with him The second 
problem was the solution of 2 ar -f- 10 £c = 20 The general 
algebraic solution of cubic equations was imknown at that 
time, but Leonardo succeeded in approximating to one of the 
roots He gave a = 1°22'7“4"'33‘^4’^40’'‘, the answer being 
thus expressed in sexagesimal fractions Converted into deci- 
mals, this value furnishes figures correct to nine places These 
and other problems solved by Leonardo disclose brilliant 


1 Cantor. II , 26 


2 Cantor, II , 26 
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talents His geometrical writings will be touched upon 
later 

In Italy the Hindu numerals were readilj accepted by the 
enlightened masses, but at first rejected by the learned circles 
Italian merchants used them as early as the thirteenth cen 
tury, in 1299 the Florentine merchants were forbidden the 
use of the Hindu numerals m bookkeeping and ordeied either 
to use the Poman numerals or to nrite numbers out m words * 
The reason for this decree lies probably in the fact that the 
Hindu numerals as then employed had not yet assumed fixed, 
definite shapes, and the variety of forms for certain digits 
sometimes gave rise to ambiguity misunderstanding and fraud 
In our own time, even, suras of money are always written out 
m words in case of checks or notes Among the Italians are 
evidences of an early maturity of arithmetic Says Peacock 
‘ The Tuscans generally, and the Florentines in particular, 
whose city was the cradle of the literature and arts of the thir 
teenth and fourteenth centuries were celebrated for their know 
ledge of arithmetic, the method of bookkeeping, which is called 
especially Italian was invented bj them , and the operations 
of arithmetic, which were so necessary to the proper conduct 
of their extensive commerce, appear to have been cultivated 
and improved by them with particular care to them we arc 
indebted for the formal introduction into books of arith 
metre, under distinct heads, of questions in the single and 
double rule of three loss and gam fellowship exchange, sim 
pie interest, discount compound interest and so on * 

In Germany France and England the Hindu numerals 
were scarcely used, until after the middle of the fifteenth 
century * A small book on Hindu arithmetic, entitled De arte 
numerandi, called also Algonsmus was read mainly in France 


IRiHKBI. p 341 


^PcACOCE p 414 


See Ukgeb p 14 
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and Italy, for sc\eral centuries It is usually ascribed to John 
Hahfax, also ealled Sacrohosco, or Jlohjivood, i^lio was boin 
in Yoiksliire, and educated at Oxfoid, but who afterwards set- 
tled in Pans and taught theie until his death, in 12 .jG The 
booklet contains lules without proofs and without numerical 
examples, it ignores fractions It was punted iii 1488 and 
many times latei Accoiding to De IMoig.in it is the “fii&t 
aiithnietical woilc ciei piintedm aFienchtown (Stiasbouig^ 
Heie and tbeie some of oui modem notions weie anticipated 
by wiitcis of the l^Iiddle Ages For example, Xicole Oiesmc, a 
bishop in Normandy (about 1323-1382), first conceived the 
notion of fi actional poweis, afterwards lediscoieied by Steiin, 
and suggested a notation for them Thus,* since 4' = G4 and 
V64 = 8, it follow s that 4'^ = 8 In Oresme’s notation 4’* is 


expressed, 




Such suggestions to the con- 


trary notw ithstanding, the fact remains that the fourteenth and 
fifteenth centimes bi ought foith compaiatiiely little in the 
waj" of oiiginal mathematical research There w'eie numeious 
writers, but their scientific effoits w^ere vitiated by the methods 
of scholastic thinking 


GnojiDTRY AND Trigonoiudtrt 
Hindus 

Our account of Hindu geometrical reseaich will be very 
biief , foi, m the fiist place, like the Egyptians and Komans, 
the Hindus nevei possessed a science of geometiy, in the 
second place, unlike the Egyptians and Romans, they do not 

1 See Bibhoth Mathem , 1894, pp 73-78 , also 1895, pp 30-37 , 

CA^TOR, II, pp 88-91, “ De arte numerandi” was reprinted last by 
J 0 m Bai a Mathematica, 18S9 

2 Cantor, II , 133 
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figure in geometrical matters as the teachers of other nations 
Their early geometry was original their later geometry 
came from Greece and Chim Brahmagupta gives the 
“ Heronic Formula ” for the area of a triangle He also 
gives the proposition of Ptolenueus, that the product of the 
diagonals of a quadrilateral is equal to the sura of the product 
of the opposite sides and adds new theorems of his own on 
quadiilaterals inscribed m a circle The calculation of areas 
forms the chief part of Hindu geometry Arjabhatta gives 
Interesting is 
1 haskara s proof of the 
theorem of the right tri 
angle He draws a right 
triangle four times in the 
square of the hjpotemise so that m the middle there remains 
a square whose side equals the difference between the two 
sides of the right triangle Arranging this small square and 
the four triangles m a different way they arc seen together 
to make up the sum of the squares of the tu o sides “ Be 
hold’ says Bhaskara without adding another word of ok 
planation Rigid forms of demonstration are unusual with 
the Hindus This proof is given much earlier by a Chinese 
wTiter Pythagoras’ proof may have been like this In 
another place Bhaskara gives a second demonstration of this 
theorem by drawing from the vertex of the right angle a 
perpendicular to the hj potenuse and then suitably manipulat- 
ing the proportions yielded by the similar triangles This proof 
was unknown m Europe until it was rediscovered by Wallis 
More successful were the Hindus in the cultivation of 
trigonometry As with the Gieeks so with them it was 
valued merely as a tool in astronomical research Like the 
Babylonians and Greeks, they divide the circle into 360 de 
grees and 21,600 minutes Taking 1416 and 27rr=21,60(^ 
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they got r = 3438 , that is, the radius contained nearly 3438 
of these ciicular paits This step was not Grecian Some 
Greek mathematicians would have had scruples about measur- 
ing a straight line by a pait of a curve With Ptolemy the 
division of the radius into sexagesimal parts was independent 
of the division of the circumference, no common unit of 
measuie was selected The Hindus divided each quadrant 
into 24 equal parts, so that each of these parts contained 225 
out of the 21,600 units A vital feature of Hindu trigonometry 
is that they did not, like the Greeks, reckon with the whole 
chord of double a given arc, but with the sine of the arc (i e 
half the chord of double the arc) and with the versed sine of 

the aic The entire chord AB was called 
by the Biahmins jijd or jiva, words which 
meant also the cord of a hunter’s bow 
D For AG, or half the chord, they used the 
words jydrdlia or ai dhajyd, but the names 
of the whole chord were also used for 
brevity It is interesting to trace the his- 
tory of these words The Aiabs transliterated or into 
dscJilba For this they afterwards used the word dschaib, of 
nearly the same foim, meaning bosom” This, in turn, was 
translated into Latin, as sinus, by Plato of Tivoli Thus arose 
the word sine in trigonometry Foi “versed sine,” the Hindus 
used the term utkramajyd, foi “ cosine,” hotijyd ^ Observe 
that the Hindus used three of our trigonometric functions, 
while the Greeks considered only the chord 

The Hindus computed a table of sines by a theoretically 
simple method The sine of 90° was equal to the radius, or 
3438 , the chord of an arc ATt ot 60° was also 3438, therefore 
half this chord AO, or the sine of 30°, was 1719 Applying the 



1 Cantor, 1 , 668, 736 
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formula sin*a-f cos*a=r^, and observing that Bin 46 =003 45 , 
they obtained sin 45 =-^^=2431 Substituting for coso its 
equal sin (90 — a), and making a = 60 , thej obtained 


sin 60 =^V^ = 2978 

With the smea of 90, 60, 45 as starting points, they reckoned 
the sines of half the angles by the formula versm 2 a=2 sin*a 
thus obtaining the sines of 22 30', 15 , 11 16', 7 30', 3 46' 
They now figured out the sines of the complements of these 
angles, namely the sines of 86 16', 82 30', 78 46' 75 ,67 30 , 
then they calculated the sines of half these angles, thereof 
their complements and so on By thi very simple process 
thej got the sines of all the angles at mterials of 3 46'‘ 
No Indian treatise on the trigonometry of the triangle is 
extant In astronomical works, there aie given solutions of 
plane and spherical right triangles Scalene triangles were 
di\ ided up into right triangles, whereby all ordinary compu 
tations could be carried out As tbe table of sines gave the 
values for angles at intervals of 3| degrees, the Bines of inter 
vemng angles had to be found by interpolation Astronomical 
observations and computations possessed only a passable 
degree of accuracy * 


Arabs 

The Arabs added hardly anything to the ancient stock of 
geometrical knowledge Yet they play an all irapoitant role 
m mathematical history, they were the custodians of Greek 
and Onental science, which, in due time, they transmitted to 

^ A Arvetii Dit Geschichte da reinen Mathemalil Stuttgart 186*’ 
pp 17‘> 173 This work we shall cite as Abketu See also Haneei., 
p ‘’17 

* Arhetu p 174 
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the Occident The staiting-point for all geometric study 
among the Arabs was the ElemenU of Euclid Ovei and over 
again was this great ivoik tianslated by them into the Arabic 
tongue Imagine the difficulties encounteied in such a trans- 
lation Here we see a people, just emerged from barbarism, 
untrained in mathematical thinking, and ivitli limited facilities 
for the accurate study of languages Where was to be found 
the man, who, without the aid of giammais and dictionaries, 
had become versed in both Gieek and Arabic, and was at 
the same time a mathematician How could highly lefined 
scientific thought be conveyed to undeveloped minds by an 
undeveloped language'-’ Certainly it is not stiange that sev- 
eral successive efforts at translation had to be made, each 
translator resting upon the shoulders of his predecessor 

Arabic rulers wisely enlisted the aid of Greek scholars In 
Syria the sciences, especially philosophy and medicine, were 
cultivated by Greek Christians Celebrated were the schools 
at Antioch and Einesa, and the Hestorian school at Edessa 
After the sack and ruin of Alexandria, in 640, they became the 
chief repositories in the East of Greek learning Euclid’s 
Elements were translated into Syriac Erom Syria Greek 
Christians were called to Bagdad, the Mohammedan eapital 
During the time of the Caliph Hdiiin ai-Raschicl (786-809) was 
made the first Arable translation of Ptolemy’s Almagest, also 
of Euclid’s Elements (first six books) by Ilacldschddsch 'ihn 
JUsnf ibn Ifatai ’ He made a second translation under the 
Caliph A1 Mamun (813-833) This caliph secured as a con- 
dition, in a treaty of peace with the emperor in Constanti- 

^ Cantor, I , 702 , Bibhoth Mathem , 1892, p 65 An account of trans- 
lators and commentators on Euclid was given by Ihn Ahi Ja'kuh an-NacTtm 
in his Fihiist, an important bibliographical work published in Arabic in 
987 See a German translation by H Suter, in the Zeitbchr fui Math u 
Phys , 1892, Supplement, pp 3-87 
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nople, a large number of Greek manuscripts, which he ordered 
translated into Arabic Huclids Elements and the Sphere 
and Cylinder of Archimedes weie translated by AbiX Jakiib 
Ishdh ibn Hunain under the supervision of his father Hunain 
ibn Iskdk ^ These renderings were unsatisfactory the trans 
lators though good philologians were poor mathematicians 
At this time there "ttere added to the thirteen books of the 
Elements the fourteenth bj psicles ('*) and the fifteenth bj 
Damascius (^) It remained for Tabit xbn Kurt ah (836-901) to 
bung forth an Arabic Euclid satisfying every need \monL. 
other important translations into Arabic were the mathemati 
cal vorks of Apollonius Archimedes Heron, and Diophantus 
Thus in course of one century the Arabs gained access to the 
vast treasures of Greek science 
A later and important Arabic edition of Euclid s Elemei ts 
i\as that of the gifted Nasir Eddin (1201-1274), a Persian 
astronomer ivho persuaded his patron Hulagu to build him and 
his associates a large observatory at JIaraga He tried his 
skill at a proof of the parallel postulate In all such attempts 
some new assumption is made which is equivalent to the thing 
to be pro^ ed Thus Nasir Eddin assumes that if AB is J_ to 
CD at C, and if another straight line EDP makes the angle 
EDC acute then the perpendiculars to AB comprehended 
between AB and EF, and drawn on the side of CD toward E 
are shorter and shorter the further they are fiom CD It is 
difficult to see how in any case this can he otherwise, unless 
vne looks with the eyes of Lobatcheivsky or Bolyai Nasir 
Eddin s proof had some influeuce on the later development 
of the theory of parallels His edition of Euclid w as printed 
in Arabic at Pome in 1594 and his “proof” was brought out 
1 Caktor I 703 

1 he proof is given by Kastkeb I 376-381 and m part in BibUotk 
Mathem 189'> p 6 
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In L.ilin tianslafion h\ Wallis in icrd ’ Of iiitfrf'sf is a nov. 
proof of the P\thayoi(MU Tliooum wliidi X.isu laMm .nMs to 
the JCuolule.in pioof * An earlui ileinoiistratioii, for the spf ( tal 
case of an isosieles lU'ht. tuanc^le,'' i^ f,M\(n hv .Vnfinimiu d dm 
Ahlm au^im v ho Ined dnriin; the n ittti of Caliph \1 
Mainfin, in the call} ]iatt of thr ninth ffntm\ Ah hv .iri/tnrs 
incafjie tieatineiit of t,'eoin(ti\, as fontained in his v ork on 
Mgeliia, IS the eulie,t Arahn efioit in this m ktu e It 
bcais niiniist.ik.ihh* ( \ ideiif e of Hindu influfiuf^ IiC'Uh tin 
\aluc r- = .'U, it ( out uns also the Hindu \alu's \0(t aid 

Viable worl s, Hindu j,'eoin»ti\ hirdh 
ever shows itself, Oieik geonietn ludd undiiput* d sv u In 
a book In the suns of xbn Sihnhtr (who in hi^ \nuth v.as 

arobboi) isgniu the Heroine hoimiili fui the .ire i of a tri- 
angle A neat jiiece of lOifsiuh is displ u ed ni the “iceonuttu 
coubtruetions ’’ b) AhCH U'o/b (h .i natueof Ihi/sh.in 
in Choiassan He iiupio%ed tin* tluoi v of tit luithtiiu' by show- 
ing how lotonstiiut the eoiiior^ of the legiiiar pf>l\edrons on 
the ciieuiiismbed spheie Here, foi the fast tune, appeirs 
the eondition which afterwards betMine ier\ fiiinou-. in the 
Occident, that the lonstruction be effected with a single open- 
ing of the compasses 

The best onginal woilc done by the Aiabs in niithcmatics 
> Waiti*-, Opna, II , CGP-07,3 

- See II SuTi It, in JhhUoth Mathrm , 18P2, pp 11 .'intl I In Iloflinnnn’s 
and Wipper’s collections of proofs for tins llieorcin, Naslr Ilddln’s proof 
IS given without anj reference to him 

® Some Arabic writers, Hchfirddin for instance, called the I\\thagorean 
Tlieorcm the “figure of the hiidc ’’ I Ins romantic appellation originated 
probably m a mistranslation of the Gietk word apidicd to the 

theorem by a By/antino writer of the thirteenth century This Gieck 
word admits of two meanings, “brute" and “ winged insect” 'Ihe fig- 
ure of a right triangle with its three squares suggests an insect, but Behtl 
Eddtn apparently translated the word as “ hnde ” See Paul Tassliui, 
m L' Jntermediaire des Mathematicicns, 1894, T I , p 254. 
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IS the geometric solution of cubic equations and the develop- 
ment of trigonometry As early as 773 Caliph Alraansur came 
into possession of the Hindu table of sines probably taken 
fiom Brahmagupta s SiddJidnta The Arabs called the table 
the Sindhtnd and held it in high authority They also came 
into early possession of Ptolemy’s ^Umagest and of other Greek 
astronomical ’works ilfuhammcd thn MCisd Aicfi.itarizml v-as 
engaged by Caliph A1 Mamun in making extracts from the 
Sindhtnd, in revising the tables of Ptolemy m taking obser 
vations at Bagdad and Damascus, and m measuring the degree 
of the earth s meridian Remarkable is the 
derivation by Arabic authors, of formula 
in spherical tngonometry not from the 
rule of six quantities of Menelaus, ’ as 
previously, but from the "rule of four 
quantities This is If PPi and QQj be 
tivo arcs of great circles intersecting m A, and if PQ and 
PiQi be arcs of great circles drawn perpendicular to QQi, then 
we have the proportion 

sinAP siaPQ = sm^A smPiQi 


p 


This departure from the time honoured procedure adopted bj 
Ptolemy was formerly attnbuted to Dschdbir tbn Afiah but 
recent study of Arabic manuscnpts indicates that the transi 
tion from the ‘ rule of six quantities to the rule of four 
quantities” was possibly eHected already by Tdbit tbn Kurraii^ 
(836-901), the change being adopted by other writers who 
preceded Dschabir ibn Aflah * 

Foremost among the astronomers of the ninth century ranked 


^ H SuTEB m Sibhoth Mathem 1893 p 7 
For the mode of derirm*' formulae for spherical n ht tnaDe,les ao- 
conling to Ptolemy abo according to Dschabir ibn Adah and his Arabic 
predecessors see Haskel pp 285-^87 Caktob I <94 

s 
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Al Battdnt, called Alhatcgnnis by the Latins Battan in Syria 
was his biith-place His work, De scientia stellarum, was 
tianslated into Latin by Plalo Tihxtrlmus, in the twelfth 
centuiy In this tianslation the Arabic word chchXba, from 
the Sanskiit jlva, is said to have been lendeied by the word 
sums, hence the 01 igiii of sine ” Though a diligent student 
of Ptolein 3 % Al Battani did not follow liim altogether lie 
took an impoitant step foi the bettei, vhen he introduced the 
Indian ‘‘ sine ” oi half the chord, in place of the whole chord 
of Ptolemy Another inipiovement on Gieek tngonometry 
made by the Aiabs points likewise to Indian influences 
Opeiations and propositions tieated by the Gieeks geometri- 
cally, aie evpressed b}*- the Aiabs algebiaically Thus Al 

Battani at once gets fiom an equation ^ = D, the value of 

cos 0 

6 by means of sin 6 = D — ■\/l + a process unknowm to 
Gieek antiquity * To the foimulte known to Ptolemy he adds 
an iin})Oitant one of his own for oblique-angled spheiical tii- 
angles , namely, cos a = cos b cos c + sin 6 sin c cos A 

Impoitant aie the leseaiches of AhhH Wafd He invented 
a method for computing tables of sines which gives the sine 
of half a degiee coiiect to nuie decimal places- He and Al- 
Battani, in the study of shadow-tiiangles cast by sun-dials, 
intioduced the tiigonometiic functions tangent and cotangent , 
he used also the secant and cosecant An impoitant change 
in method was uiauguiated by Dschdbtr xhn Ajlah of Seville 
m Spain (m the second half of the eleventh century) and bj’’ 
Nasir Eddln (1201-1274) in distant Peisia In the woiks of 
the last two authois we find foi the first time trigonometry 
developed as a part of pure mathematics, independently of 
astronomy 


1 Cantor, I , p 737 


2 Consult Cantor, 1 , 746-748 
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We do not desire to go into greater detail, but would em 
phasize the fact that Nasir Eddoi in the far East during a 
temporary cessation, of military conquests by Tartar rulers 
developed both plane and spherical trigonometry to a lery 
remarkable degree Suter * enthusiastically asks what would 
have remained for European scholars of the fifteenth Lentury 
to do in trigonometry had they known of these researches ^ 
Or were some of them perhaps, an are of these investigations 
To this question we can, as j et, give no final answer 


Eurvpe during the Middle Ages 

Introdud.ion of Roman Geometry — Before the introduction 
of Arabic learning into Europe the knowledge of geometry in 
the Occident cannot be said to have exceeded that of the 
Egyptians in 600 b c The monks of the Middle Ages did not 
go much beyond the definitions of the triangle, quadrangle 
circle, pyramid, and cone (as given in the Roman encyclo- 
pedia of the Carthaginian Martianus Capella), and the simple 
lules of mensuration In Alcutn s * Problems for Quickening 
the Mind,” the aieas of triangular and quadrangular pieces of 
land are found bj the same formulae of approximation as 
those used by the Egyptians and given bj Boethius in his 
geometry The rectangle equals the product of half the sum's 
of the opposite sides the triangle equals the product of half 
the sum of two sides and half the third side After Alcuin, 
the great mathematical light of Europe was Gerbert (died 
1003) In Mantua he found the geometry of Boethius and 
studied it zealously It is usually believed that Gerbert him 
self was the author of a geometry This contains nothing 

1 Por further particulars consult his article m Btbhoth Vathem 1893, 
op 1-8 
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more than the geometiy of Boethius, but the fact that occa 
sional eriois m Boethius are herein collected shows that the 

author liad inasteied the sul> 
3 cct ’ “ Tlie earliest in.ithemat- 
ical paper of the hfiddle Ages 
which dcsencs this name is a 
letter of Geibert to Adalbold, 
bishop of Utrecht,” - m IV Inch 
IS explained the reason why 
the aiea of a triangle, obtained 
“ geometiically ” by taking the 
product of the base by its altitude, differs from the area calcu- 
lated “antbmetically,” accoiding to the formula ^a(a-f 1), 
used by surveyors, where a stands for a side of an equilateral 
tiiangle Geibert gives the correct explanation, that in the 
latter formula all the small lectangles, into which the tiiangle 
is supposed to be divided, are counted in w holly, even though 
parts of them project beyond it 

Translation of Aiahic Manuscripts The beginning of the 
twelfth century was one of great intellectual unrest Philos- 
ophers longed to know more of Aristotle than could be learned 
thiough the waitings of Boethius, mathematicians ciaved a 
profounder mathematical knowledge Gieek texts were not 
at hand, so the Europeans turned to the Mohammedans for 
instruction, at that time the Arabs were the great scholars 
of the world We read of an English monk, Athelaid of 
Bath, who travelled extensively in Asia Minor, Egypt, and 
Spain, biaving a thousand perils, that he might acquire the 
language and science of the Mohammedans “The Mooiish 

^ For description of its contents see Cantor, 1 , 861-807 , S Guntiilr, 
GeschiMe des Mathematischen JJnternchts im deutchen Mittelaltei , Ber- 
lin, 1887, pp 116-120 
“ Hankel, p. 314 
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unnersities of Cordo\a and ScmIIc and Granada ivcrc dan 
^erous resorts for Christians He made ^^hat is probably tho 
earliest translation from the Arabic into Latin of Luclid’s 
Llemenls^ m 1120 Ho translated also tlio astronomical 
tables of Nfuhammed ibu Mus'l Vlchtianzmt In his trans 
lation of Euclid from the Arabic there is ground for 
suspicion that Athelard was aided bj a previous Latin 
translation * 

All important Greek mathematical works were translated 
from the Arabic Geranl of Cremona in Lombard} went to 
Toledo and there in 117o translated tho Almagest c are 
told that ho translated into Latin 70 works embracing the 15 
books of Euclid, Euclid a Data tho Spfucnca of Tlicodosius, 
and a work of Mcnclaus A new translation of Euclid s 

1 We are aurprUed to road In the Duttonnrj of \ational niof;raphif 
[Leslie Stephens] that it has not >ct been determinrd whether the 
transhtlon ol Euclid s EUmentt was made from U»c \rahlc rerslon 
or from the oiie,itial To our knowledge no malhematlcil hUiorlan now 
doubts that tho translation was made from tho Arabic or suspects that 
Athelard used the Greek text. Sc« Castor I 718 DOO II 100 IlA'^xn. 
p *1 5 S Glstiier 2Iath Unt irn <f ilitUlalt ip I47-1-I0 W l\ 
II Ball 180 p 1 0 Go« p 00 II StTrir Ge»ch d Math 1 
140 lioEFi-n IKstoire des Mathemattquea IS 0 p 3 1 Remarkable Is 
the fact that Marie In his P toIudic hlstorj of mathematics not even 
mentions Mhelanl lie says tliat Campanus a iliniiC des Elfments 
d Fuclide la premkre traduction qu on nit euc en I ur pe Marie II 
p 158 

8 Cawtoe II lOO-lO** In a geometrical manuscript In the British 
Museum it is said that geometry was Invented In 1- gypt by Eucleldes 
This verse is appended 

Thys craft com ynto England as y ghow say 
Yn tyme of good K>ng Adelstones day 

See IIalliwell 8 ^ara jlfotfiemaffca Tondon 1811 p CO etc Asking 
Athelstan lived about 00 years before Athelard it would seem that a 
Latin Euclid (perhaps only the fragments given by Boethius) was known 
in England long before Athelard 
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Elements was made, about 1260, by Giovanni Campano (latin 
ized foim, Qampanus) of Novaia in Italy It displaced the 
eailiei ones and formed the basis of the printed editions 

The Fust Aivalening The central figure in mathematical 
histoiy of this peiiod is the gifted Leonaido of Pisa (1175-^) 
His main reseaiches aie in algebia, but his Piactica Qeometnce, 
published in 1220, is a woik disclosing skill and geometiic 
iigour The writings of Euclid and of some othei Greek 
masters weie knoivn to him, eithei directly fiom Arabic manu- 
scripts or from the translations made by his countrymen, 
Gerald of Cremona and Plato of Tivoli Leonardo gives ele- 
gant demonstrations of the ‘‘Heronic Eormula” and of the 
theorem that the medians of a triangle meet in a point (knonm 
to Aichimedes, but not proved by him) He also gives the 
theorem that the square of the diagonal of a rectangular 
parallelepiped is equal to the sum of the three squaies of its 
sides ^ Algebraically are solved problems like this To in- 
scribe in an equilateral triangle a square resting upon the base 
of the triangle 

A geometrical work similar to Leonardo’s in Italy was 
brought out in Germany about the same time by the monk 
Joi danus Nemoi ai lus It was entitled De ti langidis, and was 
printed by Cuitze m 1887 It indicates a decided departure 
from Greek models, though to Euclid reference is frequently 
made There is nothing to show that it was used any wheie as a 
text-book in schools This work, like Leonardo’s, was probably 
read only by the ^hte As specimens of remarkable theorems, 
we give the following If circles can be inscribed and circum- 
scribed about an iriegular polygon, then their centres do not 
coincide , of all inscribed triangles having a common base, the 
isosceles is the maximum Jordanus accomplishes the trisec- 
tion of an angle by giving a giaduated ruler simultaneously a 

1 Cantok, II , p. 39. 
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rotating and a sliding motion, its final position being fixed 
vritli aid of a certain length marked on the ruler * In this 
tnsection he does not perniit himself to be limited to Euclid’s 
postulates, which allow the use simplj of an unmarked ruler 
and a pair of compasses He also introduces motion of parts of 
a figure after the manner of some Arabic authors Such motion 
IS foreign to Euclid s practice * Tlie same mode of tnsection 
was given bj Campanus 

Jordamis’s attempted exact quadrature of the circle loners 
him in our estimation Circle squaring now began to com 
mand the lively attention of mathematicians Their efforts 
remained as futile as though thej had attempted to jump into 
a rainbow , the moment they thought the> had touched the 
goal, it \anished as by magic, and was as far as ever from 
their reach In their excitement man) of them became sub- 
ject to mental illusions, and imagined that they had actnall) 
attained their aim and were in the midst of a tnumphal arch 
of glory the wonder and admiration of the world 
The fourteenth and fifteenth centuries have brought forth 
no geometricians who equalled Leonardo of Pisa Much m as 
written on mathematics, and an effort put forth to digest the 
rich material acquired from the Arabs No substantial con 
tnbutions were made to geometry 
An English manuscript of the fourteenth centurj, on snr 
veying, bears the title 2foite sues here a Tretts of Geom tri 
XLherhy you may Inoive the Jicffhte thpne^ avrl the bretie ofmo’tt 
what erthely thynges^ The oldest Trench geometrical nianu 
script (of about 1275) is likewise anonymous Like the Eng 
lish treatise it deals with mensuration From the study of 

I Caktor II 81 gives the construction In full 
* For fuller extracts from the De tnanguha see Cantor II 73-79 
6 Gcsther op cit 160-16** 

•SeellALLiwELL Bara Mathemntiea «t-7l Cantor II p 11** 
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manuscripts, made to the present time, it would seem tha< 
since the thirteenth century surveying in Europe had de 
parted from Eoman models and come completely under the 
influence of the G-reeco-Arabic writers ^ An author of consid- 
erable prominence was Thomas Bi adioai dine (1290 ‘^-1349), 
archbishop of Canterbury He was educated at Merton Col- 
lege, Oxford, and later lectured in that univeisity on theology, 
philosophy, and mathematics His philosophic wiitings con- 
tain able discussions of the infinite and the infinitesimal sub- 
jects which thenceforth came to be studied in connection with 
mathematics Biadwardine wiote several mathematical treat- 


ises A Geometi la speculatwa was printed in Pans in 1511 as 
the work of Bradwaidinus, but has been attributed by some to 
a Dane, named Peti us, then a resident of Pans This rema’^ka- 
ble work enjoyed a wide popularity It 
/\ treats of the regular solids, of isopenmetiical 

\ / \ ^ figures in the manner of Zenodorus, and of 
stai-polygons The first appearance of such 
polygons was with Pythagoras and his school 
The pentagram-star was used by the Pythag- 
oreans as a badge or symbol of recognition, and was called 
by them Health “ We next meet such polygons in the geom- 
etry of Boethius, in the translation of Euclid from the 
Arabic by Athelard of Bath, and by Campanus, and in the 
earliest Erench geometric treatise, mentioned above Brad- 
wardine develops some geometric properties of star-polygons 
their constiuction and angle-sum We encounter these fas- 
cinating figuies again in Eegiomontanus, Keplei, and others 
In Bradvvardine and a few othei British scholars England 
proudly claims the earliest European writers on trigonome- 
try Their writings contain trigonometry drawn from Arabic 


* Cantor, II , 127. 


2 Gow, p 161 
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sources John Jlaudith professor at Oxford about 1340, 
speaks of the umbra ( tangent”), Bradwardme uses the 
terms umbra recta ( cotangent ’ ) and wm&ra versa (“ tangent 
■which occur in Gerard of Cremona’s translation of A1 Arzakel s 
Toledian tables The Hindus had introduced the sine versed 
sine, cosine the Arabs the tangent, cotangent, secant, cosecant 

Perhaps the greatest result of the introduction of Arabic 
learning was the establishment of nniiersities IMiat nas 
their attitude toward mathematics'’ Vt the University of 
Pans geometry was neglected In 133C a rule was intro* 
duced that no student should take a degree without attending 
lectures on mathematics and from a coinraentarj on the first 
six books of Euclid, dated 153C it appears that candidates 
for the degree of A "M had to take oath that they had 
attended lectures on these books ’ Examinations when held 
at all, probably did not extend bejond the first book as is 
shown by the nickname ‘ magister matheseos ’ applied to the 
theorem of Pythagoras, the last of the book At Irague, 
founded m 1384 astronomy and applied mathematics were 
additional requirements Roger Bacon, writing near the close 
of the thirteenth century, says that at Oxford there were few 
students who cared to go bej ond the first three or four propo- 
sitions of Euclid, and that on this account the fifth proposition 
was called elefuga,” that is “ flight of the wretched ’ "W o 
are told that this fifth proposition ivas later called the pons 
asinonim ’ or ‘the Bridge of Asses ’ Clavius m his Euclid, 
edition of 1691 says of this theorem, that beginners find it 

1 Cantor II 111 

* IIankel pp 354-359 We haye consulted also H Scter Die Vathe 
mattk atif den Universitaten des SfiUelalters ZUrich 1887 S GUntiier 
Matf Unt im d Mitlela p 199 Cantos II pp 139-142 

* This nickname is sometimes also given to the Pj thagorean Theorem 
I 47 though usually I 4< Is called the windmill Read Thobias 
Campbell b poem The Pons Asmorom 
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difficult and obscure, on account of the multitnde of lines 
and angles, to "whicb they are not yet accustomed These 
last words, no doubt, indicate the reason why geometrical 
study seems to have been so pitifully barren Students with 
no kind of mathematical training, perhaps unable to perform 
the simplest arithmetical computations, began to memorize 
the abstract defiuitions and propositions of Euclid Poor 
preparation and poor teaching, combined with an absence of 
rigorous requirements for degrees, probably explain this flight 
from geometry this ‘‘elefuga” In the middle of the fif- 
teenth century the first two books were read at Oxford 

Thus it is seen that the study of mathematics was mam 
tamed at the umversities only m a half-hearted manner 
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ARiTn’\n:Tic 

Its Deielopment aa a Sacncc and Art 

Duiaso the gixteonth ccnturj the ljuman mmd jnatlo an 
extraordinary cfTort to acliie%e its freedom from scliolistic and 
ecclesiastical liondage This independent and vigorous iiitel 
lectual acliMty is reflected m the mathematical books of the 
time The l>cst arithmetical tvork of the fifteenth as also 
of the sixteenth century emanated from Italian tmters — 
lu(xs 1 aeioli and Tartaglia. luwa J acioli (1 -') 
— also tailed 7 h«m di liurgo Jnca 1 aciuolo or 1 accxuolua-^ 
^^as a Tuscan monk who taught inathi matics at I erugia, 
Naples Lilian I lorenoc Rome and \ cnici Ills treatise 
Summa de ArilJnnetica 1491, contains all the knowledge of 
his day on arithmetic algebra, and trigonometry, and is 
the first comprehensive woTk which appeared after the 
liber abaci of Fibonaci The earliest arithmetic knomi to have 
been brought out in print anywhere appeared anonymously m 
Treiiso Italy inll78 andisknownas the^Tresisoanthmctie ’ 
TailaijUaa real name was JVicofo Fbufana (1499 /-IGoT) 
When a boy of six Nicolo was so badly cut by a hrcnch 
soldier that he never again gamed the free use of his tongue 
Hence lie was called lartaglia ic tlio stammerer IIis 
widowed mother being too poor to pay his tuition at school he 
139 
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learned to read and acquired a knowledge of Latin, Greekj 
and mathematics without a teacher Possessing a mind of 
extraordinary power, he was able to teach mathematics at an 
early age He taught at Verona, Piacen/a, Venice, and 
Brescia It was his intention to embody his original re- 
searches in a great woik. General trattato di numeri et mtsure, 
but at his death it was still unfinished The first two parts 
were published in 1556, and treat of arithmetic Tartaglia 
discusses commercial arithmetic somewhat after the manner 
of Pacioli, but with greater fulness and with simpler and 
more methodical treatment His woik contains a large num- 
ber of exercises and problems so ariauged as to insure the 
leader’s mastery of one subject befoie proceeding to the next 
Tartaglia bears constantly in mind the needs of the practical 
man His desciiption of numeiical opeiations embraces seven 
different modes of multiplication and three methods of divis- 
ion ^ He gives the Venetian weights and measures 

Mathematical study was fostered in Germany at the close 
of the fifteenth century by Geoig Purbach and his pupil, 
Regiomontanus The fiist printed Geiman arithmetic appeared 
in 1482 at Bambeig It is by Uh ick Wagner, a piactitioner of 
Hurnberg It was printed on parchment, but only fragments 
of one copy are now extant “ In 1483 the same Bamberg 
publishers brought out a second arithmetic, prmted on papei, 
and eovermg 77 pages The work is anonymous, but Ulrich 
W agner is believed to be its author It is worthy of remark 
that the earliest prmted German aiithmetic appeared only foui 
years aftei the first prmted Italian aiithmetic The Bam- 
berg aiithmetic of 1483, says Unger, bears no resemblance 
to previous Latin treatises, but is purely commercial Modelled 
after it is the arithmetic by John WiHmann, Leipzig, 1489 


1 Unger, p 60 


® Unger, pp 36-40 
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Tins work lias l)Cconip fainoti*? os tlip rarlirst hook jn 

wlucli tUo fymlwU + ami — hare liocn found Thoy occur xn 
connection with problems worked by false position IN id 
mann savs wlnl is — that is minus what is + lint is 
more’ The wonls minus and more or plus occur 
Inng lioforc NN idmann s timo m the works of Ixjonanlo of 
I isa who tisc^ them *« connection with tlic method of 
false position in the sense of positive error' and nejntivc 
error * NNliile I/*onanlo uses minus also to indicate an 
operation (of subtraction) be does not so use the wortl plus 
Thus 7 4 - 1 IS written septem et qintuor The wonl 
plus ' signifying the oi'cmion of mldilina wa.s first found 
by knestn m in an Itahtn algebra of the fourteenth century 
The wohls plus and minus or their equivalents in the 
modem tongues, were used b\ 1 icioli Chuquet and N\ idmann 
It IS proTCsl tint the sign + comes from the T atm rt ns it was 
nirsiveh wnltin at tin time of tin iimnlmn of pnntint. 
Till origin of tin sign — is still une<rtain Thes« si^ns m n 
used in Itah In Ix'otnnloda \ inci n r\ s *on aft r tin ir ap|*»-ar 
ane< in NN idinaiin’s ssork Tin s w« n < in| IomhI In (inmnnt us 
(lUinnrh *'chreil»er) a t« aelu r at tin I tiivirsili of \ i nin hi 
t hnstoIT Kudolff in Ins nlgtbn 1 and b\ Stif 1 in 1 . »3 
Thus liy slow <legn.es tluir adoption U nine universal 

Dtinng the early half of the sixteenth eenlurv some of 
the •most prominml reTman •maahmatitnna (CinTfiwatens 
Kudolff, Vpian Stifel) contributed lowanl the preparation of 

iG FsESTiuJa In / Jntfrmf Hairt Vat^hn<xtlclenf 1601 pp 110- 
1‘’0 IlennllnK tl e suppovxl origin of + stiil — consult sUo k ststnla 
In 6/rfrifjrl o/ Aonj;! lelfntkap rhanVlnyrtr ‘?toclt 

bolm Ifioi pp *>10- lO C*STOn m* '-ai l)i M>ko* In Jhilo- 
iophfeat ilaga fn« 181 Pp 13«»-IS7 lu Jriw f the iAf/ 0 — 
Eoe 0 / Cambr/djte 11 p 'W FnwtrOm Jl/tfiotA Math (3)0 p 16 « 
to p 182 
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practical arithmetics, but after that period this importanl 
■work fell into the hands of the practitioners alone * The most 
popular of the early text-book writers was Adam Rtese, who 
published several arithmetics, but that of 1522 is the one 
usually associated with his name 

A French work which in point of merit ranks with Pacioli’s 
Summa de Aritlimetica, but which was never printed before the 
nineteenth century, is Le Tnparly en la science des nombres, 
ivritten in 1484 in Lyons by Nicolas Chuquet * A contempo- 
rary of Chuquet, in France, was Jacques Lejlivre, who brought 
out printed editions of older mathematical works For instance, 
in 1496 there appeared in print the arithmetic of the German 
monk, Jordanus Nemorai lus, a work modelled after the arith- 
metic of Boethius, and at this time over two centuries old 
A quarter of a century later, in 1520, appeared a popular 
French arithmetic by Estienne de la Roche, named also 
Villefranche The author draws his material mainly from 
Chuquet and Pacioli® 

"We proceed now to the discussion of a few arithmetical 
topics Down to the seventeenth century great diversity and 
clumsiness prevailed in the numeration of large numbers 
Italian authors grouped digits into periods of six, others 
sometimes into periods of three Adam Riese, who did more 
than any one else in the first half of the sixteenth century 
toward spreading a knowledge of arithmetic in Germany, 

writes 86 789 325 178, and reads, “ Sechs und achtzig 
tausend, tausend mal tausend, sieben hundert tausend mal 
tausendt, neun vnnd achtzig tausend mal tausend, drei hun- 
dert tausent, funff vnnd zwantzig tausend, ein hundert, acht 

^ Unger, p 44 

2 The Tnparty is printed m Bulletin Boncompagm, XIII , 5)85-592. 
A description of the work is given by Cantor, II , 347-356 

* Cantor, II , 371 
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und siebentzig”* Stifcl in 1544 writes 2 329 089 5G2 800, 
and rc'ids “duo milln. rmllies miUics nnllies treccnta Mginti 
iwcm millia milhes millies, octoginta no\cm millia millies 
qumgenta sexaginta duo milha, octingenta ” Tonstall, in 
1522, calls 10’ “millies millcna millia.'” This habit of 
grouping digits, for purposes of numeration did not exist 
among the Hindus Thej had a distinct name for each sue 
cessiie step in the scale, and it has been remarked that 
this fact probablj helped to suggest to them the principle of 
local ^ alue The> road 8G78932ol78 os follow s 8 khar\ a, 
G padma, 7 vyarbuda, 8 koli 9 pnyuta, 3 laksha, 2 ajuta, 
5 sahasra, 1 qata, 7 da<}on, 8 * One great objection to thii 
Hindu scheme is that it burdens the memorj with too manj 
names 

The first improrement on ancient and mcdimval methods 
of numeration was the indention of the word imthone b) the 
Italians in the fourteenth centurj, to signifj great thomamV 
or 1000* This new word seems ongiinllj to haNO indicated 
a concrete measure 10 barrels of gold’ Tlio words nu/hone 
nulla or cero (zero) occur for the first time m print in the 
Anthmelica of Borgi (1484) In the next two centuries the use 
of milhone spread to other Luropcan countries Tonstall, in 
1522 speaks of the term as common m England hut rejects 
It as barbarous! The sc\entli place m numeration he calls 
‘ millena millia , vulgus inillioncm batbare \Qcat ” DUcauge 
of Rj mer mentions the word million in 1511,* m 1510 it occurs 
once in the arithmetic of Christoff Rudolff 

The next decided advance was the introduction of the w ords 

I WiLDERMCTU article Reclmen in EncjUopcedle lUs gtsammten 
Erzithungs und Unterriehtswe$ens Dr K A Sciimiu 188 p 791 

* Peacock p 4 S • Hansel p 14 » I eacock p 4 (J 

* Hansel p 16 « Cantor II S06 • ildermutii 

* Peacock p ^78 
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scholaisliip whicli earned liim to the 
Presidenc} College, wlieie he came 
out at the top of the list at the Fust 
Erainination in Aits and subse- 
quently took Ins degiee of Bacheloi 
of Arts, again taking the premici 
place among the candidates In the 
year 1S65, he obtained his dcgiec of 
iMaster of Ai ts and w as au arded 
the Unuersity Gold Medal in Mathe- 
matics After the close of his colle 
giate caieer, he was offeied and 
accepted the post of Lecturci in 
Mathematics at the PiesidencN Col 
lege After a shoi t time he uent uji 
for the B L Examination, m whicli 
he again took his accustomed jilatt 
at the head of the list and won the 
Universit\ Gold Medal in L iw , and 
he w'as eniolled a Vakeel of tin High 
Couit in 1866 He then seemed the 
post of Law Lectuier at the Beiham 
pur College, carr\ing with it the 
pn\ liege of practice m the local 
Courts He lemained at the Distiict 
Bar foi the next six years ,ind built 
up a large piactice bv the exeicise 
of his sterling knowledge of law .md 
personal qualities of abilitj and 
mtegnt}' At this jieiiod he w as tlie 
retained legal admsei of the noble 
families of the district Foi fainil} 
reasons, Mi Baneijee letuined to 
Calcuttam the > ear 1872, and joine 1 
the Bar of the High Couit In the 
year 1876, he presented himself at 
the Honours Examination in Law, 
and obtained liom the Uni\ersit\ 
admission to the degree of Doctoi of 
Law To quahf\ himself foi the 
degiee he wiote a thesis on ‘ The 
necessity of religiou= ceicmonits m 
Adoption ” and another on the 
“Hindu Law of Endowments” 
Both these essa3's weie con- 
sidered masterh' expositions of tlic 
subjects In 1878, Di Baneijee 
was Tagore Law' Professoi His 
lectures on the Hindu I^w' of Mai - 
nage and Stndhana m that 
capacity formed a valuable addition 
to legal loie and w'cre published 
in volume foim In 1879, Di 
Banerjee was made a Fellow' ol 
the Calcutta University and an 
Examiner in the B L Examina- 
tion He was elected Repiesen- 
tative of the Facult}' of Aits in 
the Syndicate m 1885-8 In 18S6, 
he was elected a Municipal Com- 
missioner for the Suburbs of Cal- 
cutta and was appointed Honoi- 
ary Presidency Magistrate, and 
in 1887 appointed a member of 


the Bengal Legislative ( ouncil 
It W'as m 18SS tint he was laised 
to the highest hoiioiii in the legal 
jjiofcssion and appointed an acting 
Judge of the High Court, the ap 
pointment Ixnng confirmed six 
months latci Dining sixteen \cars 
which succeeded his dte itioii, lu 
was noted as an extmplii\ Jiidgi 
His profound knowledge of law w.is 
admitted on all hands, and his rli u 
actor for fearlessness and iinj) 11 ti il- 
itj stood eerj high Hi ilwa\s 
took a dceji inteiest m iducition, 
and hi held the post of \ icc ( h in 
ccllor of the (ahult.i LniMrsite 
from 1889 to 1892 

In 19')2 he was ipjiuntel 1 
meinbei of tlu Indian I niui'itii^ 
Comniissioii 

He is the author of s(\ti d 1 dii 
eational woiks, of which the one 
entitled ‘ \ few thoughts on Ldti- 
cation ” nn\ be mentioned in 
jni tictilar 
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Mr PHILIP LONGUEVILLE 
BARKER, BA, ICS, Under- 
Secretai} to the Go\ ernment of the 
Punjab, W’as born m 1S74 He 
was educated at Cliai terhouse and 
Corjaus Christi College, Oxford, and 
was ajapointed to the Indian Cuil 
Service after examination of 1897 
He arrived in India on the aSth of 
November 189S, and served in the 
Punjab as Assistant Commissioner, 
W'as appointed Under-Secretary to 
the Punjab Government in May 


1903 He officiated as Under- 
Sccretiiy to the Government of 
India, Home Dejiartment, October 
to Deccnibei 190 j 

Major COLLIS BARin, ixis, 
MUGS, I K c I’ , r u s I . r I c , 
was born m the \eir 1862 at 
\oiwKh, vnd iiceivid his medical 
ti lining It I iviriiool Medical School 
and Lnivcrsit} Colitge He joined 
till Indian Mi dual Service on 31st 
Maiih 1887, indairividm India on 
2nd \t>vi nibi r in till s 111113 car He 
w.is if first attiilnd to (oliba Sta- 
tion Hospital .111(1 III Mav i&SS w.as 
.ijipoiiiti d to (III medical charge of 
flu jth Rifle-. In Si pti nilierof the 
s mu viarlii w is transferred to the 
JUKI of Stall Siirgion Vsirgarli Fort 
In M IV 1880 III obtaiiiidtlie ajipomt- 
nient of ( lu iniral \Illl3^er to 
fun eminent and Profi-.sorof Chein- 
istiv it till Gr.iiit Medical Col- 
li ge md Eljihinstoiu College, and 
Professor of Midieal Junsjimdence 
.it till (ii.mt Ml dual College He 
is till uithoi of " I cgal Ml dll me,” 
i woik of s( uiihng 

The Hon’ble Mr Justice ST\N- 

Li:\ LocKinrn iutchelor, 

11 \ , irs Jhiisiu Judge, High 
Court, Boinbav u is born 111 iSfiSat 
Norwich Norfolk md was educated 
at St Edmund’s College Ware, 
Hir(s and at I niversitv College, 
London, when he took liis B \ 
degree Pissmg (he Indian Civil 
Service Ex.iinination m 1SS7 he 
irrived in India on the ist Dceein 
her 1SS9 and w.is jiosted to 
Boinb.iv as \ssis(an( Collector 
and Magistrate which jiost he 
hold till M IV iSqf) when lie was 
ajipomtcd Sceoiul Collector and 
Magistrate ind ifter five months, 
in Sejitcmher of the same vear, was 
translated to mother sjihcre as 
Under-Secretary to tlie Gov eminent, 
Political Dtjiai tnient He serv ed m 
that cajaacitv till 1900 when he 
was piomoted Fust Assistant 
Collector and Jfagistrate, and 
siibsequentl3' elevated to the res- 
ponsihiht3 of Distiict and Sessions 
Judge in Nov ember igoi He w.as 
ajijiointed Judge of the High Court 
in September 1904 

Mi CH a R LES BUTTER- 
M^ORIH BAYLEY, m v o Assist 
ant Secretar3' in the Public Works 
Dejj.artment of the Government of 
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in C'jifta.gong and m 1S73 he actf'd as 
Special Asiistant bupci n..end2jit of 
Pol'ce in Hill 1 ippcra in he 
was 2^1aced ,n charge of the DiStnct 
Police of the Sontlial Paiganas and 
m 1880 he WuS in chaigi 01 the City 



Captain J A Black 


Police of Patna In 1884 h’s ser- 
vices M ere placed at tne d sposal of 
the Coodi Behar State, and in 1889 
he was appo.nied DiStuct Superin- 
tendent of Ponce, 4th giade In igoo 
Mr Bignell was appoin,.ed to the 
ist giade, and in igoi he w'^as 
appointed Deputy Irspector-Geneial 
of Pol ce Cn the i6th Januai}^ 
igo2, heieceived the appo’ntment of 
Comm ssioner of Pol ce, Calcutta 
Mr B gnell in th s try rg and 
responsible office displayed great 
ability and tact The police control 
of an immense city like Calcutta 
with its var etj^ of peoples is an 
exa‘ ti’ig jiroblrm teat demands die 
cosed study Of necess ty theie 's 
a b g float ng populat on, me the 
paths of crime are dev ous In the 
low er grades the po'ice of Iiirba are 
very difficult material towo’kwta, 
and the mi st tiy rg pait of the work 
a Pol ce Comm ss oner ’s the d sci- 
p’ln rg of his Native subordmates 
That Calcutta should be so free from 
V'Olent crime is an eloquent testi- 
mon\ to the v<-re and work of the 
Commiss oner of Pohee and his im- 
mediate staff Dur rg the year of 
Jub lee Mr B’gnell was awarded the 
Jubilee Medal for h's services 


Captain JAMES ALEXANDER 
BLACK, M A , M B c M (Aberdeen), 
Indian Medical Seivice, w'as boin in 
the 3icar 1870 at Abel deen He w'as 
educated at the Abei deen Grammar 
School and afterwards proceeded to 
Aberdeen Univers ty for his Collegi- 
ate com se At th s Univeisitv he 
graduated in Aits and in Medicine, 
tak 1 g both degree^, r/ith honours 
He joined the Indian Medical Ser- 
mce in i8g6 and came out to India 
in that 3 ear Foi Irs first 3iear in 
Ind a he icmamed in m htary ser- 
v’ce, after w'hich he was ajipomted 
to offic ate m cei ta n Civ,l appo nt 
ments Betw'cen 1897 and 1900 
he sened three 3'cais on Earn ne 
and Plague dut3' In the 3’ear 
1901 he w’as appomted to the jjost 
of Medical Officer to the new'l3 
raised regiment of 41st Dogras (now 
servrg ,n Chma) In 1903 he was 
ajipuinted to the Chem cal Exam 
mei’sDepaitmenf, and in the follow'- 
irg rear became Officiating Chem’cal 
Exam rer to the Gox ernment of 
Bengal and Professor of Chem’stry 
at the kledical College, Calcutta 

Mr EDWARD ARTHUR 
HENRY BLUNT, b a , i c s , Under- 



Mr E A H Blokt 

Secretary to the Government of the 
Un'tcd Provmces, Judicial Depart- 
ment was born m the Island of 
Mauritius m the year 1877 
I e ved h s education at Marlborough 
College and subsequently at Corpus 


Christi College, Oxford, and Univer- 
sit3'’ College, London He passed 
at the top of the list for the Indian 
CiVil Service competitive examina- 
tion after hiS fourth 3 ear at Oxford 
He w'as one year at University 



Lieut -Col E H Brow s 


College, London, and proceeded to 
India to join the service in 1901, 
being appointed to the United 
Provmces His first service w'as as 
Assistant Commissioner, Lucknow, 
and afterw'ards at Rae Bareli m the 
same capacit3' After a spell of 
privilege leave he returned to Rae 
Bareli, officiating as Deput3i Com- 
missioner for a short while and in 
1904 was transferred to Benares as 
Joint Magistrate In 1903 Mr 
Blunt joined the Secretariat, having 
been appointed Under-Secretary in 
the Judicial Department 

Lt-Col EDWIN HAROLD 
BROWN, M D , M R C P (Lond ), 
F R c s (Edin ), D p H , Civnl Sur- 
geon, 24-Parganas , Medical Inspec- 
tor of Factories, Medical Inspector 
of Emigrants, and Surgeon Super- 
intendent, Sumbhunath Pandit 
Hospital , Consulting Physician, 
Alipore Central Jail, and to the 
Reformatory, Alipore , Marine Sur- 
geon, RIM Lt -Col Brown was born 
at Bombay m the year 1861 and edu- 
cated at University College, London 
He took his M D degree atDurhamin 
1903, having prevnously been an M D 
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of Bruxelles since 1893 M R C P 
190 F R C S 1903 L R C P Lon 
don 1887 He returned to India 
in the jear 1887 ^vhen he was ap 
pointed to the nd Gurkhas whence 
he was transferred to the ist Ben 
gal Lancers and subsequenth to the 
Hyderabad Contingent He entered 
civil employ m the 3ear 18S9 "hen 
he came to Bengal and was ap 
pointed to Ban al the Medical 
College Hospital Calcutta Pun 
Cooch Behar Darbhanga Mo 
zaffarpur Pumeah and finallj to his 
present appointment m the 24 Par 
ganas in 1S99 Ll Col Browm is a 
Fellow of the Zoological Societj of 
London a Fellow of the Medical 
Societj a Fellow of the Roj al In 
stitute of Health and of the Rojal 
Sanitary Institute 

Major W ALTER J \MES 
BUCHANAN ha m d i m s 
Inspector General of Pnsons Ben 



L t c 1 ^\ILL n N \ n E 

gal was born in County Tyrone 
Ireland on the i th November 
1861 He was educated at Trinity 
College Dublin and joined the 
Indian Medical Service on th ist 
0 tober 1887 He remained in 
military employ til! l89i> dunng 
which time he served with the 
Black Mountain Expedition of 188S 
the Chin Lushai Expedition 188990 
and the Manipur Expedition of 
1891 In rSg he was made Sur 
geon Captain and served as Civil Sur 


gcon of Midnapur He cnteri<l the 
Ben^jal Jail D pirtmciit m 1895 'iiid 
acted as Snpenntcnd nt of the Cen 
tral Jail at Bhagalpur and Civil 
Surgeon m addition to h s own 
duties In 1897 he was Inspect 
in" Medical Officer at Chau a and 
in 1808 Suj) nntendent of the 
Central J ul Bhagalput and after 
ward of the Central Jail at Dacca 
and All] ore His services were 
placed at the disposal of the Covcm 
ment of India Home Department 
in 1900 as Statistical Officer to the 
Government of India m the Sanitary 
D partment He rcccivcil the ap 
pomtment of Inspector General of 
1 nsons in 190 

Major Buchanan has had a wide 
expencncc of med cal conditions in 
India and c pccially m connection 
with Jails lie has made many im 
portant contnbutions to m dical 
literature and has Ittcn since 1899 
the Fditor of the Indian Mcihcal 
Cazette Nmong his more im 
lortant work arc a Manual of 
Jail H>gi nc and an arliclt in 
Quams Dictionary of Medicine 
on I i\crDi'Ca<es ^ andthechaj Icr 
on Indian Jurispru knee in Taylors 
Standard Work on Mtxlical Juris 
prudence cvlition 1905 He has 
written many ami vaneu articles on 
tropical diseases for the medical 
journal Major Buchanan ncvivtul 
the medal and cla p for In ser 
vice with the Manipur I itld lorcc 
and he holds the Delhi Durbar Coio 
nation mc<lal 

Lieut Col Mil LIAM HI Nr\ 
BURKF nA vi i« ricii nru 
(Dublin Univcrsitv) i 'i s \ctinR 
Civil Surgeon Poona (late Sui^jer n 
to the Coculdis Tcjpal Hospital 
Bomlaj) was lorn iii Somervet 
shire I ngland in Novembtr 
1858 He was cducatcrl at Po all 
School Pnglaiul 187 76 ami 
studied tn the Dublin and Iiemtt 
Universities from 1878 to 188 
Previous to his arrival in India m 
April 1883 he passed through the 
usual course of training at Nctley 
winch was necessary for a candidate 
forlndia Forthenext fourycars till 
1887 Dr Burke served m the 
Military Department m Central 
India Afghanistan and other places 
and m the Burmese M ar of 1886 87 
was mentioned in despatches 
Since then he has been on the 
Civil List and has lield manv 


M7 

important apjiointmcnts m the 
Bombay Prcbidency among which 
may be mentioned the Resident 
Surgeoncy of St Ccorge s Hospital 
Bombay and the Professorship of 
Materia Mcdicaat the Grant Medical 
College during 18S7 88 This was 
followed by the Civil Surgeonship 
of Ratnagiri till the end of i8Sg 
Dr Burke was \ssistant Civil Sur 
g on of I oona for six vears during 
J art of which time he was also 
Deputy Sanitary Commissioner In 
1897 he was appointed Surgeon to 
the Kathiawar Political \gcncv and 
erved in that province for three 
and a half vcirs and acted as Civ il 
Surgeon of Karachi in 1S99 On Ins 
return to Bom! av 111 1900 lie was 
appointed Surgeon in charge of tlie 
Coculdas Tcjpal Hos|ital and in 
Julv of 1905 \cting Civil Surgeon 
and Superintendent of tlie B J 
Medical School Poona 

Mr IS\\CHrSR\ BUKKIII 
M V Officiating Uc|>ortcr on I cono 



uuc 1 nxuicis 10 tilt t overnment of 
India IndianMii cum Calcutta was 
born at Chapel Allerton near Ixicds*, 
m England amiclucat d at Repton 
School and at Convillc and Cams 
College Caml ridge H gradual 
cd as Bachelor of Arts m 1891 
subsequcntlv proceeding to the 
dtgrt of Ma ttr of \rts ni 1895 
J" ^894 he was Malsingham 
Sledallist From the year 1891 to 
1891 lie was \ssistant Curator of 
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the University Herbarium In 1897 
he became a Technical Assistant to 
the Duectoi of the Royal Gardens, 
Kew, and in 1899 a Principal As 
sistant on the Kew staff After 
liolding this post foi two 3^ears ho 
was appointed Assistant Repoiter 
on Economic Products to the 
Government of India S nee the 
earl}^ pait of 1902 Mi Bmkill 
has been officiating for Sir George 
Watt as Reporter on Economic 
Pioducts 

Mr RICHARD BURN, ics, 
Editor of the Imperial Gazetteer 
was born in Liverpool in 1871, and 
educated at the Liverpool Insti- 
tute and Christ Church, Oxford, 
appointed after examination of 



IMajoi ttiJiiAM John B\thi-ll 

1889, arrived on the 2nd Decem- 
ber 1891, and served in the North- 
West Provinces and Oudh as As 
sistant Magistrate and Collector , 
appointed Joint Magistrate, June 
1896 , and Under-Secretary to 
the Government in August 1897, 
Superintendent of Census Opera- 
tions, April 1900, also Superinten- 
dent of Revision of the Imperial 
Gazetteer for the United Provinces, 
October 1902, was appointed 
Deputy Commissioner in May 1904 
He is Author of the United Prov- 
ince Census Report, 1901 Mr 
Burn was appointed Editor of the 
“Imperial Gazetteer for India,” 
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February 28th, 1905 He has 
written various articles on the 
subjects of Numismatics and 
Elhnographj' 

Major WILLIAM JOHN BY- 
THELI , R E , Assistant Surveyor- 
General in charge of Draw'ings and 
Records, w'as born in the year 
1863 and educated at Newton and 
Woohvich, England He obtained 
his first commission m July 1882 
and ser\ed as Survc)' Officer in 
Bechuanaland in the 5'ear 1884-85 
He w'as appointed Assistant En- 
gineer of the Smd-Pishin Raihvay 
in July 18S7, 111 w'hich ajipomlment 
he lemamcd two 5'ears, leaMiig in 
18S9 to join the Survev of India as 
Assistant Supeiintcndcnt in Maj^ 
of that 3 ear In April 1894 he \as 
jiromoted to serve as Deput3' Siijicr- 
intendcnt, and again in October 1900, 
to Superintendent lilajor Bythell 
served in the Chin-Lushai Ex- 
pedition of 1889 90 as Snrvc3’ Offi- 
cer, and subsequently in 1895 w ith 
the Chitral Relief Force, in 1897 
wnth the Alohmand Field Force and 
in 1897 9^ Tirah He has held 
charge of surve3' parties in Bomba3 , 
Central Provinces, and the Punjab 
He IS a Fellow' of the R03 a] Geo- 
graphical Societ3' and Member of 
the Asiatic Societ\ of Bengal 

Ml WILLIAM LOCHIEL CAM- 
ERON, ASSOC M INST CE, Joint 
Secretar3' and Chief Engineer, 
P W Dejiaitmcnt, Government of 
Bomba3', was born at Karachi in 
1854, and educated at Cheltenham 
College and passed direct from 
school by competitive examination 
into the R I E College, Coopers 
Hill, in 1874 At school he w'as 
in the Football team. Captain of the 
XXII, G3'mnastic champion and 
winner of the Ladies’ Prize At 
Coopers Hill he w'as in the 
Cricket and Football teams 
and wanner of the Gymnastic 
Prize In 1877 he was appointed 
Assistant Engineer in Sind and 
placed in charge of the Rohri 
Division Four years later he acted 
as Executive Engineer, first of the 
Began and then of Ghar and Shikar- 
pur Divisions, and w'as transferred 
to Sholapur in 1887 As Assistant 
Engineer Mr Cameron was 
employed on the important work 
of deepening the Eastern_j;;Nara 
Supply Channel The Eastern Nara 


IS an old riv'ci channel, now con- 
nected with the Indus by the 
“ Supjily Channel,” twelve miles 
long, and -starting from the 
river at Rohri The Eastern 
Nara is the sole source of sup- 
ply to the Jamrao, Mithiao, Thar 
and other smaller canals in the Thar 
and Parkar District In 1886, Mr 
Cameron w’as transferred from Sind, 
but returned in 1889 and held 
charge of the Eastern Nara Distnct 
After return from leave in 1891 he 
W'as posted to the Satara District, 
but in 1902 he returned to Sind for 
a short time as member and Secre- 
tary of an important Commission 
ajijiointed 113' Government to en- 
quire into the Irrigation of Sind 
generall3 At the end of 1902 he 

|[ ' . ' ni 
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was appointed Executive Engineer 
of the Dhaiw'ar District, and in 1895 
he acted for a short time as Under- 
secretary to Government, P W 
Department On-return from leave 
in 1899 he W'as selected for famine 
duty, first m Kathiaw'ar and then 
at Nasik Tw'o 3'ears later he was 
appointed Superintending Engineer, 
Southern Division, with Belgaum 
as the head-quarters, and in 1903 he 
W'as transferred to Sind as Superin- 
tending Engineer in charge of the 
Indus Right Bank w'orks He pos- 
sesses a good knowledge of Sindh 1 
and Beluchi, having passed two 
examinations in the former and 
one in the latter Mr Cameron 
was gazetted Joint Secretary ini 



March 1904 and has acted as Chief 
Engineer PHD and Senior 
Secretarv during the absence of 
the Hon ble Mr White 

Mr JOHN STRATHEDEN 
CAMPBEII 1C {Ueiii 
Colonel Natnt Tal T oUtnteer Rifles) 
Commis loner of Kumaon son 
of the late John Scarlett Campbell 
formerU of the Bengal Cuil Ser 
vice and Judge of the Chief Court 
Panjab Bornat Saugorin theCen 
tral Provinces India Educated 
m England at Rugbv and Balliol 
College Oxford Joined the Service 
in 188 s was attached to the 
Northwest Provinces and Oudh 
(nov Upper Provinces) and ar 
rived in India on 14th December 
m the samevear Served in Morad 
abad Bareillj Saharanpur Ballia 
Gonda Lucknow Jhansi Rohil 
khand and other places m these 
rovinces ri ing to Magistrate and 
ollector officiating as District and 
Se sions Judge in 1904 In March 
1906 he was appointed Commis 
sioner and posted to Kumaon He 
commands the Nairn Tal Volunteer 
nth the rank of Lieut Colonel 
Mr Campbell recreation i big 
game h otmg 

The Hon ble Mr R W CAR 
LYLE ciE who wa appointed 
m December 904 to officiate aa 
Chief Secretarj to the Covernment 
of Bengal^, was a{ pointed to the 
Indian Cm! Service in 1880 For 
five years he acted as Assistant 
Magistrate and Collector beginning 
his Indian career at Midnapur In 
888 he was appointed Under Secre 
tarv to the Government of Bengal 
and while holding this office he 
acted as Under Secretary to the 
Government of India Home De 
partment and he al 0 officiated 
for a short time as Chief Secretary 
to the Government of Bengal He 
was appointed Magistrate andCollec 
tor of Chittagong in 189 and in De 
cember 89 took nearlj two years 
furlough After serving as Magis 
trate and Collector of Tippera and 
Darbhan a Mr Carlyle in 897 took 
furlough for a V ear The next year he 
was made a C I E and was appoint 
ed to Calcutta for Famine work 
during 18967 Mr Carljle acted 
a Secrelarj to the Board of 
Revenue L P m 1899 and again 
in 190 

19 
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He was appointed to special duty 
intheBenga]^retanatini90i and 
in 190 received the awointment of 
Inspector General of Police L P 
He was on deputation in cormection 
with the Police Commission from 
Nov ember 3rd to 6th December and 
m April 1904 officiated as Commis 
sioner of Dacca Mr Carlyle be 
came Chief Secretary to the Govern 
ment of Bengal in 1904 and was 
appointed to the Bengal Council 

The Hon ble Mr HERBERT 
WILLI CAMERON CARN 
DUFF Cl E lately Officiating Sec 
retary to the Covernment of Bengal 
m the Judicial and General Depart 
ments and Member of the Lieu 
tenant Governor s Legislative 
Council IS the son of Mr D 
Camduff late of the Indian Edu 
cational Service and was born in 
India in 186 He was educated 

& rtvately and at Edinburgh 
diversity and Balliol ColIeRe 
(Oxon) He joined the Indian Civil 
Service on the iith September 
1883 amvingm India m November 
of thesameyear His first appoint 
ment was that of Assistant Magis 
trate and Collector Shahabad and 
after serving for some years as Joint 
Magistrate Subdivisional Officer 
Cantonment Magistrate and Small 
Cause Court Judge he joined the 
Bengal Secretariat in 1887 as 
Under Secretary in the General 
Revenue and Statistical Depart 
ments In 1888 he officiated as 
Under Secretary totheCoiernment 
of India m the Revenue and Agn 
cultural Department and m 1889 
he was for some time on deputation 
prepanngthe Annual General Admi 
nistration Report of Bengal From 
March 1890 till January 1895 he 
was Registrar Appellate Side High 
Court Since then his service has 
been chiefly in the Impenal Secre 
tariat behaving filled the appoint 
ments of Deputy Secretary and 
Secretary to the Government of 
India in the Legislative Department 
for eight years In 1902 he acted as 
Private Secretary to H E the 
Viceroy for six months pnor to 
going on leave On his return in 
March 1903 he was placed on special 
duty m connection with th^ Impenal 
Gazetteer and m the following June 
lejoinedthe Legislative Department 
as Deputy Secretary In Apnl 1904 
he became Judicial Commissioner of 
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Chota Nagpur and w s ij iiointed 
offg S cretarv in 1905 ^903 he 

was the recipient of the CIE In 
1904 he published a work on Milt 
tarv and Cantonment Law m India 

Capt W CHANDLFR Deputy 
Director Ro\al Indian Marine and 
Member of the Port Trust of Cal 
cutta Born in the year 1857 and 
educated at Brighton Captain 
Chandler joined the Ro\al Indian 
Manne in November of the year 
1877 He served in the Tenas 
serim during the Egyptian Ex 
pedition of 18S and for this ser 
vice he received the medal and the 
Khedive Star Dunng the Burma 
W ar of 1885 he commanded RIMS 

Sir William Peel on the Irra 
waddy River and holds the Medal 
and Clasp for the Burma ojiera 
tions He was appointed As 
sistant Director of the Roval In 
dian Marine and held the post from 
1898 to 190J receiiing the thanks 
of the Covernment of India for 
services conn cted with the des 
patch of troops to South Africa 
from Bombay 

Captain Chandler next officiated 
as Dcpuu Director of the Ro\ al In 
dian 'lanne from April to Novem 
ber 1903, and was apjiointecl Pre 
sidencv Port Officer at Madras at 
the end of the year 1903 which 
ap|)ointmcnt he lield till 1905 when 
he obtained the po t of Deputy 
Dirtctor Royal Indian Marim. In 
March 1905 he was apixnnted a 
Menilicrof the Calcutta Port Trust 

The Hon ble Mr JUSTICE 
NARAYEN CANESH CHANDA 
V\RK\R BV LL 6 was born at 
Honavar in Kanara in December 
1855 He was educated at Elphm 
stone College where he gained 
sevcralpnzes especiallyone for the 
best written Essay on English 
Monasteries and their Dissolution 
In 1877 he took his B A degree in 
the first class and obtained tie 

Jame Tavlor prize for profi 
ciencym History and Political Eco 
nomy He was Junior Dakshina 
Fellow of Elphinstone College in 
1877 In 1878 Mr Chandavarkar 
took charge of the English Editor 
ship f the Indu Prakash which 
pajDer he conducted for eleven years 
with great success He took his 
EL D degree m 1881 and was 
awarded the Arnold Schflarship 
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for proficiency m Hindu Law He 
was enrolled m that year as a 
pleader m the High Court, where he 
met with distinction Mr Chanda 
varkar took part in the leading 
political movements of his country , 



Hon'ble Mr Justice Naratfn Ganesh 
Chandavarkar 

besides being a jealous social re 
former he has alw ays fearlessly ad- 
vocated the cause of widow mar 
riage, female education, and othei 
social reforms with which the late 
Mr Justice Ranade was identified 
In 1885 he was one of the delegates 
who proceeded to England to en 
lighten the electors on Indian 
matters He is considered a good 
speaker, among his best speeches 
being the one delivered in 1886 at a 
public meeting convened for the 
purpose of establishing a branch in 
Bombay of the Lady Dufferm Asso- 
ciation for giving medical relief to 
Indian women, Lord Reay, the 
Governor of Bombay, having 
presided 

Mr Chandavarkar has been 
a Fellow of the University of Bom- 
bay since 1886 He had been a 
Syndic of that University since 
1901 In 1902 the Government of 
India appointed him the Bombay 
member to assist the Indian Uni- 
versities Commission He is Presi- 
dent of the Theistic Church called 
the Bombay Prarthana Samaj He 
presided at the Provincial Confer- 
ence held at Karachi the same year, 
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and at the sitting of the Indian 
National Congress at Lahore in 
December 1900 He is now the 
General Secretary of the move- 
ment known as the Indian Social 
Conference 

In 1897 Mr Chandavarkar was 
nominated by His Excellency the 
Governor of Bombay an Additional 
Member of the Legislative Council, 
as a representative of the Bombay 
University, and he held that office 
for four years In December 1900, 
the late Mr Justice Ranade having 
taken six months' furlough, H E 
Lord Northcote, then Governor of 
Bombay, appointed Mr Chanda 
varkar to act as a Judge ol the High 
Court of Bombay On the death 
of Mr Ranade in January 1901. 
he was confiimed in that appoint- 
ment which he still holds 

Mr RAMANI MOHAN CHAT- 
TERJEE, M A , Collector to the 
Corporation of Calcutta, was born 
m the year i860 in Calcutta, and 
educated at the Presidency 
College, obtaining the degree of 
Master of Arts in 1881 He was 
appointed, in 1881, Professor of 
Mathematics and Physical Science 
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in the Metropolitan Institution, and 
for SIX years ably filled the ap 
pointment, Retinng from the 
professorship in 1887, and relin- 
quishing educational work, he 
obtained the post of License Officer 
to the Corporation, and has dunng 


the eighteen years which have 
since elapsed, gradually risen until 
m 1901 he became the Collector 
to the Corporation of Calcutta, 
which highly responsible position 



Mr Frank Cluton 


he still holds Mr Chatterjee’s 
interest in educational matleis 
has not ceased with his withdrawal 
from his professorship, as he is a 
much respected member of the 
Executive Council of the Metropoli- 
tan Institution in Calcutta He 
has the reputation of being one 
of the most popular officers of 
the Corporation The standard 
of collection reached in the depart- 
ment under Mr Chatterjee’s con 
trol IS the highest on record for an 
Indian Municipality, being as much 
as nearly 99^ percent of the current 
demand , what is even more credit- 
able IS the fact, that, m spite of 
the high percentage of collection, 
there is little or no complaint from 
the public, in connection with the 
recovery of taxes , the work 
being done with a good deal of sym 
pathy and tact In November 
1905 at the invitation of H H the 
Rajah of Tipperah Mr Chat- 
terjee accepted the office of Minister 
to +he Rajah for 15 months 
having obtained leave for the period 
from the Corporation of Calcutta 

Mr FRANK CLAYTON, fch 
A M INST c E , Executive Engineer 
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of the Tarai and Bhabai Estates 
Lmted Provinces was born at Port 
Levis Canada m the >ear 1867 
He was educated at Marlborough 
College and at Coopers Hill Col 
le^e whence he pa sed out as a Fel 
low in 1888 In the following jear 
Mr Clayton tame out to India and 
joined the Irrigation Department 
f the United Provinces In the 
course of his duties with this 
Department he has served on the 
Ganges Eastern Jumna and Agra 
Lanals In the year 1853 he was 
placed on the construction of the 
Fatehpur Branch of the Ganges 
Canal for two years as Sub Divi 
sional Officer and for one year as 
Cvecutive Engineer of the Lower 
Division In 1899 he was deputed 
to the Tarai and Bhabar Estates 
and has held that appointment up 
to the present date 

Mr GEORGE B CRESSWELL 
General Manager Darjeeling Hima 
lay an Railway i the son of the 
late Dr A Cresswell fr.cs and 
was bom in London m the year 
1870 He received his education at 
King s College Ixndon For his 
piolessional training he was articled 
to the London Bngnton and South 
Coast Railway and after serving 



his term with that Company was for 
a short period in the service of the 
LondonandKorth Western Railway 
In the year 1891 Mr Cresswell pro 


ceeded to India and was for a bnef 
time with Messrs Arthur Butler & 
Co Engineers In the following 
year he was appointed Assistant to 
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Mr J Manson on the Bengal Dooars 
Railway He remimcd with thi 
Company tiK 1893 when lie joined 
the A sam Bengal Railway which 
was then being c instructed On 
the conclusion of the construction 
in, 1901 he spent a lew months in 
America \iter his return to India 
m 1903 he was olTercd and accepted 
the^jiointmentol fcneral Manager 
and Engineer m Chief to the Bengal 
Dooars Railway In the following 
year he came to Darjvehng as 
Deputy Manager of the Darjeeling 
Himalayan Railway and on the 
r tirementolMr Cary was appoint 
ed to Ills present position in March 
1906 Mr Cresswell i a Commis 
sioner of the Darjeeling Municiji iht v 
and takes a great inter st in public 
matters 

Capt S DA CROOKSHAKK 
R E Under Secretary in the Public 
Works Dejiartment Building and 
Roads and Railway Branches 
United Provinces Second son of the 
late Colonel A C W Crookshank 
34th Pioneere who died from a 
wound received in action whilst 
commanding a Brigade during the 
Black Mountain Expedition in 
1888 Born in June 1870 Captain 


Crookshank was educated at Neuen 
heim College m Germany Subse 
quently he joined the Royal Military 
Academy at W oolwich and obtained 
his Commission in the Royal Engi 
neers on the 29th July 1889 He saw 
service m the Chitral Expedition of 
1895 as an Assistant Field Engineer 
on the road oyer the Malakand and 
up the Pan] Kora \ alley recen mg 
the Frontier Medal for his seiaices 
He entered the Public M orks Depart 
ment United Proyinces m 1892 and 
w as appointed to his present post on 
6th January igo^ 

Mr ALEXANDER W ALMES 
LE\ CRUICKSHANK c s i i c s 
Bar at Lai Member 0/ the Board 
of Revenue United Provinces 
was born at Dharwar in tlic Bom 
bay Presidency in the year 1851 
hi father being the late Major 
Cruickshank re He proceeded 
home for his education which was 
carried out at a pny ate school at 
Wimbledon Passing the Indian 
Cnil Scry tee compctitiye exami 
nation he joined the scry ice on 26th 
July 1872 and proceeded to India 
arnyinghere on iith Noyember m 
the same year and was attached 
to the North West Proyinces (now 
incorporated m the United Proy 



lu Li) He served m many 
districts of the North West Prov 
inces during the ensuing years 
ri mg through the v arious grades 
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Assistant Magistrate, Joint Magis- 
trate, Magistrate and Collector, till 
m 1893 he was appointed Acting 
Commissioner, which giade was 
made substantive on the loth Octo- 
ber 1897 In the 3’^ear 1898 he was 
invested with the Insignia of a Com- 
panion of the Star of India Aftei 
a further period passed in service 
and furlough Mr Cruickshank was 
appointed Additional Member of the 
Council of the Governor-General 
for the usual term of two years 
In 1905 he was appointed a Member 
of the Board of Revenue his 
liresent appointment 

Mr W L DALLAS, Scientific 
Assistant to the Meteorological Re- 
porter to the Government of India, 
was born in London in 1851 and re- 
ceived his education in Edinburgh 
Returning to London in 1869 he 
joined Messrs Robarts Lubbock 
Co ’s bank where he remained for 
one year Mr Dallas then joined the 
Meteorological Department of tlie 
Board of Trade in 1870, and put in 
II to 12 years of useful service, un- 
til he was offered the present posi- 
tion by the Secretary of State, which 
he accepted, and joined the Meteoro 
logical Department of the Govern- 
ment of India in the year 1882 
Mr Dallas has contnbuted nu- 
merous articles on meteorological 
subjects to European and Aihen- 
can scientific societies and journals, 
and IS the author of the follownng 
papers published officially by the 
Meteorological Department — 

(1) Cyclone Memoirs of the Ara- 
bian Sea 

(2) Meteorological Charts of the 
Arabian Sea 

(3) Meteorological Charts of the 
Bay of Bengal 

(4) The Meteorology of the south- 
ern portions of the Bay of Bengal 

(5) The Meteorology and Climat- 
ology of Northern Afghanistan 

(6) The relation between Sun- 
spots and Weather as shown by ma- 
rine observations 

(7) The mean temperature and 
humidity conditions of the Arabian 
Sea and Persian Gulf 

(8) A storm developed in Equa- 
tonal Regions 

(9) A discussion of thunderstorm 
observations recorded in India 

(lol A discussion as to the failure 
of the monsoon rainfall in India in 
1899 


(11) A Meteorological History of 
the seven monsoon seasons, 1893 — 
1899 

(12) A report on cloud observa- 
tions and measurements in Simla 

(13) ‘ ' Weather and Warfare,” a 
lecture delivered at the U S In- 
stitution, Simla 

Mr K DATTA, Chief Superin- 
tendent, Office of the Accountant- 
General, Bengal, was born at the 
Milage of Patul m the District of 
Hughh on the 27th February 1853, 
and educated at the Howrali Gov- 
ernment School, and afterwards 
at the Catliedral Mission College 
Calcutta University Mr Datla, in 
1874, entered the Public Works De 
jiartment of Bengalasan Accountant 



and remained in this Department 
for a period of about two years 
In the year 1876 Mr Datta joined 
the Office of the Accountant-Gen 
era! as an Auditor, and worked in 
this office up to December 1888 
He was then transferred to the 
office of the Accountant-General, 
Burma, Rangoon, as Auditor and 
Accountant Mr Datta w'as sub 
sequently placed in charge of the 
Book Dept of the Rangoon office, 
and as Book-keeper He returned to 
the Office of the Accountant-Gen 
eral, Bengal, in August 1897, and 
held the position of Superintend- 
ent of the Budget Section He 
was afterwards transferred to the 
Audit Department of the salaiies 


and allowances of Gazetted officers, 
and subsequently liecame Book- 
keejier In March 1902, he became 
Senior Superintendent in charge 
of the Treasury Account Depart- 
ment Mr Datta w'as appointed 
Chief Supenntendent of the Ac 
countant-General’s Office m Julj 
I90«5, and holds this position to the 
present da}' 

Mr WILLIAM CECIL DAVIS, 
Examiner of Accounts, Public 
Works Dejiartment, was born in 
Dorsetshire in the vear 1872 and 
I ducatedat English Public Schools 
Mr Davis came out to India in 
October 1890, and was engaged in 
private cnterjirisc He joined the 
jHiblic serv'ice in February 1897, as 
Assistant Examiner, ist Grade, on 
probation, in the Public Works 
\ccounts Branch, confirmed in 
Fcbiuars 189S, Dejnity Examiner, 
Class II, jiermaiient, 14th June 
189S , Dejiuty Examiner, Class 1, 
jiermanent, 4th Jul} 1900, and 
Examiner, Class IV, 3rd Grade, per- 
manent, October 1903 During his 
service career he has been attached 
to the following Accounts offices — 
Public Works Accounts, Rajputana, 
Central India, Telegraphs, North- 
Western Railway , Jlihtary Works 
Services, Pubhc'Works Accounts, 
United Provinces, Eastern Bengal 
State Railway, Public Works 
Accounts, Bomba} , and Public 
Works Accounts, Bengal 

Mr FRAN CIS ERSKIN E DEMP- 
STER, c I E , Director, Telegranhs 
(Construction Branch) [Major, znd 
Bait , Calcutta k 0/ Rifle';}, eldest son 
of Capt H L Demjister, late Royal 
Madras Artillery, born at Cannanore, 
Malabar Coast,']uly 1858, was edu- 
cated at the Edinburgh Academv 
and Edinburgh Institution Passed 
with the first batch of Telegraph 
Students into the Royal Indian 
Engineenng College, Coopers Hill, 
in 1877, and was appointed Assist- 
ant Sujjenntendent of Telegraphs 
in July 1878 Arnv'ed in 'India 
November 1878 Was emjiloyed 
in Southern Afghanistan during 
the war of 1878, 1879, 1S80, and was 
granted the war medal Was trans- 
ferred to Upper Burma in 1887 
after the annexation, and the fol- 
lowing year accompanied the ex- 
peditionary force against the Chins, 
for which he was granted the Indian 



medal with the Chin Lu hai clasp 
In 1895 went as Chief Telegraph 
Officer with the Chttral Relief Force 
was mentioned in despatches and re 
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ceived the decoration of the C I T 
and the Indian medal 1893 with 
clasp Relief of Chitral In 1896 
held charge of the Calcutta Tele 
graph Office and raised the Tele 
graph Company of the Presidency 
Battalion of the Calcutta Volunteer 
Rifles and also while in charge of 
the Calcutta Office was mstrumen 
tal in instituting the Telegraph 
Officers Challenge Shield which 
I shot for annuallj bj teams of 
Telegraph Volunteers throughout 
India 

Mr ARTHUI WIILHM OEA 
TITH 1 c s \ (Cantab) Assist 
ant Comptroller Inoia Treasuries 
was born in the year 1874 in 
Hampshire Englmd and educated 
at Dulwich College and at Tnnitv 
Hall Cambridge Fe took his dcLree 
as Bachelor of Arts in 1896 aiicl in 
the following jear comp ted success- 
fully at the Indian Civil Service 
F\ammation In 1898 Mr Dentitli 
I assed the second and final examina 

tion and caire to India at the end of 
tne same year Hewa first posted 
at Dacca as Assistant Magistrate and 
Collector subsequently serving as 
Sub Divisional Officer at Gobindpur 
and Gindih then as Joint Mags 
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tiatv at Midnapore and Ahpore and 
in 1900 wasappimtedto his present 
post as As istant Compter Uer India 
Treasuries In igo Iir took his 
M A degtee 

I tieut CoJ HENRY PEERS 

' DIMMOCK m d (Durham) >1 r c.s 

'lhcp IMS jp Principal 
of Grant Medical College and Pro 
lessor of Midwifery Bombay He 
was born at Ely Cambndgesliire 
in 1&57 and educated at King s 
School Ely St George « Hospital 
London and the Durham Uniter 
sitj School of Medicine took his dc 
gree m London in 1879 and it Diir 
ham in 1898 He joinwl the Service 
in x88o and cime to Indn in the 
araeyear and was on general duty 
at the rociildas Tcipal Hosjifal 
Bombay he crierl with the nd 
Beluchet and the J 9th Boml ay 
Inlantrt as tlicir Surgion in Ai 
glunistan during the final } ctiod of 
the U ar \fter a ( eriorl of diitt as 
Mevheal Ofticcr »ii charge of (he 
Marine Battalion and '’ofli B imbay 
Infantry and as Citil Surgeon oi 
Shikarpur Karachi and Nasik 
Colonel Dimmock was a|>{>ointe<l 
in 18^8 as Profc or of 1 athologt 
and Curator of the Museum at the 
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Grant Medical College and the third 
Physician J J Hospital he also 
acted as Chemical Analy cr to Gov 
ernment in addition to Ins other 
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duties and Professor of Phj lology 
for some time Three years later 
he became the Obstetric Physician 
at the Hospital and Profe sor of 



Midijfcry at the Grant Medical 
C( 11 gc In 1S97 lit was at ( ointcd 
In the ( ov tmment of Bombay to bt 
the Medical Member of the first 
J lagut Committee of which General 
Oatam was the Iresidtnt and Mr 
James s m isst t e and Mr P C 
Snow I c s were the other mem 
bers The arrangements for plague 
hosjntals scgngation and other 
important plague measures which 
are still adopted were worked out 
by this Committee On General 
( atacre proceeding to England the 
late Sir James Campbell became 
1 re ident and Colonel Dimmock 
was askeil 1% him to remain on 
thcCommi sion which he did until 
May 1698 when he had to proceed 
on leave in consequence of his 
health being afTcctecl by (he 
arduous labours of the po t In 
ipoi he acted as Pnncij al and in 
November of 1903 was confirmed 
in that apjiomtment having been 
connected with the College and 
the Hospital for a j erjod of about 
Sixteen years Colonel Dimmock 
IS a Syndic of the Bomlay Univer 
sity m which be also held the post 
of Dean of the Medical Faculty 
sevenlycars he was a member 
of the Bombay Municipality and 
was on the Standing Committee for 
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four j'ears till, owing to the prcssuic 
of work and other duties, he had 
to resign He is a member of the 
leading Clubs of Bombav , the Ro\ al 
Bombay "^acht Clul), the Bomba\ 
Club, the B\culla Club and the ibtli 
bt James 


1 
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Mr FRANCIb KNONM.LS 
DOBBIN, li A , Bai -at-law is a 
giaduatc of Duidin Dnncisit\ iiiid 
was called to the B ir at King’s 
Inn, Dublin, in Januar\ 1893 
Proceeding to Calcutta he was en- 
rolled an Ad^ocatc of the High 
Court in March 1893 In 1899, ht 
w'as appointed Coroner of Calcutta, 
ind in igo2 joined the Small 
Cause Court as Registiai 

Mr ALEXANDER KARLEY 
DONALD was born at Muchalls 
Kincardineshire, and after spend- 
ing his school da3'S at the l\Ier 
chants Companies’ Schools at Edin- 
burgh, finished his education at the 
University in the same city 

At first he was engaged in com- 
mercial pursuits, but, finding these 
uncongenial, joined Gray’s Inn in 
1894, and obtained an Honours 
Certificate and the Council of Legal 
Education’s prize for Constitu- 
tional Law 

He was called to the Bai in 
Tnnity Term, 1897, and practised 
for a couple of years in London, 
and then proceeded to India and 
joined the Bombay Bar in 1900 


I lie same j'car he was appointed 
Examiner in English and in Law 
to the Boinba\ Uni\ersit\, and in 
1901 was appoint! d Professor of 
Etputx III flu f»o\(rnnienl Law 
School, Bonibax In ifio^ lu lx 
earn! judge in the Coiiit of Sni.ill 
Causes, Boinbax 

Majoi MCJ\i\{,L» WILLI \M 
DCHjtiLAS, (II, Deptits Com- 
missioner. Punjab, intered the ist 
Battalion, North Staffordshiri* Regi 
ment, in rtbrinr\ iSSj Ih was 
Prnatc Secretar\ lo tlie lilt Sir 
Ilcnr\ Norman when Goieinorof 
Janiaica Joined the Indiin \im\ 
in 1887 w.is appointtd \ssistant 
Commissiorur, Punjab, in 1890, and 
D(piit\ C omini--sionci two vi irs 
laid He IS the Pnsiddit of the 
Simla Municipilit\ and Siijx nn 
ttiidinl of Hill M.itions M.ijor 
Douglas was Di juitN C'oinmissioner 
of Delhi during till Dtirbirof i(|D 2 
and a momlur of tiu Lxitntni 
Committee of the Diiibir 

The Hon’bit Mi J\MLS 
McCRONE DOLIE, ii s, Settle 
ment Commissioner, Goeeinment 
of the Punjab Born in A\rshire 
(Largs), Scotland, in 1S54 He w.is 
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educated at the High School, Edin 
burgh, the University of Edinburgh, 
and Balhol College, Oxfoid was a 
Boden Sanskrit Scholar Ajipoint- 


( 1 after the (xaminatioii of 1874, 
he armed in India December 1876 
and screed as Sdtlement Officer, 
Sccretar\ to tin rmancial Commis 
sioner, and as Assistant Commis 
sioncr in tin Punjab In 1891 lu 
was ajipointed Senior Seeretarj to 
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till ruiaiKid ( onimis-.ioner H( 
was ai)poinlod Depute Commission 
or in Noeinibcr 1891 Officiating 
Re\(nm been tare from Anril 1803 
to October 1804 iiid again from 
No\ ember 1893 to Vjiril 1S96 , Offi 
ciating Commissioner of I ahore and 
Superintendent, \iiri! 1898, was 
Chief Secretare to the Go\ern 
mcnlol till Punjab from Alarcli K, 00 
lo April 1902 In Juh 1900 and 
again in 1903 he was created a 
niembu of the Punjab Legislate e 
Council He is an author of a trails 
lation of the Biluchinama, with a 
Biluch grammar, and the Punjab 
Settlement and Land Adminis- 
tration JIanuals, and is a Fellow of 
the Punjab Unuersitj 

iMr FREDERICK GEORGL 
DUMAYNE, Vice Chairman of the 
Commissioners for the Port of Cal- 
cutta born in Bombaj) in 1852, 
educated in Scotland, returned to 
India in 1870, andw'as shortlj' after- 
wards nominated to a junior ajijioint- 
ment on the staff of the Go\ern- 
ment Reclamation W'^orks, Bombay 
On the formation of the Bomba\ 
Port Tiust in June 1873 was trans 
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ferred with the other member of the 
taff of the Go\ernment Reclama 
tion Works to the service of the 
Tra tees of the Port of Bombas 
In 187S 79 actedasSecretarj to the 
Bombaj Port Tru t In Januarv 
1880 'vas appointed Assistant Sec 
ietat> and between that date and 
18S8 acted from time to time as 
Secretary In 1888 was appointed 
Dock S iperintendent and m 1890 
m ceeded to the post of Secretary 
Inigoovva nominated as a Member 
of the Committee appointed b\ th« 
(fvernment of RengaHo enquir 
into the workin of the Cakutt i 
Port Trust and in March igoi \va 
appointed bj the Government of 
Bengal to be Vice Chairman of the 
Calcutta Port Trust 

Mr GEORGE OWEWVILLIAM 
DUNN INST C E MR SAN INST 
The Ro>al Indian Engineering 
College at Coopers Hill has m the 
past sent out to India a large arm> 
of excellently trained engineers not 
the least suceessfvil of whom has 
been Mr COW Dunn who joined 
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the college m 1873 at the age of 
nineteen His first Indian expen 
ence was on the relief works started 
at Satara during the great famine of 
1876 After some years of irriga 
Uonwork he was appointed Person 
al Assistant to the Chief Engineer 
for Irrigation m 1885 anderoj^cto 


Assi tant Secretary to Government 
for Irrigation Various Military 
Imperial and Provincial works 
including a sur\ ev of the irrigation 
al and cultivable possibilities of a 
portion of the Aden Protectorate 
occupied him up to 1894 when he 
became Under Secretary to Govern 
ment in the Public Works Depart 
ment During the next ten years 
in addition to the supenntendenc 
of many large undertakings falling 
to the lot of his office Mr Dunn 
held the appointment of Supenn 
tendent of the Pmctical Course at 
Coopers Hdl College and Taaminer 
of the senior students in Bridge 
Design and Descriptive Engineer 
mg in i «)03 he became Joint 
'iecrctary to Government in the 
p \\ D Bombav and in 1904 on 
the departure to Europeon furlough 
of the Hon Mr Rebsch Mr Dunn 
was appointed Acting Chairman 
of the City of Bombay Improve 
ment Trust He was nominated an 
Additional Member of Council m 
1905 The Masonic and profes 
sional careers of Mr Dunn arc 
coincident m time he having first 
seen the light m Lod«,e Persever 
ance Sidmouth m 1876 just 
before hts departure for India 
He first held office m the Royal 
ConnaUoht Lodge Ahmedmgar 
m 189 and became Master of 
Lodge St r eorge Bombay in 
1895 He has twice been appoint 
ed Deputy District Grand Master 
of Bombay and its territories under 
the English Constitution an office 
which he received first at the 
hands of H R H the Puke of 
Connaught and on the second 
occasion from Lori Northcote In 
Roy al Arch Masonrv he is Second 
Principal of tlie District Grind 
Chapter of Bombay His public 
and social offices include the Chair 
manship of the Victoria Jubilee 
Technical Institute Memhcrshii 
of the Bombav Municipal Corpo 
ration Vice Presidentship of the 
Royal Bombay \ucht Club and 
Justice of the Peac*and Fellow of 
the Bombay Umversity 

Mr HENRY COOPER ECGAR 
MVo seniormemberof the firm of 
Sanderson & Company Government 
Solicitors was bom m the year 
1851 at Bramshaw New Forest 
His father was Fredenck Eggar 
of Aldershot He was educated 


privately and al Kings College 
London He served hi articles of 
clerkship under london solicitors 
and was admitted as a solicitor 
in 1876 In July 1877 he came to 
Calcutta and joined the firm ol 
Svnderson & Company In 1881 h 
became a partner in the firm Oi 



M Cl Ro O \ R \\ II 1 1 I Di. s 

several occasions inmelv m the 
years 1895 1896 1898 and 1899 he 
officiated as Solicitor to the Govern 
ment of India He receive! the 
substantive ajpointment on March 
1st 1S90 Vfr Eggar is President 
of the Attornev s Association of 
Calcutta and one of the trustees of 
the Victoria Memornl 

On the occasion of the visit of the 
Pnnee of Wales in January J90& 
lie w as decorated with the vt v o 

Mr CLAUDE ERANCIS 
ERSKINE Officiating Supermten 
let t (in charge No 5 Part\ 
Tidal and Levelling) Survey of 
India is the son of Claudius James 
Erskine of the Bombay Civil Ser 
VI e and was born on 15th Octo 
her 1855 He received his ediica 
tion at Chfton College and \\ est 
nunster School and proceeding to 
India entered Government service 
on 5th June 1880 His first 
appointment was as Assistant 
Stttlement Officer Sind Settlement 
Survey In 1884 he was trans 
'erred to the Bombay Survey and 
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m January i8gi to the Survey of 
India In the 3rear 1895 he was foi 
some months attached to the Head 
Quarters office at Calcutta, and m 
IQ05 returned to the Central 
Provinces whence after a short 
period he was transferred to Sind, 
where he remained until he took 
over charge of No 25 Partv 

Sir ARTHUR UPTON FAN- 
SHAWE, KciEjCSi, ICS, late 
Director-General of Post Offices, 
India, was born in 1848, and is the 
son of the late Rev J Fanshawe, 
of Dengej' House, Essex He re- 
ceived his education at Repton 
College, and after the examination 
of iS6g, entered the Indian Civil 
Service Arriving m India Nov- 
ember 1871, he was appointed to 
serve m the Central Provinces till 
1880, during which period he held 
the responsible positions of Assist- 
ant Magistrate, Commissioner of 
Excise, Assistant Secretary', ■ and 
finally Acting Secretary? to the 
Chief Commissioner The following 
year he joined the Post Office, India, 
as Postmaster-General, and in 1888 
ivas appointed Secretary to the 
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Government of India, Finance and 
Commerce Department, and also 
Officiating Director-General of Post 
Offices, till he was confirmed in that 
appointment a year later He was 
a member of the Royal Commission 
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on Opium for two years, and in 
recognition of the good services 
rendered to the Government he had 
the title of C S I conferred on him 
m 1896, and was created a K C I E 
m January 1903 

Mr JOHN CARLYLE FER- 
GUSSON, BA,ICS,JP, MRAS, 
MASS, Under-Secretary 
in the Home Department of the 
Government of India, was born 
in the j'ear 1872 at Leslie in the 
County of Fife, Scotland, and 
educated at St Paul’s School, 
and Trinity College, Oxford He 
was appointed to the Indian Civil 
Service after the examination of 
1895 and arrived in India on the 
8th December 1896 first served at 
Cawnpore as Assistant Magistrate 
and Collector was transferred in 
the same capacity to Shahjahanpur 
m i8g8 officiated as Joint Magis 
trate at Bareilh' (1899 and 1900), 
Meerut (1900), Hardoi and Benares 
(igoi) after serving as Assistant 
Settlement Officer in Bareilly for 
short penods in igoo and 1901 was 
appointed Settlement Officer of that 
District in 1902 became Under- 
secretary to the Government of the 
United Provinces in 1903 officiated 
as Under-Secretary to the Govern- 
ment of India in 1904, and was 
confirmed in his present appoint- 
ment in December of that year 

Mr EDMUND WATKINS FERN 
Chief Inspector, Drainage Depart- 
ment, Bombay Municipality, was 
born m Nottingham m 1853 and 
educated partly in England and 
subsequently in India, where he 
arrived m 1865 He joined the 
Bombay Municipality in 1885 as 
Inspector in charge of Drainage 
Works, and with steady and zealous 
work attained his present position 
The health of a large and thickl} 
populated city like Bombay de- 
pends a good deal upon the sanitarj' 
arrangements and these have been 
one of the most important features 
of the Municipal works Almost 
the whole of the underground 
pipe sewers and ovoid sewers of 
this cit3^ have been laid and con 
structed under the careful super 
vision of Mr Fern who has 
been connected with that Depart- 
ment during his whole term of office, 
which covers very nearly a quarter 
of a century 


The Hon’ble Mr EDMUND 
McGILDOWNY HOPE FULTON, 
c s I , I c s , Member of the Council 
of the Governor of Bombay, was 
born in London m 1848 He receiv- 
ed his education at Rugby, and 
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joined the Bombay Civil Service 111 
1869 He held various appointments 
n different parts of the Presidency, 
and went to Rangoon as Judicial 
Commissioner of Lower Burma in 
1891 In 1892 he was appointed to 
act as Judge of the Bombay High 
Court, in which appointment he 
was confirmed in 1897 In 1902 
he was appointed a Member of the 
Governor’s Council, and two years 
later had the honour of the Com- 
panionship of the Star of India 
conferred on him 

Capt ANDREW THOMAS 
GAGE, Indian Medical Service, 
M A , B sc , MB, CM, F L S , 
F R H s. Officiating Superin- 
tendent, Royal Botanic Gardens, 
Calcutta Born m the j^ear 1871 at 
Aberdeen and educated at the Gram- 
mar School of Old Aberdeen After 
his school career Captain Gage 
pursued his studies at Abeideen 
Umveisity He graduated MA 
with 1st class honours m Natural 
Science in 1891, and B Sc with 
highest honours m 1893 From 
1893 to 1S96 he was Assistant 
to the Professor of Botanv in the 
University of Aberdeen In 1896 
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he al 0 graduated in Medicine 
In the year 1897 he entered the In 
dian Medicil rvice and carae out 
to Indn in 1898 For the first 
three months ol his Indian ervice 
he was attached to a Regiment on 
the North West Frontier In the 
fir t year of hi crvice he was ap 
pointed Curator of the Herbarium 
attached to the Rojal Bo*^anic Gar 
den at Calcutta He still holds thi 
appointment Since 1904 he ha 
been offi latmg as Superintendent 
cf the ame institution and as Di 
rector of the Botanical Sur\e> of 
India and also as Superintendent 
of Cinchona Cultivation in Ben'^al 
and Quinolo 1 t to the Government 
of Bengal Captain Gage is also 
Officiatin'^ Secretarj to the Board of 
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Scientific Advice to the Government 
of India and Officiating Professor of 
Botany at the Medical Col’e^e 
Calcutta He is a Fellow ol the 
Linnsan and Royal Horticultural 
Soci ties al 0 a Member of the 
Society of Arts Has published 
various b tamcal papers 

Surgn General Sir THOMAS 

GALLWEY M D K C M G C B 
fourth son of Henry Gallwey Esq 
J P of Tramore Co M aterfom 
born 1852 educated at Stony hurst 
Mp M CH Royal University 
Ireland 1873 Mamed 1901 Maud 
20 


Margaret Howard daughter of the 
late Captain Gifford i th Lancers 
and Hon Corps of Gentlemen at 
Arms and widow of Captain C 
W D Gordon R a 

Entered Army Medical D part 
ment March 1874 specially pro 
moted Surgeon Major 18S5 Lieu 
tenant Colonel 1893 Brigade Sur 
geon Deuteiant Colonel 1896 
Royal Army Medical Corps 189S 
and Surgeon General December 
1901 

Served in the Afghan War 
187P 80 capture of Ah Musjid and 
Expedition into Baiar Valley re 
turned with troops through khy 
berPa s (death march) June 1879 
organized and was in sole charge 
of the Cholera Hospital Camp 
Pe havvar Jumrood (Alcdal with 
Clasp) Egyptian War 18S battles 
of KassasinandTel el Kebir ofierat 
ed on Egyptian wounded follow 
mg battle thanked by Director 
General (Medal nilh Clasp and 
Bronze Star) 

Proceeded to Egypt July 1883 for 
Cholera Epidemic m that country 

Nile Expedition 1884 85 es 
tablished Dibbah Field Hospital 
crossed Bayuda Desert S M 0 
Gubat and organized field medical 
arrangements on return march 
and was present at engawment 
under General Sir Redv ers Buller 
(Mentioned in Despatches London 
Ga ette August .5th 1883 pro 
moted Surgeon Major ) 

Exyicdition to Dongola 1896 as 
Principal Medical Officer specially 
mentioned for energy and capacity 
during the Cholera Epidemic which 
attacked the Expeditionary Force 
and was present at the engage 
ments leaf^ing up to the capture 
of Dongoli Operations 19th Sep 
temberiSg (Despatches London 
Gx elk 3rd November 1896 

created CB Egyptnn Medal with 
Clasp ) 

Nile Exjjedition 1897 is P M 0 
Egyptian Army 

Nile Exjiedition i8q8 as P M 0 
Egyptian Army battles of Atlara 
and 1 hartoum (mentioned 
in Des]>atches Lwion Ga elk 
24th May and 30th September 
1898) promoted Colonel 

2 Clasps Egyptian Medal British 
Medal 

On leaving the Egyptian Army 
was accorded a special Army Order 
thanking him for his services 


South Afncaii War 1899 igoo 
Principal Medical Officer Natal 
Army under General Sir Redvers 
Buller was present at Colenso 
operations of 17th to '’4th 
January 1900 action at Spionkop 
operations 5th to 7th February 
and action at Vaalkranfz opera 
tions Tugela Heights 14th to 
27th February and battle of 
Pieters Hill resulting in Relief of 
Ladysmith Operations m Natal 
March to June 1900 including 
action at Langs Nek 6th to 9th 
June 1900 Operations East of 
Pretoria in Transvaal July to 
November 1900 (Despatches Sir 
Redvers Buller 30th March and 9th 
November 1900 London ^ azetie 



8th February 1901 Queen 
Medal with 6 Clasps Created 
K c M c ) 

Specially selected to be Pnnci 
pal Medical Officer His Majesty s 
Forces in India January 190 

While P M 0 India he has 
been identified with re organiza 
tion of the field medical arrange 

ments andprogressmpeacecharges 
and in widespread sanitary improve 
ments and the health efficiency of 
the Army 

In the world of sport he has been 
prominent especially Racquets 
Billiards Cricket Polo Whi t 
Tenni and Yachting while m the 
racing world he has taken a fore 
most place at home and abroad and 
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lower point will travel approximately unit flistanee, which is 

the product of the uniform velocity v and the time - (iieaily) 

The uppei point, staiting likewise ivitli a velocity v = yl7?, 
tiavels dining the first moment ^ely neaily unit’s distance 

AB, and ai lives at B with a velocity = BE = v —1 =11^1 — 

Dining the second monient of time the \elocit}’’ of the uppei 

point is veiy nearly v ~1, hence the distance BC is , and 



the distance CE = BE — BC=v — l — 


-y — 1 


vj 


The 


distance of the point from E at the end of the thud moment 
IS snnilaily found to be -V and aftei the v'’' moment, 


d( 1 — - 

V 


V 


The distances fiom E of the upper point at the 


end of successive moments aie, theiefore, represented by the 
first of the two following senes (approximately), 



0 , 1 , 2 , 3, , V 


The second series lepresents at the end of coriesponding 
intervals of time veiy nearly the distances of D' fiom A' 
Accoidmg to Napier, the numbeis in the lower senes aie ap- 
pioximately the logaiithms of the conesponding numbeis in 
the upper series Now observe that the lowei series is an 
arithmetical piogression and the upper a geometrical progies- 
sion It IS here that Napiei’s discovery comes in touch with 
the work of previous mvestigators, like Archimedes and Stifel , 
it is here that the continuity between the old and the new 
exists 

The relation between numbers and their logarithms, which 
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IS indicited bj the 'ibo% o senes is found, of course in the logn 
nthms now m general use The numbers in the geometric 
senes 1, 10, 100 1000, ln\c for their common logarithms (to 
the base 10), the numbers in the arithmetic senes 0 1 2, 1 
But obser%e one \ery remark able peculiarity of Napiers log 
antlims they increase os the numbers thcmscUcs decrease 
and numbers exceeding v ha\c negatac logarithms Afore 
over, zero is the logarithm, not of unity (os m modern log 
anthms) but of i, which i\a3 taken by Napier equal to 10’ 
Napier calculated the logarithms not of siiccessiao integral 
numbers from 1 upwards, but of simcs IIis aim was to sun 
plify tngonomctnc computations The line AE uas the sine 
of 90 (i c of the radius) and nos taken equal to 10’ units 
BE, CE DE tv ere sines of arcs and VC, AD their 

respective logarithms It is ciident from nhat has been 
said that the logarithms of Napier are not the same os 
the natural logarithms to the base c»2718 Tins dif 
ferenco must bo emphasized, because it is not uncommon 
for text-books on algebra to state that the natural logarithms 
were in\cnted by Napier* The relation existing between 
natural logarithms and those of Napier is expressed by the 
formula,* 

10 ’ 

Nap logy = 10’nat 1^5 — 

It must be mentioned that Napier did not determine the 

I In view oI the fact that German writers of the clow of the last cen 
tury were the first to point out this difference It Is curious to find in 
Srockhaus Konversatiom ZjtxtKon (1894) article Logarithmus the 
statement that Napier Invented natural logarithms For references to 
articles by early writers pointing out this error consult Dn S GUMiitK 
lermtsekte Untersuchiinffen Chap V or my TeacAinji an<Z Jliator]/ oj 
ilathematici in the United States p S90 

For its derivation see CiJoni Jlistoty of Mathematics p 103 


IS 


d 

-1)1/ y 
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base to bis system of logaiitlims Tlie notion of a “base” 
not only nevei suggested itself to liiin, but in fact is inapplica- 
ble to bis system, unless it is modified somewbat ^ 
bTapiei’s gieat invention ivas given to tbe Moild in 1614, in 
a work entitled, Minfici loqai ithmornm canonis Ocscuptio” In 
it be explained tbe natuie of logaritbms, and gave a logaiitb- 
mic table of tbe natuial sines of a rjuadiant fiom minute to 
minute In 1619 appealed Napiei’s Mmfici loqauthmounn 
canonic conshiicUo, as a postlmmous ivork,’ in vbicli bis 
method of calculating logaritbms is explained'* The follov- 


* That the notion of a “ base ” inai become applicable, it is necessarj 
that zero be tlic logarithm of 1 and not of 10* 'Jins iclation log 1=0 
IS obtained approximatelj if each term of Napier’s geometric scries and 
each term of Ins arithmetic senes is dnided bj v or 10’ Tins gi\es us 






1 

JO’/ ’ 



2 

10*’ JOT’ 


1 


Here 1 appears as the logarithm of 



] \ 

1 , ^\hlch IS ncarlj' equal 


to e~i, lAheic e = 2 718 Ilcme the base of Nipiii’s loixarithms, «s 
heie modified, is the reciprocal of the base in the natural s\stem 

- From a note at the end of the table of logaiithms “ Since the calcu 
lation of this table, which ought to ha^e been accoiiiphslu d b^ the l.iboui 
and assistance of many computois, has been completed bj the stiength 
and industiv of one alone, it will not be surprismi; if mnn ciiois have 
ciept into it” The table is remarkably accuiate, as fewei inioi-, ha\e 
been found than might be expected See Ncnin’s Con<iti uUwn (Mac- 
DO^ALr)’s Ed ), pp 87, 00-9G 

^ It has been republished m Latin at Pans, 1805 An English transla- 
tion of the Constiuctio, by W R Macdonald, appealed in Edinburgh, 
1889 


^ For a hnef explanation of Napier’s mode of computation see Can- 
tor, II , p 669 
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ing IS a copy of part of the first page of the DescrtpUo of 
1614 

Gr 0 + I - 

0 ' 


Mtn 

et 

Loparithffll. 

Z>lff nntl* 

Lo^rlthml 

SI Ol 


0 

i 0 

Infinitum 

Infinitum 

0 

10000000 

CO 

1 

909 

814 uCSl 

814 .,080 

1 

10000000 

69 

2 1 

6818 

4401 13 

<4401 11 

3 

0000093 1 

68 

8 

8 7 

0139.^1 

01 0.,CO 

4 

0900000 j 

67 

4 

llQuQ 

0 50 740 

0760 30 

7 

9000093 

60 

C 

14o44 

0^1316 

C.<33130I 

11 

0000089 

6i» 


At the bottom of tlio first page in t)ic DeacripUo, on the 
riglit IS the figure “89 for 89 In the columns marked 
smus we have here copied the natural smos of 0 0 to 6 
minutes and of 80 , G3 to CO minutes In the columns marked 
' loganthnn are the loganthros of these sines, and in the 
column dilTerentiai the difTercnces between the logarithmic 
figures m the tno columns Sinco sinxss cos(90 — s) this 
semi-quadrantal arrangement of the tables rcall) gi\cs all the 
cosines of angles and their logarithms Thus, log cos 0 6' 
= 11 and log cos 89 o5'i»Co33I3IG Sloreoier since log tan x 
= — log cot x= log gin x — log cos X the column marked “differ 
enti'u gi%es the logarithmic tangents, if taken +, and the 
logarithmic cotangents if taken — 

Napier’s logarithms met with immediate appreciation both 
m England and on the continent Henry Bngys (15oG'-lC30), 
wlio in Napiers time was professor of geometry in Gresham 
College London and aftemards professor at Oxford uas 
struck ■nith admiration for the book Neper lord of Slark 

1 The Diet of fiational Biography 1601 as the date ol his birth 
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inston, hath set my head and hands at work with his new and 
admirable logaiithms I hope to see him this summer, if it 
please God, for I never saw a book which pleased me better 
and made me more wonder” Briggs was an able mathe- 
matician, and was one of the few men of that time who did 
not believe in astrology While Napier was a great lover of 
this pseudo-science, “Biiggs was the most satirical man against 
it that hath been luiown,” calling it " a system of groundless 
conceits ” Briggs left his studies in London to do homage 
to the Scottish philosopher The scene at their meeting is 
interesting Briggs was delayed in his journey, and Napiei 
complained to a common friend, ‘‘Ah, John, Mr Biiggs will 
not come ” At that very moment knocks were heaid at the 
gate, and Briggs was biought into the lord’s chamber Almost 
one-quarter of an hour went by, each beholding the other 
without speaking a word At last Briggs began “ My lord, 
I have undertaken this long journey purposely to see your 
person, and to know by what engine of wit or ingenuity you 
came first to think of this most excellent help in astronomy, 
VIZ the logarithms , but, my lord, being by you found out, I 
Avonder nobody found it out before, when now knoivn it is 
so easy ” ^ Briggs suggested to Napier the advantage that 
would result from retainmg zero for the logarithm of the 
whole sine, but choosing 10^ for the logarithm of the tenth 
part of that same sine, le of 5° 44 '22” Napier said that he 
had already thought of the change, and he pointed out a 
slight improvement on Briggs’s idea , viz that zero should be 
the logarithm of 1, and 10^ that of the Avhole sine, thereby 
making the characteristic of numbers greater than unity 
positive and not negative, as suggested by Briggs Briggs 
admitted this to be more convenient The invention of ‘‘Brig 


1 Make Napier’s Memoirs of John Napier, 1834, p 409 
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gnn logarithms ” occurretl, therefore to Briggs nnd Napier 
imlependentl} The great practical ad\antagc of the neiv 
system wis tint its fundamental progression was accommo- 
dated to the bxse 10 of our nuincrital scale Briggs dc\otcd 
all his energies to the construction of tables upon the new 
plan Napier died in 1617, with the satisfaction of haaing 
found in Briggs an able fnend to bring to completion Ins 
unhnished plans In lC2t Briggs published his Arithmctica 
loqarithnica containing the loganthins to 11 places of num 
bers from 1 to 20000 and from 90000 to 100,000 The gap 
from 20 000 to 90,000 was filled bj that illustrious sue 
ccssor of Napier and Briggs, Adrian Vlacq, of Gouda in 
Holland. He published m lO'^S a table of logarithms from 
1 to 100,000 of which 70000 were calculated b) himself 
The first publication of Bnj^ian logarithms of trigonometric 
functions was made in 1620 Cdmund Gunter a colleague 
of Briggs who found the logarithmic sines and tangents foi 
everj minute to seven places Gunter was the inientor ol 
the words cosine and cotangent Bnggs dciotod the last }cars 
of his life to calculating more cxten8i%e Briggian logarithms 
of trigonometric functions but he died in 1610 leading his 
work unfinished It was earned on b^ the Lnglish Henry 
Gelhhrand and then publi«»hed b^ Vlacq at his own expense 
Briggs divided a degree into 100 parts but owing to tlio 
publication by Vlacq of trigonometrical tables constnicted 
on the old sexagesimal division, the lnno^ ation of Briggs 
remained unrecognized Briggs and Vlacq published four 
fundamental works, tlio results of which base no\cr been 
superseded by any subsequent calculations ” * 

1 For further Information reganllni; logaritlunlc tables consult the 
articles lables (mathetiutical) in the Lnojetoi ixdia liriUinnica 0th 
Ed In the English Cyetopadia in the Pennj Cyclopadla and J W 
L Glaisuzb in the report of the commlttco on mathematical tables 
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We have pointed out that the logarithms published by 
Napier are not the same as our natural logaiithms The first 
appeal ance of natural logarithms (mth the decimal pomt 
omitted) IS in an anonymous Appendix punted in the 1618 
edition of Edwaid Wright’s tianslation of Napier’s Desciiptio 
This interesting Appendix explains methods of interpolation 
and is very probably wiitten by William Oughtred These 
mterpolations weie effected with the aid of a small table con- 
tammg the logarithms of 72 smes. In it, log 10 is given as 
230 2584 Tn modern notation, log^ 10 = 2 302584 

It IS frequently stated that natural logarithms appear m the 
Weio Logai ithmes, published at London by a London teacher of 
mathematics, John Speidell, in the yeai 1619 The book con- 
tams logaritbms of smes, tangents, and secants These are not 
quite the natural logarithms, on account of complications aris- 
ing from the fact that the logarithms appear m the tables as 
mtegral numbers and also that the natural functions (not 
prmted by Speidell) were taken as integral numbers Thus, 
Napier gives sin 30' = 87265, the radius bemg 10^ In reality, 
sin 30' = 0087265 The natural logarithm of this fraction is 
approximately 6 25861 Adding 10 gives 5 25861 Speidell 
wiites in his tables, log sin 30' = 525 861 The relation be- 
tween the natural logarithms and the logarithms m Speidell’s 
trigonometric tables is shown by the formula, Sp log x = 

10^^10 loge Tor secants aud the latter half of the tan- 

gents the addition of 10 is omitted In Speidell’s table log 
tan 89° = 404 812, the natural logarithm of tan 89° bemg 
4 04812 1 

published in the Itepoit of the British Association for the Advancement 
of Science foi 1873, pp 1-176 

1 On SpEiDEnn, see Quarterly Journal of Pure and Appl Math , Yol 
46, 1916, pp 174-178, article “ Tables ” in English Cyclopcedia, Be* 
port on Tables in the Beport of the British Association for 1873 
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From Speidell s statements it is evident that no theoretical, 
but purelj practical reasons induced him to modify Isapiers 
tables He desired to simphfj logarithms, so that persons 
Ignorant of the algebraic rules of addition and subtraction 
could use the tables IIis tables of 1619 a^oid negative nuro 
hers but the important adaptation to the Arabic dotation, 
brought about in the Ilriggian system escaped him His son 
Euclid Speidell saj s th it he ‘ at last concluded that the deci 
mal or Briggs logarithms were the best sort for a standard 
logarithm ” Editions of Speidell s book appear to have been 
issued in 1C'>0 1C21 1023, 1624 1027, 1028 but not all bj 
himself In his “ Bnefe Treatise of Sph tncall Triangles he 
mentions and complains of those who had printed his work 
without an atom of alteration and jet dispraised it in their 
prefaces for want of alterations To them be sa> s 

If that thou canst amend it 
So filiall the arto increase 
If thou canst not commend it 
rise preetheo bould tliy peace 

This unfair treatment of himsdf Speidell attributes to his 
not having been at Oxford or Cambndge — “ not hauing scene 
one of the Vniuersities ” 

In the edition of 1022 of his Acm? lA)garit1imcs Speidell pub- 
lished also logarithms of the numbers 1-1000, these are genu 
inely natural logantiims, except for ttie omission of the deci 
mal point "U e have mentioned the ver^ small table of 1018, 
which contains 72 logarithms Speidell’s is the earliest more 
extensive printed table of natural numbers There is a column 
in the table which shows that he means to use his table m cal 
culations bj feet, inches and quarters Thus the number 776 
has 10 1 3 opposite to it, there being 776 quarter inches in 
16 feet 1 inch 3 quarters This is an interesting example of 
the efforts made from time to time to partially overcome the 
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inconvenience aiisuig fioin the use of diffeient scales in the 
s}stein of ineasuies from that of our notition of numbeis At 
the bottom of each page Speulell inseits the logarithms of 100 
and 1000 foi use in decimal fiaetions 
The most elaborate sj^stem of natural logarithmic tables is 
"Wolfiam’s, which piacticallj’- gnes natuial logaiithms of all 
luimbeis fiom 1 to 10,000 to 18 decimal places They ^leie 
published in 1778 in J C Schul/e’s Sammhmg^ Wolfiaii' 
v?as a Dutch lieutenant of artillei}’ and his table repiesenbs 
six; 3 'eais of \ery toilsome woik The most complete table of 
natural logarithms, as regards range, was published by the 
Geiman lightning calculator Zacharias Dase, at Vienna, in 
ISoO A table is found also in Eees’s Cyclopccdia (1819), 
aiticle, “ Hypeibolic Logaiithms ’’ 

In view of the fact that all early efforts vere bent, not 
towaid dcMSing logarithms beautiful and simple in tlieoiy, but 
logaiithms as useful as possible in computation, it is cuiious 
to see that the eailiest systems are compaiatively veak in 
piactical adaptation, although of gieat theoietical inteiest 
Napier almost hit upon natuial logaiithms, whose modulus 
is unity, while Speidell luckily found the nugget 

The only possible iival of John Napier in the invention of 
logarithms was the Swiss Joost Biligi or Justus Byrgius 
(1652-1632) In his youth a watchmaker, he afterwards was 
at the observatory in Kassel, and at Prague with Kepler He 
was a mathematician of powei, but could not bung himself to 
publish his researches Kepler attributes to him the discovery 
of decimal fractions and of logarithms Burgi published a 
crude table of logarithms six years after the appearance of 
Napier’s Descnptio, but it seems that he conceived the idea 
and constructed that table as early, if not earlier, than Napiei 


1 Article “ Tables ” m the English Oytlopcedia 
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ild lus * However, he neglected to have the results published 
until after Kapier s logarithms (lai^el^ through the influence 
of Kepler) were known and admired tUroUohout Europe 

The methods of computing logarithms adopted by Naiuer, 
Briggs, Kepler, Vlacq are arithmetical and deducible from the 
loctnne of ratios After the largo logarithmic tables were 
once computed writers like Gregotj St Vincent Newton 
Nicolaus Mercator discovered that these computations can bo 
performed much more easily with aid of infinite senes In 
the study of quadratures, Gregorj St Vincent (liiS4-1007) in 
1647 found the grand property of the equilateral hyperbola 
which connected the hyperbolic space between the asymptotes 
with the natural logarithms and led to these lo 5 ,anthms being 
called hyperbolic By this property, Nicolaus Jlcrcator in 
1668 arrived at the logarithmic tencs and showed liow the 
construction of logarithmic tables could be reduced by series 
to the quadrature of hyperbolic spaces* 

English Weights and Measures 

At as late a period as the sixteenth century , the condition of 
commerce in England was very low Owing to men s igrorance 
of trade and the general barbarism of the times interest on 
money in he tliiiteenth centuiy mounted to an enormous rate 
Inataucea wiur of 6Q % rates* But course of the ue^t two 
centuries a reaction followed Not only were extortions of 
this sort prohibited by statute, but, in the reign of Henry VII , 
severe laws were made against taking any interest w liatever 

1 Por a description of It see GEnnAKDT 8 (7«scA d Math tn Deutschland 
1877 p 119 see also p 76 

2 1: or vxn us m tl ods of compatin logarithms consult art. Loga 
nthms in the EncjclopiEdia Bntanmca 0th Rd 

* Hume b Ilistorjj of Enaland Chap 'VII 
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all interest being then denominated xisury That commeiet 
did not flourish undei these new conditions is not strange 
But after the middle of the sixteenth century we find that 
the invidious word usiii y came to be confined to the taking of 
exorbitant or illegal interest , 10 ^ was permitted What 
little tiade existed up to this time was carried on mainly by 
merchants of the Hansa Towns Easterlings as they were 
called ^ 

But in the latter half of the fifteenth century the use of 
gunpowder was introduced, the art of printing invented, 
America discovered The pulse and pace of the world began 
to quicken Even in England the wheels of commerce were 
gradually set in motion In the sixteenth century English 
commerce became brisk Need was felt of some preparation 
foi business careers Arithmetic and book-keepmg were 
introduced into Great Britain 

Questions pertaining to money, weights and measures must 
of necessity have received some attention even in a semi-civ 
ilized community In attempting to sketch their history, we 
find not only in weights and measures, but also in English 
coins, traces of Eoman influence The Saxons improved 
Roman coinage That of William the Conqueioi was appar- 
ently on the plan adopted by Charlemagne in the eighth 
century and is supposed to be derived from the Romans as 
regards the division of the pound into 20 shillings and the 
shilling into 12 pence The same proportions were preserved 
in the lim of Italy, libra of Spain, and livie of Fiance, all 
now obsolete The pound adopted by William the Conqueror 
was the Saxon Money ei's or Tower pound of 5400 grains^ 

^Hunt’s Chap XXXV 

Kjelli’s Umveisal Cambist, London, 1835, Vol I, p 29 
Much of our information regarding English money, weights, and meas* 
nres is deri'^^d from this work 
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oticc that the vegetable kingtloni supplied the pnmarj unit of 
mass the ‘gram V pound in weight and a pound m talc (tint 
IS in reckoning) were the same Vn amount of siUcr neighing 
one pound was taken to bo worth one pound in nionc} This 
explains the double meaning of the word pound first as a 
weight unit secondly as a inonc^ unit Later the Iro} pound 
(5700 grains) came to bo used for weiglmig precious metals 
A Troj pound of silicr would thciefore contain 21|^ of the 
shillings mentioned above Between the thirteenth centurj 
and the beginning of the sixteenth the shilling was reduced 
lo ^ Its ancient weight V. change of this sort would proliabl; 
have been disastrous, except for the practice which appears to 
have been observed, of pajmg b) weight and not b^ tale If 
wo except one short period wemaj saj that the nevv^ shilling 
was permitted to varj but little m its fineness In 1C0> in 
the reign of Charles II a Tro} pound of silver jiclded 02 
shillings in 181G it yielded CG shillings* A financial expo 
dient sometimes resorted to b} governments was the doprecn 
tiOD of the currency, b} means of issues of com w Inch containtd 
much less silver or gold than older coins but winch had iionn 
nally the same value This was tried b^ Ilcnrj ^ III who 
issued monej in which the silver was reduced in amount b} i 
later k and finally ^ In the reign of Edward \ I , the amount 
of silver w as reduced by so that a com contained onl) ] the 
old amount of silver Seventeen years after the first of these 
issues Queen Elizabeth called in tho base com and put mone^ 
of the old character in circulation Henr} VIII s experiment 
was disastrous, and reduced England “ from the position of a 
first rate to ♦hat of a third rate power in Europe for more than 
a century ” * 

* Keclt Vol I p 29 

* Article Finance In Entyclopadia Brifaiuifca 0th Ed Consult 
^Iso Fbakcis a Walker JUonejf Chapa \ and \I 
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Intel esting aie the etymologies of some of the words used 
m connection uith English inone^’ The name seems 

to have been intioduced tlnough the Ilansa merchants in 
London “ In the time of King Richard I , inonie coined 
m the east parts of Geimanie began to be of especiall lequest 
in England foi the puiitie thcieof, and vas called Eastohng 
monie, as all the inhabitants of those paits weic called Easlei- 
hnqs, and shoitly aftei some of that tonntne, skillful in mint 
matters, A\eie sent foi into this lealme to bung the come 
to peifection , vhich since that time v as called of them stPihnq, 
for Easteiliuq'^ (Camden) In the eaily coinages the silvei 
penny oi steiling nas minted nith a deep cioss When it was 
broken into four paits, each "was called a foiolh-ntq oi fdilJmiq, 
the inq being a diminutive Laigci sihei pieces of foiii pence 
were first coined in the leign of Edwaid III They iveie 
called gieais oi gioals In 1663, in the leign of Charles II, 
new gold coins weie issued, 411 pieces to one Tioy pound of 
the metal These were called (jrammi, after the new country 
on the west coast of Africa whence the gold vas brought’ 
The guinea varied in its cuiient puce fiom 20 shillings up to 
30, until the year 1717, when, on Sii Isaac Kewton s lecom- 
meudation, it was fixed at 21 shillings, its present value - 

The history of measures of weight bungs out the curious 
fact that among the Hindus and Egyptians, as well as Italians, 
English, and other Europeans, the basis foi the unit of v eight 
lay usually m the gmin of bailey This was also a favourite 
unit of length The lowest subdivision of the pound, oi of 

1 Thom vs Dilmorth in Ins Schoolmaster' Assi’itaiit, 1784 (first edition 
about 1743) praises English gold as follows, p 89 “In England, Sums of 
Mony are paid in the best Specie, viz , Guineas, by which Means 1000 1 
or more may be put into a small Bag, and conveyed aw'ay in the Pocket , 
but in bw'eden they often pay Sums of Mony m Copiiei, and the Mer- 
chant IS obliged to send Wheelbarrows instead of Bags to receive it “ 

2 Keh-v, Vol I , p 30 
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other similar units, was usuallj defined as weighing the same 
as a certain number of grams of barley That no great degree 
of accuracy could be secured and maintained on such a basis 
is evident The fact that the writings of Greel phjsicians 
Tvere %\idely studied, led to the geneial adoption in Europe 
of the Greek subdivisions of the htra or pound The pound 
contained 12 ounces the lower subdivisions being the chachm 
OT dram (*a handful”) the jframwia ( *a small weight ), and 
the gram ^ The Romans translated gramma into scriptulum 
or scnipulum which word has come down to us as “scruple 
The w ord gramme has been adopted into the metric system 
The Greeks had a second pound of 1C ounces called nima 
The subdiiision of pounds both duodecimallj and according 
to the fourth power of two is therefore of ancient date 
During the Middle Ages there was in Europe an almost 
endless variety of different sizes of the pound as also of the 
foot but the words “ pound’ and foot” were adopted by all 
languages , thus pointing to a common ongm of the measures 
The various pounds were usually divided into 1C ounces, 
sometimes into 12 The word pound comes from the Latin 
pondus The word ounce ’ is the Latin uncia, meaning “a 
twelfth part ’ The words ounce and ‘ inch have one 
common derivation the former being called xincia librae {libra, 
pound) and the latter uncia pedis {pes foot) * 

On English standards of weights and measures there existed 
(we are told by an old bishop) good laws before the Conquest 
but the laws then as subsequently were not well observed 
The Saxon Tower pound was retained by William the Con 
queror and sened at first both as monetary and as weight 
unit There have been repeated alterations m the size of tlie 
pounds m use m England Moreover several different kinds 


* Peacock p 444 


Vol I p 20 
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were in use for diffeient purposes at one and the same time 
The first serious attention to this subject seems to have been 
given 111 1266, statute 51 Henry III , when, ‘‘ by the consent of 
the whole lealm of England an English penny, called a 
steiling, round and without any clipping, shall weigh 32 wheat 
coins in the midst of the eai, and 20 pence do make an oimce, 
and 12 ounces one pound, and 8 pounds do make a gallon of 
wine, and 8 gallons of wine do make a London bushel, which 
is the eighth pait of a quaiter ” Accoiding to this statement, 
tne pound consisted of, and was determined by, the weight of 
7680 grains of wheat Moieovei, silver coin was apparently 
taken by weight, and not by tale Ho doubt this was a 
grievance, when the standard of weight was so ill-established 
The pound defined above we take to be the same as the Tower 
pound In 1527, statute 18 Henrj’- VIII , the Tower pound, 
waich had been used mostly for the precious metals, was 
abolished, and the Tioy established in its place The earliest 
statute mentioning the Troy pound is one of 1414, 2 Henry V , 
how much earlier it was used is a debated question The old 
Tower pound was equivalent to of the Troy The name 
Tioy IS generally supposed to be derived fiom Ttoyes in 
France, where a celebrated fair was formerly held, and the 
pound was used The English Committee (of 1758) on 
Weights and Measures were of the opinion that Troy came 
from the monkish name given to London of Ti oy-novant, 
founded on the legend of Brute ^ According to this, Troy 

1 Accoiding to mythological history, Biute was a descendant of JEneas 
of ancient Troy, and having inadvertently killed his father, fled to Britain, 
founded London, and called it Ti oy-novant (New Troy) Spenser writes, 

“ Faery Queen ” III , 9, 

For noble Britons sprong from Trojans bold 

And Troy-novant was built of old Troyes ashes cold. 

See Brewer’s Die of Phrase and Fable, 
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weight meins “ London weight ” At about the sime period, per 
haps, the v, oirdupois weight was established for hea^ j goods 
The name iscommonJj supposed to be denied from the French 
aioir-flu pots, a corrupt spelling introduced for aioirdcpois, 
and signifying “goods of weight * In the earliest statutes 
in which the word avoirdupois is used (9 Edward III , m 133 j 
and 27 Edu ard III , in 13o3), it is applied to the goods them 
sehes not to a system of weights The latter statute sajs, 
* Forasmuch os we have heard that some merchants purchase 
avoirdupois woollens and other merchandise by one weight 
and sell bj another we therefore will and establish that 
one weight one measure, and ono jard bo throughout the land, 
and that woollens and all manner of a\oirdupois bo 
weighed ” In 1532, 24 Henrj VIII, it was decreed that 
‘ beef, pork, mutton, and aeal shall bo sold h) weight called 
haverdupois ” * Here the word designates weight. According 
to an anonymous arithmetic of 1596 cn itled “ The Pathway of 
Knowledge,” the pound habcrdepois is parted into 10 ounces 
every ounce 8 dragraes cverj dragmo 3 scruples o\ cry scruple 
20 grains ” This pound contains tho same number (7CS0) of 
grains as tho statute pound of 1266 and the same subdiMsions 
of the ounce, drachm, and scruple as our present apothecaries 
weight The number of grains in the pennj weight of the old 
pound was changed from 32 to 24, rendering tho number of 
grams in the pound 5760 "Wliy and when this change was 
made we do not know Cocker, Wingate etc, say m their 
arithmetics that ‘ 32j7rains o/aAcai make 24 arti/tciafyrani? * 
The origin of our apothecaries weight, it has been suggested,* 

1 SIonnAT 8 English Dictionary 

* Johnson s Universal Cjclopcedia article Weights and Meisures 

8 CocKEB 8 Arithmetic Dublin 1714 p 13 Giorgs Siillllts Ed 
of ^\I^OATt8 Anthmetick IGcUEd 173« p 7 

* See article Weights and Measures In Penny or English Cyclopaedia. 
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was tins Medicines were dispensed by the old subdivisions of 
the pound (as given in the “Pathway of Knowledge”) and 
continued to be so after the standaid pound (with 24 instead 
of 32 grains in the pennyweight), which Queen Elizabeth 
ordered to be deposited in the Exchequer in 1588, supplanted 
the old pound There appear, thus, to have been two different 
pounds avoirdupois, an old and a new The new of Queen 
Elizabeth agreed very closely with, and may have originated 
from, an old merchant’s pound * It must be remarked that 
before the fifteenth century, and even later, the commercial 
weight in England was the Amsterdam weight, which was 
then used in other parts of Europe and in the East and A Vest 
Indies ^ In Scotland it has been in partial use as late as our 
century, while in England it held its own until 1815 in 
fixing assize of bread ^ This weight tells an eloquent story 
regarding the extent of the Dutch trade of early times 

Other kinds of pounds are mentioned as in use in Great 
Britain® Their variety is bewildering and confusing, then 
histones and relative values are veiy unceitain In fact a 
pound of the same denomination often had different values 
in different places The “Pathway of Knoivledge,” 1596, 
gives five kinds of pounds as in use the Tower, the Tioy, the 
“ haberdepoys,” the subtill, and the f oyle The subtill pound 
was used by assayers , the foyle was -f of a Troy and was used 
for gold foil, wire, and for pearls In case of gold foil and 
wire, the workman probably secured his profit by selling -I of a 
pound at the price of a pound of bullion Many vaiieties of 
measure arose from the practice of merchants, who, instead of 

^ “Weiglits and Measures” m Penny or m English Cyclopcedia 

2 Kelly, Vol II , p 372, note 

® Thus Dilavorth, in his Schoolmaster's Assistant, 1784, p 38, says 
‘ ‘ Raw, Long, Short, China, Morea-Silk, etc , are weighed by a great 
Pound of 24 oz But Ferret, Filosella, Sleeve-Silk, etc , by the commoH 
Pound of 16 oz” 
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varying the jiricc of a given amount of an article would vary 
the amoimt of a given name (the pound, saj ) at a given price ‘ 

Vncient measures of length were commonly dcn\cd from 
some part of the human body This is seen m cubit (length 
of forearm), foot digit palm, span, and fathom Later their 
lengths were defined in other wajs as b} the nulth (or length) 
of barley corns or bj reference to some arbitrarily chosen 
standard, carefully preserved by the goxernmont The cubit 
IS of much greater antiquity than the foot It nas used by 
theLgyptians Vssyrians Babylonian** and Israelites Itnas 
employed m the construction of the pyramid of Gizch per 
haps, 3d00 n c The foot was used by the Greeks and the 
Romans The Roman foot (=s 11 Go English inches) n as some 
tunes dnided into 12 inches or imeitc hut usually into 4 palm^ 
(breadth of the hand across the middle of the fingers) and 
each palm into 4 fingcr-irendtA# 1 oot rules found m Roman 
rums usually give this digital division* By the Romans as 
also by the ancient Egyptians care was taken to preserve the 
standards, but during the ’Middle Ages tlierc arose great diver 
sity m the length of the foot 

Vs previously stated, the early English like the Hindus and 
Hebrews used the barley corn or the wheat corn in detcrmin 
ing the standards of length and of weight If it be true that 
Henry I ordered the yard to be of tho length of his arm then 
this IS an exception It has been stated that the Saxon yard 
was 39 0 inches^ and that, in tho year 1101 it was shortened 
by Henry I to the length of his arm Tlio earliest Lnghsli 
statute pertaining to units of length is that of 1324 (17 Edw ard 
II ) when it was ordained that ‘ three barley corns round and 
dry make an inch, 12 inches one foot three feet a yard 
Here the lengths of tho barley corns are taken, while later, in 

> Weights and Measures in Bngttah Cgclopcedia 

3 Dt. Mosoak Arilh Books p C 
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the sixteenth century, European writeis take the hi eadth, thus, 
64 bieadths to one “ geometrical ” foot (Clavius) The breadth 
ivas doubtless inoie definite than the length, especially as the 
woid “lound” in the law of 1324 leaves a doubt as to how 
nuch of the point of the giam should be lemoved before it can 
'e so called 

It would seem as though unifoimity in the standards should 
be desiied by all honest men, and yet the British government 
has always expeiienced great difficulty m enforcing it To be 
sure, the provisions of law often increased the confusion 
Thus, in 1437, by statute 15 Heniy VI , the alnagei, or measurer 
by the ell, is directed “to procure for his own use a cord twelve 
yards twelve inches long, adding a quaitei of an inch to each 
quarter of a yard ” This law marks the era when the woollen 
manufacture became important, and the law was intended to 
make certain the hitherto vague custom of allowing the width 
of the thumb on every yard, for shrinkage In 1487, as if to 
repeal this, it was ordained that “ cloths shall be wetted before 
they are measured, and not again stretched ” But in a later 
year the older statute is again followed ^ 

There was no defined lelation between the measures of 
length and of capacity, until 1701 The statute for that year 
declares that “ the Winchester bushel shall be round with a 
plane bottom, 18} inches wide throughout, and 8 inches deep ” 
In measures of capacity there was greater diversity than in 
the units of length and weight, notwithstanding the fact that 
in the laws of Emg Edgar, nearly a century before the Con- 
quest, an injunction was issued that one measure, the Winches- 
ter, should be observed throughout the lealm Heavy fines 
were imposed later for using any except the standard bushel 
but without avail The history^ of the wine gallon illustrates 

1 Noith American Bevieio, No XCVII, October, 1837 

2 North American Beview, No XCVII 
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how standards are m danger of deterioration By a statute of 
Henry III there was but one legal gallon — the wme gallon 
\ et about 1680 it was discovered that for a long time impoiters 
of wme paid duties on a gallon of 272 to 282 cu in , and sold 
the wme by one of capacity varying from 224 to 231 cu in 

The British Committee of 1758 on weights and measures 
seemed to despair of success in securing uniformity, saying 
‘ that the repeated endeavours of the legislature, ever since 
Magna Charta to compel one weight and one measure through 
out the realm never having proved effectual, there seems little 
to be expected from reviving means which experience has 
shown to be inadequate ” 

The latter half of the eighteenth and the first part of the 
nineteen^' century saw the wide distribution in England of 
standaids scientifically defined and accuratelj constructed 
Nevertheless as late as 1871 it was stated m Parliament that 
m certain parts of England different articles of merchandise 
were still sold by different Kinds of weights, and that m 
Shropshire theie Mere actually different weights employed 
for the same merchandise on different market-daj s ’ 

The early history of our weights and measures discloses the 
fact that standards have been chosen as a rule by the people 
themselves, and that governments stepped in at a later period 
and ordained certain of the measures already m use to be legal, 
to the exclusion of all others Measures winch grow directly 
from the practical needs of the people engaged m certain occu 
pations have usually this advantage that they are of conven 
lent dimensions The furlong ( ‘ furrow long ’ ) is about the 
average length of a furrow the gallon and hogshead have 
dimensions which were well adapted for practical use , shoe 
makers found the barley corn a not unsuitable subdivision of 


^Johnson s ETniiersctZ Vrt. Weights and Measures 
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the inch in measuring the length of a foot A very remark 
able example of the convenient selection of units is giien by 
De Morgan ^ That the tasks of those who spin might he cal- 
culated more readil}’’, the sack of wool was made 13 tods of 
28 pounds each, or 364 pounds Thus, a pound a day was a 
tod a month, and a sack a year But vheie aie the Sunday's 
and holidays'^ It looks as though the -weary “spinster” iias 
obliged to put in extia houis on othci days, that she might 
secuie hei holiday Again, “The Bokc of Measuiyng of 
Lande,” by Sii Richarde de Bcncse (about 1539), suggests to 
De Moigan the following passage ’ “The acre is four roods, 
each lood is ten daye-ivoiKes, each da 3 'e-worke four perches 
So the acre being 40 daye--workes of 4 perches each, and the 
mark 40 gioats of 4 pence each, the aristocracy of money and 
that of land undei stood each other easily ” In a sj'stem like 
the Fiench, systematically built up according to the decimal 
scale, simple lelations betiveen the units for time, for amount 
of -work done, and for earnings, do not usuallj' exist This 
IS the onl}'- valid objection -which can be uiged against a sys- 
tem like the metric On the other hand, the old system needs 
readjustment of its units every time that some im ention brings 
about a change in the mode of working or a saving of time, 
and ne-iv units must be invented whenever a new trade spiings 
up Unless this is done, systems on the old plan aie, if not 
ten thousand times, seven thousand six hundred forty-seven 
times -worse than the metric system Again, the old mode of 
selecting units leads to endless varieties of units, and to such 
atrocities as 7 92 inches = t link, 5J yards = 1 rod, 16-]- feet 
= 1 pole, 43560 sq feet = 1 acie, 1-]- hogshead = 1 punch 
The advantages secured by having a uniform scale for 
weights and measures, which coincides -with that of the Arabio 


^ Arithmetical Books, p 18 
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Notation are admitted by all ivho have given the subject due 
consideration Among early English writers whose names are 
identified with attempted reforms of this sort are Edmund 
Gunter and Henry Briggs, who for one j ear, were colleagues 
in Gresham College London No doubt they sometimes 
met in conference on this subject Briggs divided the degiee 
into 100, instead of 60, minutes, Gunter divided the chain 
into 100 links, and chose it of such length that “ the work be 
more easie in anthmetick for as 10 to the breadth in chains 
so the length in chains to the content m acres ” Thus the 
product of the length and breadth (each expressed in chains) 
of a rectangle gives the area in acres 

The crowning achievement of all attempts at reform in 

eights and measures is the metric system It had its origin 
at a time when the French had risen in fearful unanimity, de 
termined to destroy all their old institutions, and upon the 
rums of these plant a new order of things Finally adopted in 
France m 1799 the metric sjstem has during the present 
century displaced the old system in nearly every civilized 
realm, except the English speaking countries So easy and 
superior is the system that no serious difficulty has been en 
countered in its introduction, wherever the experiment has 
been tried The most pronounced opposition to it was shown 
by the French themselves The ease with which the change 
has been made in other countries in more recent time is due 
in great measure to the fact that, before its adoption the 
metric system had been taught in many of the schools 

Jiise of the Commercial School of Arithmeticians in England 

Owing to the backward condition of England, arithmetic -n as 
cultivated but little there before the sixteenth century In 
the fourteenth century the Hindu numerals began to appear in 
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Gieat Britain A single instance of their use in the thir 
toenth century is found in a document of 1282, ivliere the 
uoid^ irium is wiitten 3?m In 1325 theie is a uaiiant from 
Italian merchants to pay 10 pounds , the body of the docu- 
ment contains Roman numeials, but on the outside is endorsed 
by one of the Italians, 13^9, that is, 1325 The 5 appeals in- 
complete and iiu cited, lesembling ilie old 5 in the Bambeig 
Aiitlunetic of 1183, and the 5 of the apices of Boethius The 
2 has a slight lesemblance to the 2 in the Bamberg Arith- 
metic The Hindu numerals of that tune i\cie so different 
fiom those now in use, and \aiied so gicatly in then foini, 
that poisons unacquainted witli their liistoi} aie apt to make 
mistakes in identifying the digits A singular piactice of 
high antiquity was the use of the old lettei ij foi 5 Cuiious 
eiiois sometimes occui in notation Thus, X2 for 12, XXXI, 
01 301, foi 31 Tlic new’ numeials aie not found in the books 
punted by Caxton, but in the Myirour of the IJcoW, issued by 
him 111 1 ISO, theie is aivood-cut of an aiithmetician sitting before 
a table on which aie tablets with Hindu numeials upon them 

The use of Hindu numeials in England in the fifteenth cen- 
tuiy IS lather exceptional Until the middle of the sixteenth 
century accomits W’cre kept by most merchants in Roman 
numerals The new symbols did not find w’ldespread accept- 
ance till the publication of English aiithmetics began As in 
Italy, so in England, the niuneials w’eie used bj’- meicantile 
houses much eailier than by monasteiies and colleges 

The fiist impoitant arithmetical work of English authorship 
was published in Latin in 1522 by Cutlibeit Tonstall (1474— 
1559) Xo eailier name is known to us excepting that of 
John Xorfolk, who wrote, about- 1340, an infeiioi treatise on 

^ Our account of the numerals in England is taken from Jami s A 
Picton’s article On the Origin and History of the Niimei als, 1874 

2 W W R Ball, Histoi y of the Study of Mathematics at Cambridge, 
Cambiidge, 1889, p 7 
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progressions which was printed m 1445, and reissued b;y Ilalli 
well m his Kara Mathemaiicaf London, 1841 Norfolk con 
founds arithmetical and jjeometncal progressions, and conBiies 
himself to the most elementary considerations 

Tonstall studied at Oxford, Cambridge, and Padua, and 
drew freelj from the works of Paciolr and Kegiomontanus 
Rejnints of his arithmetic De arte sxipputandi * appeared in 
England and Fiance, and ;yet it seems to ha^e been but little 
known to succeeding English writers * The author states that 
some years previous he had dealings m monej (argentarns) 
and not to get clieited, had to study arithmetic He read 
everj thing on the subject in every language that he knew and 
spent much time, he sa^s, in licking what he found into shape, 
nd itrsi excmplum, as the bear does her cubs According to 
De Morgan* this book is “decidedly the most classical which 
over was written on the subject in Latin, both in purity of 
stjlc and goodness of matter ’ The book is a farewell to 
tlie sciences ’on the authors appointment to the bishopric of 
London A modern critic would say that theie is not enough 
demonstration m this arithmetic but Tonstall is a verv Euclid 
the side of most of his contemporaries Arithmetic il results 
frequently needed, he arranges m tables Thus he gives the 
multiplication table m form of a square also addition, subtrac- 
tion, and division tables and the cubes of the first 10 numbers 
For* J of I of 4 ho has the notation J I *. Interesting is 
Ins discussion of the multiplication of fractions 4\e must 
here premise that PacioU (1*^^® many a school boy of the 
present day) was greatly embarrassed* by the use of the term 

* In this book the pages are not numbered The earliest known work 
in which the ITindu numerals are used for numbering the pages is one 
printed in 1471 at Cologne See Usoek p IC and Kastxeii \ol I 
p 04 • Camor II 4 C 

*DeMoroav Anthmehutl SooXt p 33 ‘Peacock p 430 
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“multiplication ” in case of fractions, ■\\lieic tlic product is less 
than the multiplicand That “miiliiply” means “inciease’’ 
he proves fiom the Bible “Be fiuitfiil and multipl}, and re- 
plenish the earth ” (Gen i 28) , “ I v ill multipl} th} seed as 
the stars of the heaven” (Gen x\ii 17) But hou is this to 
be reconciled vith the product of fiactions^ In this va} 
the unit in the product is of gicatci iMlue or sirjnxjwanca , 
thus, if \ and ^ aic the sides of a squ.iie, then \ represents 
the aiea of the sf|uare itself Latoi v liters cncounteied the 
same difficulty, but veic not alu.vys satisfied vith Bacioli’s 
explanation Tonstall discusses the subject vith unusual 
clearness He takes 5 X ] = “ If ’ } ou ask the leason vhy 

this happens thus, it is this, that if the numeiatois alone are 
multiplied together the integcis appeal to be multiplied 
togethei, and thus the numeiatoi vould be inci eased too 
niiieli Thus, in the example guen, vhen 2 is multiplied into 
3, the lesult is 6 , vliich, if nothing more vere done, vould 
seem to be a ivhole numbei , houciei, since it is not the inte- 
ger 2 that must be multiplied by 3, but ; of the intcgei 1 that 
must be multiplied by ] of it, the denominators of the parts 
are m like manner multiplied togethei , so that, finally, by the 
division vliich takes place thioiigh multiplication of the de- 
nominatois (for by so much as the denominator incieases, by 
so much are the paits diminished), the inciease of the numei 
ator IS corrected by as much as it had been augmented more 
than was light, and by this means it is reduced to its proper 
value ” 

Tills dispute IS instanced by Peacock as a cimoiis example 
of the embarrassment arising when a teim, resti^cted in mean- 
ing, IS applied to a geneial operation, the interpretation of 
which depends upon the kinds of quantities involved The 


^ We are translating Tonstall’s Latin, quoted by Peacock, p 439 



MODERN TIMES 


183 


dlfBculty wlucli is encountered in multiplication arises also 
in the process of diMsion of fractions for the quotient is 
larger than the dividend The explanation of the paradox 
calls for a clear insight into the nature of a fraction That, 
in the historical development, multiplication and division 
should have been considered primarily in connection with 
integers is verj natural The same course must be adopted 
in teaching the young First come the easy but restricted 
meanings of multiplication and division, applicable to vv hole 
numbers In due time the successful teacher causes students 
to see the necessitj of modifjing and broadening the meanings 
assigned to the terras A similar plan has to be followed in 
algebra m connection with exponents First there is given an 
easy definition applicable only to positive integral exponents 
Later, new nieamngs must be sought for fractional and nega 
tive exponents, for the student sees at once the absurdity if 
we say that in xi, x is taken one>balf times as a factor 
Similar questions repeatedly arise in algebra 
Of course, Tonstall gives the English weights and meas 
ures he also compares English money with the French etc 
It IS worthy of remark that Tonstall to prevent Tyndale s 
translation of the New Testament from spreading more widely 
among the masses is said to have once purchased and burned 
all the copies which remained unsold But the bishop's 
money enabled Tyndale the following year, to bring out a 
second and more correct edition • 

A quarter of a century after the first appearance of Ton 
stall s anthmetic were issued the writings of Kdbert Itecorde 
(Iol0-15o8) Educated at Oxford and Cambridge, he ex 
celled in mathematics and medicine He taught arithmetic 
at Oxford but found little encouragement notwithstanding 
the fact that he was an exceptional teacher of this subject 
Migrating to London, he became physician to Edward VI , 
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and later to Queen Mar^ It does not seem that he met ^vlth 
recompense at .all adequate to Ins merits, for aftcrw.ards he •was 
confined in prison for debt, and there died He -wrote several 
vvoiks, of which we shall notice his arithmetic and (elsewhere) 
his algebra It is stated that Eccordc was the earliest Eng 
lishman who accepted and advoc.ated the Copernican theory ’ 
Ills aiithmetic, The Gionmle of Arta, was published in 
l,“iO Unlike Tonst.iirs, it is written in English and contains 
the symbols +, — , 2 symbol he uses to denote 

equality In his algebra it is modified into our familiai 
sign = These tliice svmbols aie not used eveept toward the 
last, under “ the rule of Falsehode He s.ays - “ + vvliyehe 
betokeneth too muche, as this line, — , plaine without a crosse 
line, betokeneth too little ” The work is vviitten in the form 
of a dialogue betw ecu master and pupil Once the pupil says, 
“And I to 3muie aiithoritie ni}" witte doe subdue, whatsoever 
you say, I take it for true,” whereupon the master leplies 
th.at this IS too much, “thoiighe I mighte of 1113' Scholler some 
ciedence lequiie, 3mt except I shew re.ason, I do it not desire ” 
Notice heie the ih3’’me, which sometimes occurs in the book, 
though the veise is not set off into lines b3' the printer In 
all opei.ations, even those wuth denominate numbers, he tests 
the lesiilts by “casting out the 9 ’s”® The scholar complains 
that he cannot see the leason for the piocess “No 11101 e 
doe you of man3m things else,” replies the master, arguing 
that one must fiist leain the art by concisel3’’ worded lules, 
befoie the reason can be giasped This is certainly sound 

1 Bali ’s Mathematia at Gavihridge, p 18 

- CALTon, II , p 477-480 

^ The insufficiency of this test is emphasized hy Cocker as follows 
“But there may he given a thousand (nay infinite) false products in 
multiplication, wdiich after this manner may he pioved to he tine, and 
therefore this way of proving doth not deserve any example,” Atithme- 
tick, 28th Ed , 1714, p 60 


MODERN TOfES 


185 


advice The method of ‘ casting out the 9 s ” is easily learned, 
but the reason for it is beyond the power of the j oung student 
It IS not contrary to sound pedagogy sometimes to teach 
merelj the facts or rules, and to postpone the reasoning to 
a later period "Uhoe^er teaches the method and the reason 
ing in square root together is usually IcjjS successful than he 
who teaches the two apart, one immediately after the other 
It IS we belie\e the usual experience, both of individuals 
and of nations that the natural order of things is facts first, 
reasons afterwards This view is no endorsement of mere 
memorj -culture, which became universal in England after 
the time of Tonstall and Eecorde 
Eecorde gives the Rule of Three (or “the golden rule”), 
progressions, alligation fellowship, and false position He 
thinks it necessary to repeat all the rules (like the rule of 
three, fellowship etc ) for fractions This practice was preva 
lent then, and for the succeeding 250 years He w as particii 
larly partial to the rule of false position (“ rule of Falschode ’) 
and remaiks that he was in the habitof astonishing his friends 
by proposing hard questions and deducing the correct answer 
by taking the chance replies of “suche children or jdeotes 
as happened to be in the place ” 

It is curious to find m Kecoide a treatise on reckoning by 
counters * whiche doth not onely serve for them that cannot 
write and reade but also for them that can doe both but have 
not at some times their pen or tables readie with them He 
mentions two waj s of representing sums by counters, the Mer 
chant s and the Auditor^s account In the first 198 1 , 19 s , 
11 d , IS expressed by counters (our dots) thus — 

= 100 -f 80 pounds 
= 10 -b 6 -f- 3 pounds 
= 10 -t- 5 4 shillings 
= 6-1-5 pence 
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Observe that the four horizontal lines stand respectively for 
pence, shillings, pounds, and scoies of pounds, that counteis in 
the inteivening spaces denote half the units in the next line 
above, and that the detached counteis to the left aie equivalent 
to five counteis to the light ^ 

The abacus with its counters had ceased to be used in Spam 
and Italy in the fifteenth centuiy In Fiance it was used at 
the time of Recoide, and it did not disappeai in England and 
Geimany befoie the middle of the seventeenth centuiy The 
method of abacal computation is found in the English ex- 
chequei foi the last time in 1676 In the leign of Heniy I 
the exchequei was distinctly oiganized as a couit of law, but 
the financial business of the ciown was also cairied on theie 
The teim “exchequei” is deiived fiom the chequeied cloth 
which covered the table at which the accounts weie made up 
Suppose the sheiiff was summoned to aiiswei foi the full annual 
dues “ m money oi in tallies ” “The liabilities and the actual 
payments of the sheiiff weie balanced by means of counteis 
placed upon the squaies of the chequeied table, those on the 
one side of the table lepresenting the value of the tallies, 
waiiants, and specie presented by the sheiiff, and those on the 
othei the amount foi which he was liable,” so that it was easy 
to see Avhethei the sheriff had met his obligations oi not In 
Tudor times “ pen and ink dots ” took the place of countei s 
These dots weie used as late as 1676- The “tally” upon 
which accounts weie kept was a peeled wooden lod split in 
such a way as to divide ceitain notches ple^uously cut in it 
One piece of the tally was given to the payei , the othei piece 
was kept by the exchequer The transaction could be verified 
easily by fitting the two halves together and noticing whethei 

' Peacock, p 410 , Peacock also explains the Auditoi 's Account 

"Article “Exchequer” m Palgkave’s Dictionaiy of Political Econ 
oniM London, 1894 
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the notches ‘ tillied or not Such t'lllics remained in use as 
Hte as 1783 * 

In the THn^cr’s Tah (IV , 3) Shakespeare lets the clou n be 
embarrassed b^ a problem uhich he could not do uithont 
counters lago (m Olhelto, I ) expresses his contempt for 
Michael Cassio “forsooth a great mathematician,” bj calling 
him a counter-caster * It thus appears that the old methods 
of computation Avere used long after the Hindu numerals ucrc 
in common and general use \\ ith such dogged persistonrj 
docs man cling to the old’ 

M hilo England, during the sixteenth centurj produced no 
mathematicians comparable with Vieta in 1 ranee, Khelicus 
in GermanjjOr Cataldi in ItaU it is nc\crthelcss true that 
Tonstall and Rccorde through their mathematical works re- 
flect credit upon England Their arithmetics are nbo\o tlio 
average of European works Mitli the time of Eccordc the 
English began to excel m numerical skill as applied to monoj 

The questions of the Fnghsh books sajs Do Morgan arc 
harder, invoUe more figures in data, and arc more skilfnll} 
solved ’ To this fact, no doubt, wc must attribute the read} 
appreciation of decimal fractions and the instantaneous popu 
lanty of logarithms The number of arithmetical writers in 
the seventeenth and eighteenth centuries is verj large Among 
the more prominent of the early writers after Tonstall and 
Eecordc are * William Buckley, mathematical tutor of 
Edward VI and author of /IritAmc/ico Memorataa (ICoO) 
Humfrey Baker author of The ell Spring of the -S’cienccs 
(15G2) Edmund Wingate, whoso ArxthmeUck appealed about 
1629, William Ouglitred, who m 1631 published liis Clau 

* Tallies have been at 0 but now at & percent per annum the In 
terest payable every three months SurcLLt s Vi in atf s InlAmftic 
173 p 407 

*P£ACOCK p 408 


•Peacock pp 437 411 44 46^ 
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MathennaticcB, a systematic text-book on arithmetic and algebra, 
ISToah Budges, author of Vulgar Ai ithmehclce (1653) , Andrew 
Tacquet, a Jesuit mathematician of Antwerp, author of several 
books, in particular of Arithmeticm Tlieoria et Pi axis (Antwerp, 
1656, later reprinted in London) Mention should be made 
also of The Pathway of Knotoledge, an anonymous work, written 
in Dutch and translated into English in 1596 John Mellis, 
in 1588, issued the first English work on book-keeping by 
double entry ^ 

We have seen that the invention of printing revealed in 
Europe the existence of two schools of aritbmeticians, the 
algoi istic school, teaching rules of computation and commercial 
arithmetic, and the ahacistic school, which gave no rules of 
calculation, but studied the properties of numbers and ratios 
Boethius was their great master, while the former school 
followed in the footsteps of the Arabs The algoristic school 
flourished in Italy (Pacioli, Tartaglia, etc ) and found adher- 
ents throughout England and the continent But it is a 
remarkable fact that the abacistic school, with its pedantry, 
though still existing on the continent, received hardly any 
attention in England The laboiious treatment of arithmetical 
ratios with its burdensome phraseology was of no practical 
use to the English merchant The English mind instinctively 
rebelled against calling the ratio 3 2 = 1-^ by the name of 
proportio supei pai hculai IS sesquialtera 

On the othei hand it is a source of regret that the successors 
of Tonstall and Recoide did not observe the high standard of 
authorship set by these two pioneers A decided decline is 
marked by Buckley’s Ai ithmetica Memoi ativa, a Latin treatise 
expressing the rules of arithmetic in verse, which, we take it, 
was intended to be committed to memory We are glad to be 


1 Db Mobgan, Anth Books, p 27. 
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able to say that this work ne> er became widely popular The 
practice of expressing rules in vcree was common, before the 
invention of printing but the practice of using them ^\as not 
common, else the number of printed arithmetics on this plan 
would ha\ e been much larger than it actuallj was * Jlanj 
old antlunetics give occasionally a rhyming rule but few con 
fine themseh es to verse Few authors arc guilty of the folly 
displayed by Buckley or by Solomon Lowe, who set forth 
the rules of aritlimctic in 1 ngltsh hexameter, and in alpha 
betical order 

In this connection it may be stated that an early specimen 
of the muse of arithmetic, first found in the Palhicay of Knoxo- 
Imlge, 1590 has come down to the present generation as the 
most classical verse of its kind 

Thirtie da!ea bith September Apnll June and November 
Februario eight and twentle alone all the rest tbirtie and one 

As a close competitor for popularity is the following stanza’ 
quoted by Jlr Davies (Key to Huttons ‘ Course^') from a 
manuscript of the date 1570 or near it 

MolUplIcation is mie vexation 
And Division is quite as bad 
The Golden Rale Is tnie stumbling stole 
And Practice drives me mad 

In the sixteenth century instances occur of arithmetics writ- 
ten m the form of questions and answers During the seven 
teenth century this practice became quite prevalent both in 
England and Germany We are inclined to agree v\ ith 
Wildermuth that it is on the whole an improvement on the 
older practice of simply directing the student to do so and so 

* De Moroxk Aritk Hooka p IG 
3 De Moroak An(h Hoola 
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question diaws the pupil’s attention and prepares his mind 
toi the reception of the neu information Unfortunately, the 
question always lelates to hoio a thing is done, never ibhy it is 
done as indicated It is deploiahle to see in the seventeenth 
century, both in England and Geiraaiiy, that aiithmetic is 
1 educed moie and moie to a baiien collection of lules The 
sivteenth centiiiy bioiight foith some aiithinetics, by piomi- 
nent mathematicians, in which attempts weic made at demon- 
stiation Then follows a peiiod in which arithmetic was 
studied solely foi coinineici.il pin poses, .and to this comnierci.il 
school of aiithiiieticiaiis (.iboiit the middle of the seventeenth 
centuiy), sajs l)e IMoigaii,’ “we owe the destiiiction of demon- 
strative aiithmetic in this countij, oi rathci the jtrevoiition 
of its growth It iiev’Ci was much the habit of aiithnieticians 
to prove then lules, and the ^el3'• woid p)oof, in that science, 
never c.aine to iiieaii moie than a test of the coiiectness of a 
particulai opei.atioii, by leveising the process, casting out the 
nines, or the like As soon as attention was faiily aveited to 
arithmetic for comnieicial puiposes .done, such i.ational ,ij>pli- 
cation as had been handed down fiom the writeis of the six- 
teenth centuiy began to disappear, and w as finally extinct in 
the wmik of Cockei or Hawkins, as I think I have shown rea- 
son foi supposing it should be c.alled - Eiom this tune began 
the finished school of teachers, wliose pupils ask, when a ques- 
tion IS given, what lule it is in, and luii aw'ay, wdien they grow' 
up, from any numeiical statement, w'lth the declaiatioii that 

^ At ilh Bools, p 21 

- “ Cockei’s Arithmetic ” was “ perused and published ” after Cooker’s 
death by John Hawkins De Morgan claims that the work was not writ- 
ten by Cocker at all, but by John Hawkins, and that Hawkms attached 
to It Cocker’s name to make it sell Aftei reading the article “ Cocker” 
m the Dictionaiy of National Biography, we are confident in believing 
Hawkins innocent Cocker’s sudden death at an early age is sufficient 
to account for most of his works being left for posthumous publication 
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anything may bo pro\ed bj figures — as it maj, to them 
Anytliing may bo unanswerably propounded by means of 
figures, to those wlio cannot think upon numbers Xouard 
the end of the last century ne see a succession of uorks, 
arising one after the other, all complaining of the state into 
■which arithmetic had fallen, all professing to give rational 
explanation, and hardly ono making a single step in advance 
of its predecessors 

“It may ■very well he doubted whether the earlier arithme 
ticians could have gi\en general demonstrations of their pro- 
cesses It 13 an unquestionable fact of observation that the 
application of clcmcutarj principles to their apparently mo^t 
natural deduction without drawing «|)on subsequent or what 
ought to be subsequent combinations seldom takes place at 
the commencement of any branch of science It is tJic work 
of advanced thought But the earlier arithmeticians and algo 
braists had another difiiculty to contend with their fear of 
their own half understood conclusions, and the caution with 
which it obliged them to proceed in extending their half 
formed language 

Of arithmetical authors belonging to the commercial school 
we mention (besides Cocker) James Ifoddcr, Thomas Dilworth 
and Daniel lenning because we shall find later that their 
books were used in the American colonics 

James Hodder* was m 1C61 writing master in Lothbury, 
London He was first known as the author of Hodder s 
AriOimeticK, a popular manual upon which Cocker based his 
better kno^wn work Cockers chief impro%ement is the use 

1 The penod of teacl mg inthnietic wholly by rules began in Gennanj 
about the middle of the stxtteiuli century — nearly one hundred years 
earlier than in England But tl e Germans returned to demonstrative 
arithmetic in the eighteenth century at an earlier period than did the 
British See Unoer pp iv 117 137 

“ Dictionarp of National Biography 
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of the new mode of division, “by giving” (as the Italians 
called it), in place of the “ scratch ” oi galley ” method 
taught by Hodder The first edition of Ilodder's appealed 
in 1661, the twentieth edition in 1739 lie wrote also The 
Penman’s Jieaeation (the specimens of which are engraved 
by Cockei, with A\hom, it appears, Iloddei was fiiendly), 
and Decimal Ai ithmetich, 1668 

Cockei’s AuthmeticL ueiit thiough at least 112 editions,^ 
including Scotch and lush editions* Like Francois Baiicme 
111 Fiance and Adam Kiese in Germany, Cocker in England 
enjoyed foi neaily a centuiy a pioveibial celebrity, these names 
being synonymous with the science of numbeis A man vho 
influenced mathematical teaching to such an evtent deserves 
at least abiief notice Edward Cockei (1631-1675) was a prac- 
titionei in the aits of wilting, arithmetic, and engraving In 
1657 he lived “on the south side of St Paul’s Churchjmid” 
wheie he taught viiting and arithmetic “in an extraordinary 
mannei ” In 1664 he adveitised that he would open a public 
school foi wilting and arithmetic and take in boarders near 
St Paul’s Later he settled at Northampton'’ Aside from 

1 Dictionani of National Bwgiaphy 

- “Coriectcd” editions of Cocker’s Arithmetic were brought out in 
1725, 1731, 1730, 1738, 1745, 1758, 1767 by ” George Fisher,” n pseudonym 
for Mrs Si ack Under the same pseudonym she published in London, 
1763, The Insti iictor or Young Man's best Companion, containing ipcll 
ing, leading, xouting, and arithmetic, etc , the fourteenth edition of which 
appeared in 1785 at Worcester, Mass , (the twenty-eighth m 1798) under 
the title. The American Insti uctoi etc , as above In Philadelphia the 
book was printed in 1748 and 1801 Mrs Slack is the first woman wdiom 
we have found engaged in arithmetical authorship See Bihhothcca 
Mathematica, 1895, p 76 , Teach and Hist of Mathematics in the U S , 
1890, p 12 

® Pepys mentions him several times in 16G4 in his Diaiy, 10th 
“Abroad to find out one to engrave my table upon my new sliding rule 
with silver plates, it being so small that Browne who made it cannot get 
one to do it So I got Cocker, the famous -writing master, to do it, and 
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the absence of all demonstration, Cocker’s AnthntUc was well 
written, and it e\ndently suited the demands of the times He 
v.as a voluminous writer, being the author of 33 works 23 
calligraphic, 6 arithmetical, and 4 miscclhneous The anth 
metical books are Tutor to AnthmeixcK (1GC4) , Compleat 
Anthmetician (1G69), Antkmettc^ (1G78, Peacock on page 4'kl 
gvies the date 1677), Decimal Anthmettck Arttjicial Anth 
tnetick (being of logarithms), Algebraical Anthmettck (treating 
of equations) in three parts, 1G84, 1G85, “perused and pub- 
lished” bj John Hawkins 

In the English, as well as the French and German anth 
metics which appeared during the sixteenth, seienteenth and 
eighteenth centuries the “rule of three” occupies a central 
position Baker says* in his IFett Spring of the Sciences 1CG2, 
The rule of three is the chiefest, and the most profitable, 
and most excellent rule of all arithmeticke For all other 
rules have neede of it and it passeth all other for the 11111011 
cause It 13 sayde the philosophers did name it the Golden 
Rule but now, in these later days it is called by us the Rule 
of Three, because it rcquiretb three numbers m the operation ’ 
There has been among writers considerable diversity in the 
notation for this rule Peacock (p 452) states the question 
If 2 apples cost 3 soldi what will 13 cost ’ and vnth refer 
eiice to it represents Tartaglia 8 notation thus, 

Se pomi 2 B val soldi 3 1 cho valera pomi 13 

I set an hour by him to see him design it all and Rtnnge it is to see 
him with his natural eyes to cat so small at his first designing It and read 
It all over without any missing when for ray life I could not with my 
best skill read one word or letter of It I find the fillow by his dis 
course very ingenious and among other thin s a great admirer and well 
ea I in the Fn lish poets and undertakes to judge of thtin all and that 
not impertinently Cocker wrote quaint poems and disticlis which show 
some poetical ability 
i Peacock, p 452 
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Eecorde and tlie older Englisli aiithmcticians write as 
follows 

Apples Pence 

2.3 

13 191 answei 

In tlie seventeenth eentuiy the custom was as follows (Win- 
gate, Cocker, etc ) 

Apples Penee Apples 

2 3 13 

The notation of this subject recened the special attention of 
Oughtied, vlio lutioduced the sign and wrote 

2 3 13 


M Cantoi ’ says that the dot, used heie to e\press the ratio, 
latei yielded to tvo dots, foi in the eighteenth centuiy the 
Geiman wiitei, Christian Wolf, seemed the adoption of the dot 
as the usual symbol of multiplication In England the leason 
foi the change fioin dot to colon vas a diffeient one It vill 
be lemembeied that Oughtied did not use the decimal point 
Its geneial introduction in England took place in the fiist 
quaitei of the eighteenth centuiy, and ve aie quite suie that 
it was the decimal point and not Wolf’s multiplication sign 
which displaced Oughtied’s symbol foi latio As the Gei- 
mans use a decimal comma- instead of our point, the reason 

^ CA^Ton, II , p 721 

2 The Germans attiibute the introduction of the decimal comma to 
Keplei (see Unglr, p 104, GLitiiAnDT, pp 78, 109 , Guntiii n, Femisc7ife 
Untei sucfnmgen, 131) Ileuses it in a publication of 1G16 Napier, 
m his Babdologia (1G17) speaks of “adding a period oi comma,” and 
writes 1993,273 (see Constiuction, Macdonald’s Ed, p 89) English 
writers did not confine themselves to the decimal point, the comma is 
often used Thus, Maitin’s Decimal Antlmetich (17G3) and Wilder’s 
edition of Newton’s Univeisal AiithmeticL, London, 17G9, use the 
comma exclusively In Kersey’s Wingate (1735) and in Dilworth (1784j 
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for tte change could not have been the same in Germanj as 
m England Dilworth ‘ does not use the dot in multiplication, 
but he emplojs the decimal point and writes* proportion 
once 2 4 8 IG, and on another page 3 17 48 Before 
the present century, the dot was seliloin used by English 
■writers to denote multiplication If Oiiohtrcd had been in 
the habit of regarding a proportion as the equality of tuo 
ratios, then he uould probably ha\o chosen the sjinbol = 
instead of The former sign uas actiiallj used for this 
purpose by Leibniz* The notation 2 I « 1 2 was brought 
into use m the United States and England during the first 
quarter of the nineteenth century, when Euler’s Algebra and 
French text-books began to be studied the English speaking 
nations 

The rule of three reigned supremo in commercial anth 
metics m German) until the close of tho eighteenth centur}, 
and m England and Amcnca until the close of tho first quarter 
of the present centur) * It has been much used since An 

we read of the point or comma tut tlie point is the sign actualljr 
used la Dodson s innate (1700) both the comma and point are used 
the latter perhaps more frequently Cocker (1714) and Hatton (17 1) 
do not even mention the comma 

t Thomas Dilworth Schootma^liT t Assi taut d Ed London 
1784 page after table of contents also pp 4 a 13 Tho earliest testi 
tnonials are dated 1743 

3 In his time old and new notations were in simultaneous use for ho 
says Some masters instead of points use long strokes to keep tht 
terms separate but it Is wrong to do so for the two points between tlie 
first and second terms and also between the third and fourth terms 
shew that the two first and the two lust terms are in the same proportion 
And whereas four points are put between tho second and third terms 
they serve to disjoint them and shew that the second and third and 
^rst and fourth terms are not In tho same direct proportion to each 
Xitlier as are these before mentioned * \\ itr bRMurii 

* Unger (p 1<0) sajs that in Germany the rule of three was preferred 
as the universal rule for problem working during the sixteenth century 
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imi)ortant role ■\\as played m commercial circles by an allied 
rule called m English chain-rule or conjoined proportion, in 
Erencli il^gle conjoinlc, and in Geiman Ketlensatz or Jieesischcr 
Satz^ It received its most perfect formal development and 
most e\tended application in Germany and the Netherlands 
Kelly- attiibiites the superiority of foreign merchants in the 
science of exchange to a more intimate knoi\ ledge of this rule 
The chain-iule was knoini in its essential feature to the Hindu 
Biahmagupta, also to the Italians, Leonardo of Pisa, Pacioli, 
Tartaglia, to the eaily Germans, Johann 'Widniann and Adam 
Riese In England the rule Mas elaborated b} John Kersey 
in his edition of IGGS of "Wingate’s arithmetic Put the one 
■who contributed most toward its diffusion Mas Kaspai Eran? 
von Bees (born IGOO) of Koermonde in Limbing, mIio migiated 
to Holland Theie he published in Dutch an arithmetic m Inch 
appeared in Fiench tianslation in 1737, and in Gciman transla- 
tion in 1739 In Geimany the Jieesischei Satz became famous 
Cocker (28th Ed, Dublin, 1711, p 232) illustrates the rule by 
the example “If 40 1 Auveidujyois m eight at London is equal 
to 3G 1 "weight at Amstei dam, and 90 1 at Amsteidam makes 
IIG 1 at Dantzich, then hoM’’ many Pounds at Dantzich are equal 
to 112 1 Auverdupois iveight at London ? ” 

the method, called Practice, being preferred during the seventeenth cen- 
tuiy, the Chain-lliile during the eighteenth, and Analysis (Bruchsatz, or 
fechlussrechnung) during the nineteenth Wo fail to observe similar 
changes m England There the lule of three occupied a commanding 
position until the present century , the rules of single and double position 
were used in the time of Recorde more than afterwards , the Chain-Rule 
never became widely popular, while some attention was alvays paid to 
Practice 

1 The writer remembers being taught the “ Kettensatz ” in 1873 at the 
Kantonsschule in Chur, Switzerland, along with thiee other methods, 
the “ Einheitsinethode ” (Schlussreclmung), the “ Zerlegungsmethode ” 
(a form of Italian practice) and “Proportion ” 

aVol n.p 3 
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(p 234) “TIio Terms being disposed according to the 7th 
Buie foregoing, ill stand thus, 



A 

B 


at Lond 

40 

3C 

1 at AmslertJam 

at Amst 

90 

116 

1 at Dant tek 



112 

1 at London 


whereby I find that the terms under B multiplied together pro- 
duce 4G7712 for a Di\ idend and the terms under A, u , 40 and 
90 produce 3C00 for a Divisor and Division being finished the 
Quotient givetli 129J Pounds at DanUick for the Answ er ” 
The chain rule owes its celebritj to the fact that the correct 
answer could bo obtained witbout an} cxeiotso of the mind 
Bees reduced the statement to a mere mcclianism '^VhlIe 
useful to the mercliant the rule was worthless for mind-culture 
m the school room Attempts were made b} some arithmetical 
wiiters to prove it with aid of proportions or b} ordinar} 
anal} sis But for pedagogical purposes those attempts prov ed 
unsatisfactory A rule, rooro apt to lead to errors but requir 
ing some thought, became known in Germany as “ Basedow scho 
Kegel,’ being recommended by the educational reformer Base- 
dow though not first given by him Early in the present 
century arithmetical teaching was revolutionized in Germany 
ihe chain rule and rule of three were gradually driven into the 
background and the ‘ Schlussreclmung ” attained more and 
more prominence even though Pestalozzi was partial to the 
use of proportion The “Schlussrechnung is sometimes 
designated in English b} the word Analysis If 3 }ard3 cost 
3 7, what will 19 yards cost? One yard will cost $ and 19 
jards®^^ ^^ = $44 33, or by a modification of the above, by 

‘ aliquot parts” 18 yards wiH cost 342 one }ard 32 33, 
and 19 yards 3 44 33 This Schlussrechnung ’ w as known 
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to Taitaglia, but is, without doubt, vciy much older , for it is 
a thoioughly natural method uhich uould suggest itself to any 
sound and vigoious mind Its pedagogical value lies in the 
fact that theie is no inecbanisin about it, that it icquiies no 
memoii/ing of foiniuhe, but makes aiithmetic an exercise in 
thinking It is stiange indeed that in modem times such a 
method should have been disiegaided b} aiithmeticians dur 
ing thiee long centuiies 

lilnglish anthnietics embiaced all the commeicial subjects 
pieviously used by the Italians, such as simple and compound 
inteiest, the diiect lule of thiec, the mveise lule of three 
(called by Recoide “backei lule of thiee”), loss and gam. 
baitei, equation of pajments, bills of exchange, alligation, 
annuities, the iiiles foi single and double position, and the 
subject of taie, tictt, doff Wo let Dilwoitli (p 37, 1784) 
explain the last thiee teiins 

“ Q Which arc the Allowances usually made m Averdupois great 
Weight to the Buyer? 

A They are Tare, Trelt, and CloH 

Q What IS Tare ? 

A Tare is an Allowance made to the Buyer, for the Weight of the 
Box, Bag, Vessel, or whatever else contains the Goods bought 

Q "What IS Trett ? 

A Tiett IS an Allowance by the Merchant to the Buyer of 4 lb in 
104 lb , that IS, the six-and-twentietli Part, for Waste or Dust, in some 
Sorts of Goods 

Q What is Cloff ? 

A Cloff IS an Allowance of 2 lb Weight to the Citizens of London, 
on every Di aught above 3 C Weight, on some Sorts of Goods, as Galls, 
Madder, Sumac, Argol, etc ^ 

Q What aie these Allowances called beyond the Seas ? 

A They are called the Com tesies of London, because they are not 
practiced m any other Place ” 

1 The term “ cloff ” had also a more general meaning, denoting a small 
allowance made on goods sold in gross, to make up for deficiences in 
weight when sold in retail Peacock, p 455 
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To the abo\e subjects, Tihicli were borrowed from the 
Italians English unters added their own weights and meas 
ures and those of the countries with which England traded 
In the seventeenth century were added decimal fractions, which 
were taught in books more assiduously then than a centurj 
later It is surprising to find that some arithmetics devoted 
considerable attention to logarithms Cocker wrote a book on 
Artificial Arithmetick * We have seen the rules for the 
use of logarithms together with logarithmic tables of num 
bers m the arithmetics of John Hill (10th Ed bj E Hatton 
London, 17G1), Benjamin 'Martin {Decimal Antlmelicl, London 
1763 said to have been first published in 173o) Edward 
Hatton {Intire System of Arithmetic London 1721) and m 
editions of Ldmund Wingate Wingate was a London lawjoi 
who pursued mathematics for pastime Spending a few jeais 
111 Pans, he published there m 162o * his hga 

rithmxqiic which appeared in London in English translation 
m 1635 * Vt ingate was the first to carry Briggian loginthms 
(taken from Gunters tables) into France About tlie jear 
1629 he published his AiithmeticK ‘in which his principal 
design was to obviate tho difficulties which ordinarily occur 
in the using of logarithms To perform this he divided his 
work into two books, the first he called Isatural and the 
second Artificial An hmetic * ’ Subsequent editions of W ingate 
rested on the first of those two books and were brought out 
by John Kersey, later by George Shellej, and finally bj James 
Dodson The work was modified so largely , that M ingate 
would not have known it 

1 Dl MonoAN Anth Books In Matimiliev Maril Ihstoire des 
Sciences Matf ematiques et FJ ystques ad III p “> >s t,ivtn the date 
1020 instead of 10 a Marie Vd III p 

* James Dodson s Preface to Wingate s i.rUhmetic London 1760 
The term artihcial numbers for loganthms is due to Napier himself 
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It IS interesting to observe bow writers sometimes intro- 
duced subjects of purely tbeoretical value luto x)iactical aiith- 
metics Perhaps authors thought that theoretical points 
which they themselves had mastered and found of interest, 
ought to excite the curiosity of their readers Among these 
subjects are square-, cube-, and higher roots, continued frac- 
tions, circulating decimals, and tables of the poweis of 2 up to 
the 144th The last were “very useful for laying up giains of 
corn on the squares of a chess-board, ruining people by hoise- 
shoe bargains, and other approved problems” (De Moigan) 
The subject of circulating decimals was first elaborated by 
John Wallis (Algeha, Ch 89), Leonhard Euler (Algehia, Book 
I , Ch 12), and Jolm Bernoulli Circulating decimals were at 
one time “ suffered to embarrass books on practical arithmetic, 
which need have no more to do with them than books on 
mensuration with the complete quadratuie of the ciicle ” ^ 
The Decimal Anthmetic of 1742 by John Marsh is almost 
entirely on this subject As his predecessors he mentions 
Wallis, Jones (1706), Ward, Blown, Malcolm, Cunn, Wright 
After the great fire of London, in 1666, the business of fire 
insurance began to take practical shape, and in 1681 the first 
regular fire insurance office was opened in London The first 
office in Scotland was established in 1720, the first in Ger- 
many in 1750, the first in the United States at Philadelphia 
in 1752, with Benjamin Franklin as one of the directois ^ 
In course of time, fire insurance received some attention in 
English arithmetics In 1734 the first approach to modern 
life insurance was made, but all members were rated alike, 
irrespective of age In 1807 we have the first instance of 
rating “ according to age and other circumstances ” 

It is interesting to observe that before the middle of the 

1 De Morgan, Arith Boohs, p 69 

^ Article “ Insurance ” m the Encyclopedia EntanmcUx 9th Ed 
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eighteenth century it was the custom m England to begin 
the legal year with tho 25th of March Not until 1752 
did the counting of the new jear begin with the first of 
January and according to the Gregorian calendar ‘ In 1752, 
elc\en days were dropped bctuccn the 2d and 14th of 
September, thereby changing from “old 5t}le ’ to ‘now 
stjle ” 

The order in which tho various subjects were treated m old 
arithmetics i\as anything but logical Tlio delinitions aro 
frequentlj given in a collection at tho beginning Dilworth 
develops tho rules for wholo numbers,” then develops tho 
same rules for “vailgar fractions, and again for ‘ decimal 
fractions Thus he gives tho “rulo of throe,” later tho “rule 
of three in fractions,” and again tho rule of three direct m 
decimals John Hill, m hts arithmetic (edition of 17G1), adds 
to this “ the golden rule m logarithms Tractions aro taken 
up late Evidently many students had no expectation of over 
reaching fractions and, for their benefit the first part of tho 
arithmetics embraced all the commercial rules In the eigh 
teenth century tho practice of postponing fractions to tho 
last became more prevalent* Moreover, tho treatment of 
this subject was usually very meagre "While tho better tj pes 

1 E SroifE In his iVew Malhematlcal Dictionary London 1743 spealcs 
of the various early changes of the calendar and then says Pope 
Gre ory \III pretended to reform it o*Tiln and ordered his account 
to he current as it still is In all t) o Roman CathoIIck countries Much 
prejudice no doubt lay beneath tho word pretended and the word 

still in this connection now causes a smile 

2 John Kemet in the 10th Fd of Ti\ inoatb s ylr/fAmeticil london 
1 3 says in his preface For the Faso and Benefit of tliose Learners 
that desire only so much bkill in Arithmcttck os is useful In Accompts 
Trilc and such like ordinary Ftoploymcnts the Doctrine of Numbers 
^wl Ich m the First Edition was intermingled with Definitions and 
Bill s concerning Broken Numbers commonly called Fractions) is now 
entirely bandied a-part So that &ow^^f/tmeftc^ In Whole Numhers 
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of arithmeticSj Wingato for instance, show ho\\ to find the 
LCD in the addition of fiactions, the majoiity of books 
take for the C D tiie pioduct of the denominators Thus, 
Cocker gives 8000 as the CD of }, I, Jg, Dilvorth gi\es 
1 + 1 = ItV I Hatton gives 

It was tlie iiniveisal custom to treat the rule of three 
under two distinct licads, “llulc of Tliree Direct” and “Rule 
of Three Inverse ” The foiinci embiaccs problems like this, 
“If 4 Students spend 19 Pounds, how many Pounds will 8 
students spend at the same Rate of Expence *? ” ( Winqate ) 
The inveise rule treats questions of this sort, “If 8 horses 
wull be inamtaiiied 12 Days with a ccitain Quantity of Prov- 
ender, How many Da}s will the same Quantity maintain 
16 Hoises*^” {Wingate) In problems like the former the 
correct answ'ei could be gotten by taking the three numbers in 
order as the first three teiiiis of a proportion In Wingate’s 

Students Pounds Students 

notation, we would have, If 4 19 8 But in 

the second example “you cannot say heie in a direct propor- 
tion (as before in the Rule of Three Direct) as 8 to 16, so is 
12 to another Number which ought to be in that Case as great 
again as 12, but contiariwuse by an inverted PwpoHwn, begin- 
ning with the last Term first , as 16 is to 8, so is 12 to another 
Number” (Wingate, 1735, p 57) This brings out very 
clearly the appiopi lateness of the term “Rule of Three 
luiieise” As all problems were classified by authors under 
two distinct heads, the direct rule and the inverse rule, the 
pupil could get coriect ansivers by a purely mechanical pro- 
cess, without being w^orried by the question, under which rule 

IS plainly and fully handled before any Entrance be made into the 
craggy Paths of Fractions, at the Sight of which some Learners are so 
discouraged, that they make a stand, and cry out, non plus ultra There’s 
no Progress farther.” 
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docs the problem come ? Thus that part of the subject which 
taxes to the utmost the skill of the mo<lorii tcaclier of proper 
tion, was formcrlj disposed of m an eisj manner Jio heed 
uas paid to mental discipline Nor did authors care ^\liat the 
pupil would do uith a problem, when ho was not told before- 
hand to what rule it belonged 

Ilegmning with the time of Cocker all demonstrations are 
carcfullj omitted The on!^ proofs knov\n to Dilworth arc of 
this kind 'Multiplication and diMsiou proxo each other’ 
The onl^ CMdcncc we could find tliat John Hill was aware 
of the existence of such things os m ithemalical demonstrations 
lies in the following passage bo ^ multiplied bj \ becomes \ 
Sec this demonstrated in Mr I>c^buni s Ctirsus Mathennticiis 
page 3S ” M hat i contrast between this and our quotation on 
fractions from ronstalll The practico of referring to other 
works wxs more common iii arithmetics then than now 
Cocker refers to Kcrsc) s Ip/icm/iz to M ingatc s ^IrdAmeNc, 
to I’ltiscuss Trujouometna and to Oughtreds Clans for the 
proof of the rule of Double losition Cocker repeatedly gi\os 
on the margin I atm quotations from the Clans from Alsted s 
^fatI^emat^c3 or Gemmalrisiuss Metitodus Facihs (Witten 
berg 1518) 

loward tlie end of the eighteenth century demon ilmtions 
begin to appear in tlie better liooks but they are often placed 
at the foot of the page, beneath a horizontal line tlio riles and 
examples being aboie tlio line Ity this arrangement tlie 
authors conscience was appeased whilo the teacher and nipU 
who did not care for proofs were least annoyed by their 
presence and could easily skip them 'Moreover the piooEs 
and explanations were not adapted to the young mind thcio 
was no trace of object-teaching, the presentation was tui 
abstract True reform, both in Lngland and America, began 
only wath the introduction of lestalozziau ideas 
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Mental antlimetic received no attention in England before 
the present century, but in Germany it -was introduced during 
the second half of the eighteenth century.^ 

Causes which Checked the Growth of Demonstrative Arithmetic 

in England 

Before the Refoiination there "was little or nothing accom- 
plished in the Avay of public education in England Tn the 
monasteries some instruction was given by monks, but we 
have no evidence that any branch of mathematics was taught 
to the youth * In 1393 was established the celebrated “ public 
school,” named Winchester, and in 1440, Eton Tn the six- 
teenth centuiy, on the suppression of the monasteries, 
schools were founded in considerable numbers The Mer- 
chant Taylors' School, Christ Hospital, Eughy, Harrow, and 
others which in England monopolize the title “public 
schools” and for centuries have served for the education 
of the sons mainly of the nobility and gentry® Tn these 
schools the ancient classics were the almost exclusive subjects 
of study , mathematical teaching was unknown there Per- 
haps the demands of every-day life forced upon the boys a 
knowledge of counting and of the very simplest computations, 
but we are safe in saying that, before the close of the last 
century, the ordinary boy of England’s famous public schools 

^ TTnger, p 168 

2 Some idea of the state of arithmetical knowledge may he gathered 
from an ancient custom at Shrewsbury, where a person was deemed of 
age when he knew how to count up to twelve pence (Yeai-Books 
Edw I , XY -I Ed Horwood, p 220) See Tilor’s FnmUtve CuUuie, 
New York, 1889, Vol I , p 242 

3 Consult Isaac Sharpless, English Education, New York, 1892, 
H E Reddall, School-hoy Life in Metric England, New York, 1891, 
John Times, School-Days of Eminent Men, London 
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could not dmde 2021 b} 43, though such problems hud been 
performed centuries before according to the touching of 
Brahmugupta und Bhaskura by bojs brought up on the far-off 
banks of the Ganges It has been reported thut Churles XII 
of Sweden considered u man ignorant of unthmctjc but hulf 
a man Such Vias not the sentiment umong 1 n"h5h gentle 
men Not onlj was unthmctic unstudied bj them but con 
sidercd bencuth their notice If we arc sufe in following 
Tiinbs s account of a book of 1622, entitled 1 cacham < Compleat 
Qentlcmanf nliich cnumcrutcs subjects ut thut tune umong 
the beconnng uccomphshments of an Fnglish inun of runk, 
then it appears that the elements of astronomj geometry und 
mechanics were studies beginning to demand a gentlemans 
attention while arithmetic still rctnuined untouched ‘ Listen 
to another writer, Edmund Wells In Ins "iounQ Genthman'n 
Course tn Vat/iematicls, London, 1714 this able author uims 
to provide for gcntlcraunly education us opposed to that of 
“ tlio meuner part of mankind ” * Ho expects those whom God 
has relieved from the ncccssitj of working to exercise then 
faculties to his greater glorj But Ihej must not ‘ be so Brisk 
and Airy, us to think, that the knowing liou to cust Accompt 
is requisite only for such Underlings us Sliop-keopcrs or Trades 
men and if only for the sake of taking cure of themselves ‘no 
gentleman ought to think Anthmctick below Him that do s 
not think an Estate below Hun ” All the information wo 
could find respecting the education of the upper classes points 
to the conclusion that unthmctic was neglected, und that Do 
Morgan* was right m his statement that as late as the eigh 
teenth century there could have been no such thing as a teacher 
of anthmetic m schools like Eton In 1750, Warren Hastings, 

iTiiiDi bekool Dags p 101 

*De Moroaw ^n(A Books p 04 

• Anth Books p 76 
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■who had been attending Westminster, -was put into a commei 
cial sehool, that he might study arithmetic and book-keepmg 
before sailing for Bengal 

At the universities little "was done in mathematics before 
the middle of the seventeenth century It -would seem that 
Tonstall’s work was used at Cambridge about 1550, but in 
1570, during the leign of Queen Elizabeth, fresh statutes weie 
given, excluding all mathematics from the course of undeigradu- 
ates, presumably because this study pertained to practical life, 
and could, therefoie, have no claim to attention in a university ^ 

The commercial element in the arithmetics and algebras of 
early times was certainly very stiong Observe how the Arab 
Muhammed ibn Musa and the Italian wi iters discourse on 
questions of money, partnership, and legacies Significant 
IS the fact that the earliest English algebra is dedicated by 
Becorde to the company of merchant adventuiers trading to 
Moscow 2 Wright, in his English edition of hTapier’s logar 
rithms, likewise appeals to the commercial classes “ To the 
Eight Honourable And Eight Worshipfvll Company Of Mer- 
chants of London trading to the East-Indies, Samvel Wright 
Wisheth all prospeiitie in this bfe and happinesse in the life to 
come ” ® It IS also sigmficant that the first headmaster of the 
Merchant Taylors’ School, a reformer with views in advance of 
his age, in a book of 1581 speaks of mathematical instruction, 
thinks that a few of the most earnest and gifted students might 
hope to attain a knowledge of geometry and aiithmetic fiom 
Euclid’s Elements, but fails to notice Eecorde’s arithmetic, 
which since 1540 had appeared in edition aftei edition ^ Clas- 

1 Ball, Mathematics at Cambi idge, p 13 

2 G Heppel in 19th Genet al Bepott (1893) of the A I G T , pp 26 
and 27 

® Napier’s GoJist? ifctton (Macdonale’s Ed ), p 145 

4 G Hpppel, op cit , p 28 
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sical men were evidently not in touch with the nen in the 
mathematics of tint time 

This scorn and ignorance of the art of computation bj all 
but commercial classes is seen in German} as u ell as England 
Kastner* speaks of it m connection with German Latin 
schools Unger refers to it repeatedi} * 

It ■was not before the present century that arithmetic and 
other branches of mathematics found admission into England s 
public schools At Harrow “aulgar fractions Euclid, geog 
raph} and modern historj were first studied in 1829* At 
the Jferchant Ia}lors School “mathematics, writing and 
arithmetic were added in 1820 * At Eton mathematics was 
not compulsory till 18ol • The mo%cment against the ex 
elusive classicism of the schools was led by Dr Thomas 
Vrnold of Rugby, the father of Matthew Arnold Dr Arnold 
f i\oured the introduction of mathematics, science, histor},and 
politics 

Since the art of calculation was no more considered a part of 
a liberal education than was the art of shoe making it is 
natural to find the study of arithmetic relegated to the com 
mercial schools The poor bo} sometimes studied it the rich 
boy did not need it In Latin schools it w as unknow n but in 
schools for the poor it was sometimes taught for example, 
in a “free grammar school founded by a grocer of London m 
1553 for thirty ‘ of the poorest men’s sons ’ of Guilford to be 
taught to read and write English and cast accounts porfectl} , 
so that they should be fitted for apprentices * That a 
science ignored as a mental disciplme, and studied merel) as 
an aid to material gam, should fail to receive fuller de\ elop- 
ment is not strange It ■was in fact, ver} natural that it 

1 Oeschichte III p 4 9 * Tijibs p 84 

2 See pp 6 4 11“’ 149 144 * Sujlrflbss p 144 

« Reddabl p 2 8 * Times p 83 
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should entirely discard those featuies belonging more prop 
eily to a science and assume the form of an ait So arithmetic 
leduced itself to a meie collection of rules The ancient 
Carthaginians, like the English, studied arithmetic, hut did 
not develop it as a science “ It is a beautiful testimony to 
the quality of the Gieek mind that Plato and others assign as 
a cause of the low state of aiithmetic and mathematics among 
the Phoenicians the rvant of free and disinteiested inves- 
tigation ” ^ 

It will be observed that during the peiiod under consideia- 
tion, the best English mathematical minds did not make then 
influence felt in aiithmetic The best intellects held aloof 
from the elementaiy teacher , aiithmetical texts were written 
by men of limited education During the se\enteenth and 
eighteenth centuries England had no Tonstall and Kecorde, 
no Stifel and Kegiomontaiius, no Pacioli and Tartaglia, to 
compose her aiithmetical books To be sure, she had her 
Wallis, her Newton, Cotes, Hook, Taylor, Maclauim, De 
Moivre, but they unvote no books for elementary schools , then 
influence on arithmetical teaching was naught Contrast this 
period with the present century Think of the pains taken 
by Augustus De Morgan to reform elementary mathematical 
instruction The man who could write a brilliant work on 
the Calculus, who could make new discoveries in advanced 
algebra, series, and in logic, was the man who translated 
Bourdon’s arithmetic from the Erench, composed an arith- 
metic and elementary algebra for younger students, and 
endeavoured to simplify, without loss of rigour, the Euclidean 
geometry Again, run over the list of members of the “ Asso- 
ciation for the Improvement of Geometrical Teaching,” and 
of the Committee of the British Association on geometrical 

^ J K F Rosenkranz, Philosophy of Education, translated by A C. 
Brackett, New York, 1888, p 216 
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teaching and jou will find m it England’s most brilliant 
mathematicians of our time 

The imperfect interchange of ideas between writers on 
advanced and those on elementary subjects is exhibited in 
the mathematical works of John Ward of Chester He pul> 
lished m lG9o a Compendium of Algebra, and m 170G his 
loimg Mathematicians Guide The latter work appeared in 
the 12th edition m 1771, was widely read in Great Britain, 
and well appro\ed in the universities of England Scotland, 
and Ireland It was once a faaouritc text-book in Amen 
can colleges, being used as early as 1737 at Harvard College, 
and as late as 1787 at lalo and Dartmouth In 475 pages, 
the book covered the subjects of Arithmetic, Algebra, Geom 
etry Conic Sections, and Arithmetic of Infinites, giving, of 
course the mere rudiments of each 

Ward shous how to raise a binomial to positive integral 
powers “without the trouble of continued m%olution” and 
remarks that when he published this method in his Compen 
dium of Algebra he thought that ho vas the first inventor of 
it but that since he has found in Wallis’s Iltstorg of Algebra 
“that the learned Sir Isaac Newton had disco\ercd it long 
before ” It took a quarter of a century for the news of 
Newton s binomial discovery to rcmih John Ward More- 
over it looks very odd to see in Wards Guide of 1771 — over 
a century ojler Newton’s discovery of fluxions — a sort of 
integral calculus such as was employed by \\allis, Cavalieri, 
Fermat, and Roberval before the indention of fluxions 

It IS difficult to discover a time when in any civilized country 
advanced and elementary writers on mathematics were more 
thoroughly out of touch with each other than in England dur 
mg the two centuries and a half preceding 1800 We can 
think of no other instance m science in which the failuie of 
the best minds to influence the average has led to such 
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lamentable results In recent times v.c' ha\c licaifl it dcploiccl 
that in some countucs jiradical cliemisti} docs not a\ail itself 
of the lesults of theoictical chemist i} h'o.us h.i\e been 
evpiessed of a coming schism betuecn ajijdied liighci mathc 
mat-ics anti thcoictical highei ni.ithem.itus Ihit thus far 
these evils appeal insignificant, as comp.iicd vith the c\iflc- 
spread repiession and destruction of demonsti,iti\c .uitlimetn, 
arising fioni the failuie of highoi minds to guide the i.ink 
and file Neglected bj the gieat thinheis of the da}, scorned 
by the people of lanh, uigcd oiiw.ud b} (oiisideiations of 
puiely matoiial gain, aiithmetual v. iiteis in Ihigland (.is 
also in Geiniany and I'laiuc) mcic led into .i couiie ishich 
for cenUiiies blotted the p.iges of educ.itional histor} 

In those da}S English and Gciman bo}s often piepaied 
foi a business caieei b} attending schools for viiting and 
arithmetic Dining the Middle Ages and also long after the 
invention of punting, the ait of Miiting vas held in high 
esteem In •\\iiting schools much attention yas given to 
fancy writing The schools embracing both subjects aie 
always named schools foi “writing and arithmetic,” neicr 
“ arithmetic and viiting” The teacher vas called “vriting- 
mastei and aiithmetician ” Cockei was skilful iMtli the pen, 
and wiote many more books on calligiaphy than on arithmetic 
As to the quality of the teachers, Peacham in his Compleat 
Gentleman (1622) stigmatizes the schoolmasters in his own 
day as lougli and even barbaious to then pupils Domestic 
tutors he repiesents as still Avoise^ The following from 
an aiithmetic of IVilliam Webster, London, 1740, gives an 
idea of the origin of many commeicial schools" “When a 
Man has tried all Shifts, and still failed, if he can but scratch 
out anything like a fan Chaiacte), tho never so stiff and 


1 Times, p 101 


2 Dl Mo^GA^, Aiith Books, p 69 
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unnatural and lias got but AnthmeULk enough in his Head to 
compute the "Minutes in a \car, or the Inches in a "Mile, he 
make his last llecourse to a Garret, and with the 1 ainter’s 
Help sets up for a Teacher of WnUng&ndArithiyictick uhere, 
bj the Bait of low 1 rices, he perhaps gathers a umber of 
Scholars” J»o doubt m prcMOus centuries as in all times 
there were some good teachers but the large mass of school 
masters in England, Germany md the Vmencan colonies were 
of the t} pe described in the abo\c extract Some of the more 
ambitious and successful of these teachers u rote the arithmetics 
for the schools No wonder that arithmetical authorship and 
teaching u ere at a low ebb 

To summarize, the causes which checked the growth of 
demonstratue arithmetic are as follows 

(1) Arithmetic was not studied for its ow n sake nor ^ allied 
for the mental discipline which It affords and was consequentlj 
learned onlj bj the commercial classes because of the material 
gam derived from a knowledge of arithmetical rules 

(2) The best minds failed to influence and guide the average 
minds in arithmetical authorship 


Beforms i» ArithmeUcal TeacJnnp 

A great reform iii elementary education was initiated in 
Switzerland and Germanj at the beginnmng of the nme 
teenth centurj Pestalozzi emphasized in all instruction the 
necessitj of object-teaching Of the instruction at Iverdun 
the most successful m the opinion of those who visited the 
school was the instruction in arithmetic The children are 
desenbed as performing with great rapiditj very difficult tasks 
in head-calculation Pestalozzi based his method here as in 
other subjects on the principle that the individual should be 
brought to the knowledge by the toad similar to that which 
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the whole race liad used in founding the science Actual 
counting of things preceded the fiist Coclcei, as actual meas- 
uiement of land piecedcd the oiiginal Euclid The child 
must be taught to count things and to find out the various 
piocesses e\peiimentally in the conciete, befoie he is given 
any abstiact iiile, oi is put to abstiact eveicises This plan 
IS now adopted in Geiinaii schools, and many ingenious coii- 
tiivances have been intioduced by uhicli the combinations of 
things can be pieseiiled to the childieii’s sight”* Much 
remained to be done by the followeis of Pestalozzi in the iiay 
of piactical lealization of his ideas !Moico\ei, a leadjust- 
ment of the coiiise of instiuction uas needed, foi Pestalozzi 
quite ignoied those paits of aiithmetic uhich aie applied in 
eveiy-day life Until about 1810 Pestalozzi’s notions were 
followed more or less closely In 1842 appeared A W Giube’s 
Leitfaxlen, which was based on Pestalozzi’s idea of object- 
teaching, but, instead of taking up addition, subtiaction, mul 
tiplication, and division in the oidei as here given, advocated 
the exclusion of the laigei numbeis at the stait, and the teach 
ing of all foil! piocesses m connection with the fiist each 
of numbeis (say, the numbeis 1 to 10) befoie proceeding tc 
a laigei circle Eoi a time Giube’s method was tiied in 
Geimany, but it soon met with deteimined ojiposition The 
expeiience of both teacheis and students seems to be that, to 
leach satisfactoiy results, an extiaoidinaiy expendituie of 
energy is demanded In the language of physics, Grube’s 
method seems to be an engine having a low efficiency - 

Into conservative England Pestalozzian ideas found taidy ad- 

1 R H Quick, Educational Beformeis, 1879, p 191 

2 For the history of aiithmetical teaching in Germany duiing the 
nineteenth century, see Ungek, pp 176-233 For a discussion of the 
psychological bearing of Grube’s method, see McLkllan and Dewey, 
Psychology of Number, 1896, p 80 et seq 
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mittance At the time -when De Morgan began to write (about 
1830) arithmetical teaching had not risen far above the level 
of the eighteenth century In more recent time the teach 
itig of arithmetic has heen a subject of discussion by the 
^‘Association for the Improvement of Geometrical Teaching * 
Among the subjects under consideration have been the mul 
tiplication and division of concrete quantities, the approxi 
mate multiplication of decimals (by leaving off the tail of the 
product) and modification in the processes of subtraction, mul 
tiplication and division The new modes of subtraction and 
division are called in Germany the “Austnan methods be 
cause the Austrians were the first to adopt them In England 
this mode of division goes by the name of Italian method ’ ’ 
The “Austrian ’ method of subtraction is simply this It 
shall be performed in the same way as ‘ change is given in 
a store by adding from the lower to the higher instead of 
passing from the higher to the lower by mental subtraction 
Thus, in 76 —49, say “nine and seven are sixteen, five and 
(uo ate seven ” Che practice of adding 1 to the 4, instead 
of subtracting 1 from 7, was quite common during the Renais 
sance It was used, for instance, by Maximus llanudes 
Georg Feuerbach and Adam Riese In Adam Riese s works 
there is also an approach to the determination of the differ 
pnce by figuring from the subtrahend upwards In the above 
example he would subtract 9 from 10 and add tbe remainder 
1 to the minuend 6 thus obtaining the answer 7* A recent 
American text-book on algebra explains subtraction on the 
principle of the “ Austrian method ’ 

1 See the Oentral Reports since 1888 especially those for 189'> and 1893 
® The name Italian method was traced by Mr Langley back to an 
EDolish anthmetic of 1730 Sec General Report of A I G T 1892 p 34 
s Aeno Sadowski Die o«terr«cA»»cAe Rethenmethode tn padagogischei 
und historischer Seleuehtung Komgsbet^ 1892 p 18 
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In multiplication, tlie recommendation is to begin, as in alge- 
bra, witli the figure of liigbest denomination in tbe multiplier 
The great advantage of tins shows itself in decimal multiplica- 
tion in case we desire only an approximate answei coirect to, 
say, thiee or five decimal places We have seen that this method 
was much used by the Floientines and was called by Pacioli^ 
“by the little castle " Of the various multiplication processes 
of the Renaissance, the fittest failed to siiivive ' The piocess 
now advocated was taught by Nicholas Pike" in the following 
example “ It is lequiied to multiply 56 7534916 bj’’ 5 376928, 
and to letain only five places of decimals in the product ” 

The “ Austiian” oi “Italian” method 
of division simply calls foi the multipli- 
cation of the du isoi and the subtraction 
fiom the dividend simultaneously, so 
that only the lemainder is viitten 
down on papei See our illustration 
It IS doubtful whether this method is 
piefeiable to oui old method, except 
foi naturally rapid computois We 
feai that the slow computor saves paper 
by it, at the expense of mental energy 
The “ Austrian method of division ” is 

^ This process was favoured by Lagrange He says “But nothing 
compels us to begin with the right side of the multiplier , we may as well 
begin with the left side, and I truly fail to see wlij*^ tins method is not 
preferred, foi it has the great advantage of giving the places of highest 
value first , in the multiplication of large numbers w e are often interested 
most in the highest places ” See H Nieder'mulleii, Lagrange's Mathe- 
matische Elemental voilesungen Deutsche Separatausgabe, Leipzig, 
1880, p 23 This publication, giving five lectures on arithmetic and 
algebra, delivered by the great Lagrange at the Normal School in Pans, 
in 1795, IS very interesting for several reasons 

2 N Pike, Arithmetic, abridged for the use of schools, 3d Ed , Worces- 
ter, 1798, p 92 
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not entirely nciv, in tto "gallej ” of ‘‘scratch” method the 
partial products m ere not ritteii down but at once subtracted, 
and only the remainder noted In principle, the Austrian 
method’ was practised by the Hindus, of whose process the 
“ scratch ’ method is a graphical representation * 


Anthmetic tn the ITmUd States 

Weights and Measures — The weights and measures intro 
duced into the United States were denied from the Inglish 
It was from the standards of the exchequer that all the 
weights and measures of the United States were denied until 
Congress fixed the standard Louisiana at first recognized 
standards denied from Uio Trench, but in ISll the United 
States reienue standards were established b) law' * The 
actual standards used in the seicral states and in the custom 
houses were, however, found to be 'cry inaccurate In the 
construction of accurate standards for \roerican use our Goi 
ernment engaged the services of Fenlntaml liitdoJph IIa<isler 
a Swiss by birth and training and a skilful experimental 
ist ’ The ii ork of actual construction i\ as begun in 183.> * 
In 1830, carefully constructed standards were distributed to 
the custom houses and furnished the means of uniformity 
m the collection of the customs Horeoier accurate stand 
ards were distributed by the general Government to the 

1 For further information regarding the Austrian method of sub- 
traction and division BeeSAi>o»SKi op cit UNoan pp 

Report of the Secretary of th Treasury on the Construction and Dis 
Iribution of Weights and Pleasures Ex i?oc \o ^7 18o7 p uO 

* Consult the translation from the German of Memoirs of Ferdinand 
Uuilolpl Hassler by Ejui Zsciiokkb published in Aarau Switzerland 
18(7 -with supplementary documents published at Nice 188“’ See alsg 
Teach and Hist of VafA in the JJ S pp ‘’80 “’89 

* Ex Doc Ao (Report by A D Bache for 1840-47) p 2. 
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various States, with the view of securing greater uniformity 
It was recommended that each State piepaie for them a 
hie-proof room and place them ''undei the cliarge of some 
scientific person who would attend to their use and safe- 
keeping ” 

In 1866 Congress authoiized the use of the Metric System 
in the United States, but unfortunately stopped heie and 
allowed the nations of Continental Europe to advance far 
beyond us by their adoption of the hletiic System to the exclu- 
sion of all older systems 

In the cuirency of the American colonies theie existed great 
diversity and confusion “ At the time of the adoption of our 
decimal currency by Congress, in 1786, the colonial cmrency or 
hills of Cl edit, issued by the colonies, had depreciated in value, 
and this depreciation, being unequal in the diffeient colonies, 
gave use to the different values of the State currencies”^ 
Inasmuch as all our early aiithmetics were “practical” arith- 
metics, they, of course, gave rules for the “ reduction of coin ” 
Thus Pike’s Authmetic- devotes twenty-two pages to the 
statement and illustiation of rules for reducing “Hewhamp- 
shiie, Massachusetts, Rhodeisland, Connecticut, and Virginia 
cuiiency” (1) to “Eederal Money,” (2) to “Hewyork and 
Northcarolma currency,” (3) to “Pennsylvania, Uewjersey, 
Delaware, and Maryland currency, ” (6) to “ Irish money,” 
(7) to “Canada and Novascotia currency,” (8) to “Livres Tour- 
nois,” (9) to “ Spanish milled dollars ” Then follow rules for 
reducing Federal Money to “Newengland and Virginia cur- 
rency,” etc It IS easy to see how a large share of the pupil’s 
time was absoibed in the mastery of these rules The chap- 
ters on reduction of coins, on duodecimals, alligation, etc, 

^ Robinson, Pi ogrp<isive Highei Authmetic, 1874, p 190 

2 The New and Complete System of Arithmetic, abridged for the use 
of schools, 3d Ed 1798 Worcester, pp 117-139 
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givo evidence of ihe homigc tint Fducition was forced to 
j>a\ to I’rvctical I ifo at the fiicrificc of matter better fitted 
to develop tlio mind of joutli ^\lth a mcw of supplying 
the information needed bj merelnnla in business, anlbinclics 
discussed such subjects as the United Stales Securities tin 
Mrious rules adopted b^ the Lnited States and the 
State goierninents on partial payments 

It/// ora and Hooka — Ihe first arithmetics used in lh< 
\mericau colonics were 1 nglish Morbs Cocker, Ilodder 
Dilworth George 1 isbcr (Mrs Slock) Darnel rcnning ' 
The catliesl arithmetic written and printed m kmerjca ajv- 
pcared anonjniousl) m Iloston in 1“20 fhoiigh n work of 
coiisulenblc merit it seems to have Wen uscdierj little in 
earl> records wc Inie found no rtfiruice to it fifty ^cars 
later at the publication of 1 ikes Iri/Amf//c the former work 
was completcl) forgotten and 1 ike h was declared to be the 
earliest American aritbiiielic Of the 1729 publication tlicro 
are two copies m the Uanaul I ibrarj and one ui the Congtes 
sioiial Libran * In Vpplclon s Cycloptrdia of Imencon Hivj 
ntph j Its aulborslnp is nscnlicd w ilbout xesen o to Isaac (/reen 
wood then professor of mathematics at Ilaraard College but 
on the title-page of one of the copies in the Hariard Library 
IS wntten the following “Stippo<<cd that Sam* GreonwoiHl 
was the author thereof, others said to lx* b} Isaac Grern 
wood ’ In 1788 appeared at Iscwburjport the Aete and 
Complete Syatem of IrithmeUe bj Nicholas Pike (174J-1819) 
a graduate of Harvard College* It was intended for advanced 
Bcbools and contained besides the ordinary subjects of tint 
lime logarithms, trigonomelrj , algebra and conic sections, 
but these latter subjects were so briefly treated as to possess 
little value In the ‘ Abridgment for the Use of Schools,” 

1 See Teach and Illst of Jilath /n Me 5 pp 1 10 

* Ibidem p 14 * Ibidem pp 40 40 
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which was bi ought out at "Worcestei in 1793, tlie laiger work 
IS spoken of in the preface as “now used as a classical book in 
all the hleMengland Uni\ ei ‘Cities ” A lecent wiiter’ makes 
Pike lesponsible foi all the abuses in aiithmetical teaching 
that pievailed in eaily Ameiican schools To ns this con- 
demnation of Pike seems holly unjust It is unmerited, 
even if we admit that Pike uas in no sense a lefoimei among 
aiithmetical aiithois IVIost of the evils in question have a far 
lemotei oiigiii than the time of Pike Our author is fully up 
to the standaid of English uoiks of that date He can no 
more be blamed by us foi giving the aliquot parts of pounds 
and shillings, foi stating lules foi “taie and trett,” foi dis- 
cussing the “lediiction of coins,” than the futuie histoiian can 
blame woiks of the piesent time for treating of such atiocious 
lelations as that 3 ft = 1 yd , 51 jnls = 1 id , 30J sq yds = 1 
sq rd , etc So long as this fiee and independent people 
chooses to be tied down to such relics of baibaiism, the arith- 
matician cannot do otheiuise than supply the means of acquii- 
ing the piecious knowledge 

At the beginning of the nineteenth centuiy theie were three 
“gieat aiithmeticians ” in the United States Nicholas Pike, 
Daniel Adams, and Nathan Daboll The aiithmetics of Adams 
(1801) and of Daboll (1800) paid more attention than that of 
Pike to Eedeial Money Petei Pailey tells us that in conse- 
quence of the geneial use, for over a centuiy, of Dihvoith in 
Ameiicdii schools, pounds, shillings, and pence weie classical, 
and dollars and cents vulgai for seveial succeeding generations 
“ I would not give a penny foi it ” was genteel , “ I would not 
give a cent for it ” was plebeian 

Keform in arithmetical teaching in the United States did 
not begin until the publication by Warren Colbuin, in 1821, 

1 George H Martin, The Evolution of the Massachusetts Fiibhe 
School System, p 102 
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of the Intellectual AntltmeUc^ This was the first fruit of 
Pestalozzian ideas on American soil Like Pestalozzi, Col 
burn s great success lay in the treatment of mental arithmetic 
The success of this little book was extraordinary But Amen 
can teachers in Colbuin s time and long after, never quite 
succeeded in successfully engrafting Pestalozzian principles 
on written arithmetic Too much tune was assigned to anth 
metic in schools There was too little object-teaching either 
too much abstruse reasoning, or no reasoning at all , too little 
attention to the art of rapid and accurate computation, too 
much attention to the technicalities of commercial arithmetic 
During the last ten years, however desirable reforms have 
been introduced* 

'^Pleasant and Diierting Questions" 

In English and American editions of Dilworth, as also in 
Daniel Adams s Scholar's Arithmetic * we find a curious col 
lection of ‘Pleasant and diverting questions' We have all 
heard of the farmer who havmg a fox, a goose and a peck 
of corn wished to cross a river but being able to carry 
only one at a time was confounded as to how he should take 

1 tv AKREV Colburn s First Lessons have been abused by being put 
m the hands of children too early and has been productive of almost as 
much harm as good — Rev Tho ias Hill The True Order of Studies 
1876 p 4 

* The teacher who has been accustomed to the modern erroneous 
method of teaching a child to reason out bis processes from the beginning, 
may be assured this method of gaming facility m the operations before 
attempting to explain them is the method of Nature and that it is not 
only much pleasanter to the child but that it will make a better mathe 
matician of him — T Hill op eit p 45 

3 For a more detailed history of arithmetical teacbmg see Teach and 
Hist of Math tn the U S 

* Seventh Ed Montpelier Vt 1812 p 210 
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them across so that the fox should not devour the goose, nor 
the goose the corn T^Hio has not been entertained by the 
pioblem, how thiee ]calous husbands ivith their wives may 
cross a rivei in a boat holding only two, so that none of the 
three wives shall be found in company of one or two men 
unless her husband be present Who has not attempted to 
place nine digits in a square so that any three figures in a 
line may make ]ust 15“^ hTone of us, perhaps, at first sus- 
pected the great antiquity of these apparently nev-bom 
creatures of fancy Some of these piw/les are taken by 
Dilworth from Keisey’s edition of Wingate Kersey lefers 
the reader to “ the most ingenious ” Ga'^jxir Bachet cle Mezn me 
in his httle book, Piohlhnes j)lmsantR ct d^lectable<i qm sefont 
imr les nombtes (Lj’ons, 162-1), which is still laigely read 
The first of the above piwzles nas probabl}' known to Charle- 
magne, for it appears in Alenin’s (^) P) ojm’^itwnes ad acuendo<i 
juvenes, m the modified version of the volf, goat, and cabbage 
puzzle The thiee jealous husbands and then mies vere 
known to Tartaglia, who also proposes the same question v ith 
four husbands and four wives ^ 'We take these to be modified 
and improved versions of the fiist problem The three jealous 
husbands have been traced back to a ]\rS of the thiiteenth 
century, which repiesents two Geiman youths, Tirn and 
Tyiri, proposing problems to each other " The MS contains 
also the following Pirn says “Theie were three brothers in 
Cologne, having nine vessels of wine The first vessel con- 
tained one quart (am am), the second 2, the third 3, the 
fourth 4, the fifth 5, the sixth 6, the seventh 7, the eighth 
8, the ninth 9 Divide the wine equally among the three 
brothers, without mixing the contents of the vessels ” This 

^ Placock, p 473 

- Dr S GuNTiibR, Geschichte des mathematisclmi Untei'} ichts im 
deutschen Mittelaltei , Berlin, 1887, p 36 
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question is closely related to the third problem gi\cn aboic, 
since it giics rise to the following magic square demanded bj 
that problem 

Slagic squares were knoxvai to the Vrabs and, perhaps, to 
the Hindus To the Bjzanlino writer, ^lobchopulus, who liNcd 
in Constantinople in the eatl^ part of the fifteenth 
centurj, appears to be duo the introduction into 
Europe of these curious and ingenious products 
of mathematical thought Modtieval astrologers 
believed them to iwsscss mjstical properties and 
when engraved on siher plate to be a charm against plague ' 
The first complete magic square which has been disco%ered 
in the Occident is that of the German painter Vlbrccht Durcr 
found on his celebrated wood engra\ing, ‘ Melancholia. 

Of interest is the following problem gi\cu in Kersey s 
Mingatc IG Christians and 15 Turks being at sea in one 
and tbo same slap m a terrible storm and the pilot declaring 
a necossit) of casting the one half of those persons into the 
sea, that the rest might be 8a^cd, tlic) all agreed that the 
persons to bo cost awa) should bo set out b> lot after this 
manner, mz. the 30 persons should be placed in a round form 
like a ring, and then beginning to count at one of the pas* 
sengers and proceeding circularly, c\crj ninth person should 
be cast into the sea, until of the 30 persons there remained 
only ihe question is, how those 30 persona ought to bo 
placed, that the lot might infallibly fill upon the 15 Turks 
and not upon any of the 15 Christians’ ’ Kersey lets the 
letters a, e, o, u stand rcspcctiicly for 1, 2, 3, 1 5 and 
gives the verse 

From nuinben aid and art 

^erer will fame depart. 

* For tl e history of Ma Ic Squares see GUnthek T trmischte Unter 
auchungen Ch IV Their theory Is developed In U>t article Maglo 
bquarts in Joiivsov s Univeraal Cycfojxedia 
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Tlie vowels in these lines, taken in order, indicate alter- 
nately the number of Christians and Turks to be placed to- 
gether, take o = 4 Christians, then ti = 5 Tuiks, then 
e == 2 Chiistians, etc Bachet de Meziriac, Tartaglia, and 
Caidan give each diffeient veises to represent the rule Ac- 
coiding to a stoiy related by Hegesippus,^ the famous histoiian 
Josephus, the Jew, while in a cave with 40 of his countiy- 
men, who had fled from the couqueiing Eomans at the siege 
of Jotapata, preserved his life by an artifice like the above 
Eathei than be taken prisoners, his countrymen lesolved to 
kill one another Josephus prevailed upon them to proceed 
by lot and managed it so that he and one companion remained 
Both agreed to live 

The problem of the 15 Christians and 15 Turks has been 
called by Cardan Lxtdus Joseph, oi Joseph’s Play It has 
been found in a French work of 1484 written by ETicolas 
Chuquet^ and in MSS of the twelfth, eleventh, and tenth 
centuries ® Daniel Adams gives in his arithmetic the follow- 
ing stanza . 

“ As I was going to St Ives, 

I met seven wives 

Every wife had seven sacks , 

Every sack had seven cats , 

Every cat had seven kits 
Kilts, cats, sacks, and wives. 

How many were going to St Ives ? ” 

Compare this with Pibonaci’s “ Seven old women go to Eome,” 
etc , and with the problem in the Ahmes papyrus, and we 
perceive that of all problems in “mathematical recreations” 
this IS the oldest 

Pleasant and diverting questions were introduced into some 
English arithmetics of the latter part of the seventeenth and 

1 De Bello Judaico, etc , III , Ch 15 2 Cantor, Vol II , p 362 

2 M CoRTZE, m Biblio Mathew, , 1894, p 116 and 1896, pp 34-36 
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of the eighteenth centunes In Germany this subject found 
entrance into arithmetic during the sixteenth centurj Its 
aim Tvas to make arithmetic more attractive In the seven 
teenth century a considerable number of German books ivere 
■whollj devoted to this sulqect^ 

Certain \ 7 raters have found amusement in speculations o\ er 
the ongm of the $ Over a dozen different theories have been 
advanced but no serious effort was made to verify anj of 
them A careful study of manuscripts made recently * has 
shown that the S is the lineal descendant of the Spanish 
abbreviation p for * pesos " that the change from the flo 
rescent p to S was made about 1776 bj English Americans 
who came m business relations with Spanish Americans The 
earliest known printed $ occurs in an arithmetic Chauncey 
Lee’s jlmerican Accomptanl published in 1797 at Lansing 
burgh 

I WlLDEBMCTH 

* See F Cajori in the Popular Sctenee ^^ontk[y December 1912 
pp 6'>1 630 Science N S Vol 38 1913 pp 848-850 
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The Renaissance 

One of the great steps in the development of algebra during 
the sixteenth centuiy was the algebraic solution of cubic 
equations The honour of this remaikable feat belongs to 
the Italians ^ The first successful attack upon cubic equa- 
tions was made by Scipio Feiio (died in 1526), piofessor 
of mathematics at Bologna He solved cubics of the form 
+ mx = n, but nothing moie is known of his solution than 
that he taught it to his pupil Flondus in 1505 It was the 
practice in those days and durmg centuries afterwards for 
teachers to keep secret their discoveries or their new methods 
of treatment, in order that pupils might not acquire this 
knowledge, except at their owu schools, oi in order to secure 
an advantage over rival mathematicians by proposing prol> 
lems beyond their reach This practice gave rise to many 
disputes on the priority of inventions One of the most 
famous of these quarrels arose in connection with the dis- 
covery of cnbics, between Tartaglia and Cardan In 153f' 
one Colla proposed to Tartaglia several problems, one leading 
to the equation — g The latter found an imperfect 

method of resolving this, made known his success, but kept! 

1 The geometric solution had been given previously by the Arabs. 
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his solution secret This led Ferros pupil Floridus to pro- 
claim his knowledge of how to solve a^ + mx = n Tartaglia 
challenged him to a public contest to take place I eb 22, 1535 
Meanwhile he worked hard, attempting to solve other cases 
of cubic equations, and finally succeeded ten days before the 
appointed date, m mastering the case ic® = jnx n At the 
contest each man proposed 30 problems The oni v\ ho should 
be able to solve the greater number within fifty days m as to 
be the victor Tartaglia solved his rival s problems in tv, o 
hours, Floridus could not solve anj of Tartaglia s ihence 
forth Tartaglia studied cubic equations with a will and m 
1541 he was in possession of a general solution His fame 
began to spread throughout Italy It is curious to see what 
interest the enlightened public took in contests of this sort 
A mathematician was honoured and admired for his ability 
Tartaglia declined to make known his method for it was his 
aim to write a large work on algebra of which the solution 
of cubics should be the crowning feature But a scholar of 
Milan, named Hieronimo Cardano (1501-1576) after many 
solicitations and the most solemn promises of seciecy sue 
eeeded in obtaining from Tartaglia tlie method Cardan 
thereupon insetted it m a mathematical work the Ars l/cip»a 
then in preparation which he published in lo46 This breach 
of promise almost drove Tartaglia mad His first step was 
to write a history of his invention but to completely anmhi 
late Cardan, he challenged him and his pupil Ferrari to a 
contest Tartaglia excelled m his power of solving problems 
but was treated unfairly The final outcome of all this was 
that the man to whom we owe the chief contribution to 
algebra made in the sixteenth century was forgotten and the 
discovery in question went by the name of Cardan s solution 
Cardan was a good mathematician but the association of 
his name with the di'scover} of the solution of cubics is a 
<1 
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gross historical error and a great injustice to the genius of 
Tartaglia 

The success in resolving cubics incited mathematicians to 
extraordinary efforts towaid the solution of equations of 
higher degrees The solution of equations of the fourth degree 
was effected by Cardan’s pupil, Lodovico Feiran Cardan 
had the pleasure of publishing this brilliant discovery in the 
Ais Magna of 1545 Feiiaii’s solution is sometimes ascribed 
to Bombelli, who is no more the discoverer of it than Caidan 
is of the solution called by his name For the next three 
centuries algebraists made innumeiable attempts to discover 
algebraic solutions of equations of higher degree than the 
fourth It IS probably no gieat exaggeration to say that every 
ambitious young mathematician sooner or later tired his 
skill in this direction At last the suspicion arose that this 
problem, like the ancient ones of the quadratuie of the circle, 
duplication of the cube, and tiisection of an angle, did not 
admit of the kind of solution sought To be sure, particu- 
lar forms of equations of liighei degrees could be solved satis- 
factorily For instance, if the coefficients are all numbers, 
some method like that of Vieta, FTewton, or Horner, always 
enables the computer to approximate to the numerical values 
of the loots But suppose the coefficients are letters which 
may stand for any number whatever, and that no relation is 
assumed to exist between these coefficients, then the problem 
assumes more formidable aspects Finally it occuired to a 
few mathematicians that it might be worth while to try to 
prove the impossibility of solving the quintic algebraically, 
that IS, by radicals Thus, an Italian physician, Paolo 
(1765-1822), printed proofs of their insolvability,^ but these 
proofs were declared inconclusive by his countryman Malfatti 

^ See H Burichardt, “Die Anfange der Gruppentheone und Paolo 
Rnffini” in Zeitschi f Math u Physth, Suppl , 1892 
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Later a brilliant young Norwegian If'iels Henril, Abel (1802 
1829) succeeded in establishing bj rigorous proof that the 
general algebraic equation of the fifth or of higher degrees 
cannot be solved by radicals * A modification of Abel s proof 
was gi\en by ^Yant 2 el * 

Keturning to the Renaissance it is interesting to observe 
that Cardan in his works takes notice of negative roots of an 
equation (calling them JUAtUous, while the positive roots are 
called real) and discovers all three roots of certain numerical 
cubics (no more than two roots having e\er before been 
found in any equation) While in his earlier writings he 
rejects imaginary roots as impossible, in the Ars Magna he 
exhibits great boldness of thought in solving the problem to 
divide 10 into two parts whose product is 40 by finding the 
answers C+V— 15 and 5— V— lo and then multiplying 
them together obtaining 25 + 15 = 40 * Here for the first 
time we see a decided advance on the position taken bj the 
Hindus Advanced views on imaginanes were held also by 
Raphael Bomhelh of Bologna who published in 1672 an alge 
bra m which he recognized that the so-called irreducible case 
m cubics gives real values for the roots 
It may be instructive to give examples of the algebraic 
notation adopted lu Italy in those days * 

^ See Cbelle a Journal I 1826 

* Vi antzel a proof translated from Serret s Coura d Algebre Superieure 
was published in Vol I\ p 65 ofth^Analjst edited by Joel F HE^ 
DRicKs of Des Moines While the quintic cinnot he solved by radicals a 
transcendental solution involving elliptic integrals was given by Hermite 
(m the Compt Bend 18i*8 1865 1866) and by Ivronecker in 1858 A 
translation of the solution by elliptic mte^jrals taken from Bnot and 
Bouquet s Theory of Elliptic Functions is likewise published m the 
Analjst Vol V p 181 • Cavtor II 608 

< CA^To^ II 3 0 Matthilsse p C8 tl e value of a; given on the 
following pa^e is the solution of the cnbic m the previous line The 
F or V 13 a sign of ag regation or joint root. 
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Pacioh . F 40 m 320, v /40 - V320 

Cardan Cubus p 6 rebus sequalis 20, r’ + 6 a, = 20, 

v cu 108 J? 10 I m ]J -v cu F 108 m 10 , 
a; =-^Vl08 + 10 - ■^Vl08 - 10 

The Italians were in the habit of calling the unknown 
quantity cosa, “thing” In Germany this word was adopted 
as early as the time of John Widmann as a name for algebra 
he speaks of the “Regel Algobie oder Cosse”, in England 
this new name foi algebia, the cossic art, gave to the first 
English work theieon, by Robert Recoide, its punning title 
the Whetstone of Witte, truly a cos ingemi The Germans made 
important contributions to algebiaic notation The + and — 
signs, mentioned by us m the histoiy of aiithmetic, were, of 
course, introduced into algebia, but they did not pass into gen- 
eral use before the time of Vieta “It is very singular,” says 
Hallam, “that discoveries of the greatest convenience, and, 
apparently, not above the ingenuity of a village schoolmaster, 
should have been overlooked by men of extraordinary acuteness 
like Tartaglia, Cardan, and Eeriari, and hardly less so that, by 
dint of that acuteness, they dispensed with the aid of these 
contrivances in which we suppose that so much of the utility 
of algebraic expression consists ” Another important symbol 
introduced by the Germans is the radical sign In a manu- 
script published some time in the fifteenth century, a dot 
placed before a number is made to signify the extraction of a 
root of that number Christoff Rudolff, who wrote the earliest 
text-book on algebra in the German language (printed 1525), 
remarks that “the radix quadiata is, foi brevity, designated 
in his algorithm with the character -y, as -^4 ” Here the dot 
found in the manuscript hab grown into a symbol much like 
our owu With him VVV and VY stand for the cube and 
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the fourth roots The symbol V ^'sed by Michael Stifel 
(1486^-1567) \\ho in 1553 biought out a second edition of 
Rudolff s Co<is containing rules for solving cubic equations 
derived fiom the writings of Cardan btifel ranks as the 
greatest German algebraist of the sixteenth century He was 
educated in a monasteij at Esshngen his native place and 
aftei wards became a Protestant minister Study of the 
significance of mystic numbers m Revelation and in Daniel 
drew him to mathematics He studied German and Italian 
woiks, and in 1544 published a Latin treatise the Arithmetica 
Integra given to aiithmetic and algebra Therein he observes 
the advantage in letting a geometric senes correspond to an 
arithmetic series remarking that it is possible to elaborate a 
whole book on the wonderful properties of numbers depending 
on this relation He here makes a close approach to the idea 
of a logarithm He gives the binomial coefficients arising m 
the expansion of (a 4- 6) to powers below the 18th, and uses 
these coefficients in the extraction of roots German notations 
are illustrated by the following 

Regiomontanus 16 census et 2000 eequales 680 rebus, 

16ar + 2000 « 680 « 

Stifel Vj V320-4-V6* VV20-4--y8 

The greatest French algebraist of the sixteenth century was 
Franciscus Vieta (lo40-1603) He was a native of Poitou and 
died m Pans He was educated a lawyer his manhood he 
spent in public service under Henry III and Henrj IV To 
him mathematics was a relaxation Like Napier he does not 
profess to be a mathematician During the war against Spam 
he rendered service to Henry TV by deciphering intercepted 
letters written in a cipher of more than 500 characters with 
variable sigmfication and addressed by the Spanish court to 
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tlieir governor of Netlieilands The Spaniaids attributed the 
discovery of the key to magic Yieta is said to have punted 
all his works at his own expense, and to have distributed them 
among his friends as presents His In A) tern Analyticam 
Isagoge, Toms, 1591, is the earliest work giving a symbolical 
treatment of algebra Hot only did he improve the algebra 
and trigonometry of his time, but he applied algebra to geom- 
etry to a larger extent, and m a more systematic manner, than 
had been done before him He gave also the trigonometric 
solution of Cardan’s irreducible case in cubics 

In the solution of equations Vieta persistently employed 
the principle of i eduction and thereby introduced a uniformity 
or treatment uncommon in his day He reduces affected quad- 
ratics to puie quadratics by making a suitable substitution 
for the removal of the term containing x Similarly for cubics 
and biquadratics Vieta arrived at a partial knowledge of 
the relations existing between the coefficients and the roots 
of an equation Unfortunately he rejected all except positive 
roots, and could not, theiefoie, fully perceive the relations 
in question His nearest approach to complete recognition of 
the facts is contained in the statement that the equation 
a*® — (it -f u -f- iu)x- + (itu -f- vio -{- ton)x — uvio = 0 has the three 
roots It, V, 10 Eoi cubics, this statement is perfect, if it, v, lu, are 
allowed to represent any numbers But Vieta is in the habit 
of assigning to letters only positive values, so that the passage 
really means less than at first sight it appears to do ^ As 
early as 1558 Jacques Peletiei (1517-1582), a French text-book 
writer on algebra and geometry, observed that the root of an 
equation is a divisor of the last term Broader views were 
held by Albeit On aid (1590-1633), a noted Flemish matnema- 
tician, who in 1629 issued his Invention nouvelle en Valgkbie 


^ Fankel, p 379 



THE PENAISSANOB 


231 


He vras the first to understand the use of negative roots in the 
solution of geometric problems He spoke of imaginarj quan 
titles and inferred bj induction that every equation has as 
many roots as there are units in the number expressing its 
degree He first sho-ned how to express the sums of their 
products in terms of the coefficients The sum of the roots, 
giving the coefficient of the second term with the sign changed, 
he called the premiere faction the sum of the products of 
the roots two and two, giving the coefficient of the third term, 
he called deuxi^me faction, etc In case of the equation 
a^—4a;4-3=0, he gi\es the roots a;i=l Xj=l jtgzs—l-j-V— 2, 
= — 1 — V— 2, and then states that the imaginary roots are 
serviceable in showing the generality of the law of formation 
of the coefficients from the roots * Similar researches on the 
theory of equations were made m England independently by 
Thomas Hamot (1560-1621) His posthumous work, the 
Artis AnalyticcR Praxis 1631 was written long before Girard s 
Iniention, though published after it Harriot discovered the 
relations between the roots and the coefficients of an equation 
in its simplest form This discovery was therefore made 
about the same time by Hamot in England, and by Vieta 
and Girard on the continent Hamot was the first to decom 
pose equations into their simple factors, but as he failed to 
recognize imaginary, or even negative roots, he failed to prove 
that every equation could be thus decomposed 

Harriot was the earliest algebraist of England After grad 
uating from Oxford he resided with Sir Walter Raleigh as 
his mathematical tutor* Raleigh sent him to Virginia as 
surveyor in 1585 with Sir Richard Grenville s expedition 
After his return the following year, he published “A Brief 
and True Report of the New found Land of Virginia, which 


1 Caktob II 788 
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excited much notice and was tianslated into Latin Among 
the mathematical instuiments by which the ^\ondei of the 
Indians ■\^as moused, Ilmiiot mentions ^'a perspectue glass 
A\heieby was sho^\ed many stiange sights”^ About this 
time, Henry, Eml of Hoitluimbeiland, became interested in 
Haiiiot Admiiing his atfability and learning he allowed 
Hail lot a life-pension of .-£300 a yeai In 1(106 the Eail was 
committed to the Tonei, but his thice mathematical fi lends, 
Haiiiot, IValtei AVainer, and Thomas Hughes, “the tluee 
magi of the Eail of Hoitliuinberland,” frer|uentl^ mot there, 
and the Eail kept a handsome table foi them Hariiot i\as 
111 pool health, nhich explains, pcihaps, his f.iiluic to complete 
and publish his dlsco^elles 

We next suinmaiize the Mens rcgaiding the negatne and 
imagmaiy, held by miters of the sixteenth century and 
the eaily pait of the sc^enteenth Cm dan’s “pure minus” 
and his viens on imaginmies Ycie in advance of Ins age 
Until the beginning of the se^enteenth centuiy mathemati 
Clans dealt exclusively v ith positive quantities Pacioli saj s 
that “minus times minus gives plus,” but applies this only 
to the foimation of the jnoduct of (a — h)(c — d) Purely 
negative quantities do not appear in his voik The German 
“ Cossist,” Eudolff, knov s only positive numbers and positive 
roots, notwithstanding his use of the signs + and — His 
successoi, Stifel, speaks of negative numbers as “less than 
nothing,” also as “absuid numbers,” which arise when real 
numbers above zero aie subtracted fiom zero- Hmriot is 
the fiist who occasionally places a negative term by itself on 
one side of an equation Vieta knows only positive numbers, 

^ Harriot was an astronomer as well as mathematician, and lie “ applied 
the telescope to celestial pur^ioses almost simultaneously with Galileo ” 
His telescope magnified up to 60 times See the JDic of Nat Biogi apliy 

2 Caktok, II , 442 
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bu^ Girard had advanced views both on negatnes and imagi 
nanes Before the ac^entoenth centnr) the majority of the 
great Furopean algebraists had not quite risen to the views 
taught by the Hindus Onlj a few can be said like the 
Hindus to ha\o seen negative roots, perhaps all Luropeans 
like the Hindus did not approie of the negatnc The full 
interpretation ind construction of negatiie quantities and the 
systematic use of them begins with Jieni De^carte^ (IfiOG- 
IC )0) but after him erroneous views respecting them ajjpear 
again and again In fact not until the middle of the nine 
teenth century was the subject of negatno numbers properly 
explained in school algebras The question naturally arises 
why was the generalization of the concept of number so ns 
to include the negatue such a diflieult step‘s The answer 
would seem to be this ^egati\e numbers appeared absurd 
or fictitious 80 long as inathematitians bad not bit upon 
a iisunt or graphicfxl representation of them Die Himltis early 
saw in opposition of direction on a line an interpretation 
of positive and negative numbers The ideas of assets and 
debts offered to them another explanation of tlioir niture 
In Lurope full possession of these ideas was not acquired 
before the time of Girard and Descartes To Stifcl is due the 
absurd expression negative numbers are less than i othing 
It took about 300 y ears to eliminate this senseless phrase from 
mathematical language 

History emphasizes tho importance of giiing graphic 1 
representations of negative numbers in teaching algebra 
Omit all illustration by lines or by tho thermometer and 
negative numbers will be as absurd to modern students as 
they w ere to the early algi oraists 

In the development of symbolic algebra great services were 
rendered by Vieta Epoch making was the practice intro- 
duced by him of denoting general or mdehnito expressions 


/ 
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by letters of the alphabet To be suic, Stifel, Cardan, and 
others used letters before him, but Vieta first made them an 
essential part of algebra The new symbolic algebra ^\as 
called by him logistica fyjyeciosa in opposition to the old logntico 
mmeyosa Bj’’ his notation -f- 3 a-b + 3 a!r 6^ = (n + by 
was wiitten “a cubus + Z; nr a quadi 3 + o in b quadr 3 + ?r 
cubo ffiqrialia a+b cubo” The vinculum na& inlioduced by 
him as a sign of aggiegation Parentheses first occur with 
Guard In numerical equations the unhnon n quantity n as de- 
noted by N, its square by Q, and its cube by C Illustrations ’ 


Vieta 

lG-SQ + 16A"mqu 40, 

af — 8 af + 16 a; = 40 

Vieta 

A cubus + B piano 3 in H, 



cequari Z solido 2, 

+ 3 = 2 c 

Girai d 

l@:o 13 0 + 12, 

r-’ = 13r + 12 

Descai tes 

+jn + 50 ) 0 , 

af +5)T + 5 = 0 


Our sign of equalitj', =,is due to Rccorde Harriot adopted 
small letters of the alphabet nr place of the capitals used by 
Vieta Hail lot uiites — 3 ab" = 2 o' thus aaa — 3 bba 
= 2ccc The symbols of inequality, > and <, neie intro- 
duced by linn 'Willianr Oughtied (157^1—1060) introduced 
X as a symbol of multiplication, for piopoitron, ~ for dif- 
feieiice In his Clavi-i, 1631, he niites A'® thufa, , anO 
120 thus, 120 AqqcEc The sign for ratio was used by 
Vincent Wing nr 1651 , the symbol cc for variation, by AVilliam 
Emerson m 1768 

The Last Three Centimes 

The first steps towaid the building up of our modern 
theory of exponents and oui exponential notation were taken 
by Simon Stevin (1648-1620) of Binges in Belgium Oresme’s 
previous efforts in this direction lemanied wholly unnoticed, 

1 Matthiessen, pp 270 , 371 . 
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but StCMu s inno%ations, though neglected at first arc a 
pcrminent possession His exponential notation gren in 
connection nitli his notation for decimal fractions Denoting 
the unknown quantitj b} Q he places within the circle the 
exponent of the power Thus® Q (3) signify x x* x* He 
extends his notation to fractional exjionents (D (D (j) mean 
x’ x^, x^ He writes 3xy • thus 3@ l/terQ "hero 

If means multiplication, sec second ler third unknown 
quantitj The Q ^^r x was adopted b} Girard StcMiis 
great independence of mind is exhibited in his condemnation 
of such terms as sursolid or numbers that are absurd 
irrational,” * irregular surd Ho shows that all mini 

bers are equally proper expressions of some length or some 
power of the same root He also rejects all compound ex 
pressions such as square squared cube squared ’ and 
suggests that they be named bj their exponents the fourth 
fifth” powers Stoiins symbol for the unknown failed to 
be adopted, but tlie principle of his exponential notation has 
surM^cd The modern formalism took its shape with Dcs 
cartes In his Geometry 1C37, he uses the last letters of the 
alphabet x in the first place then the letters y to designate 
unknown quantities , while the first letters of the alphabet are 
made to stand for known quantities Our exponential nota 
tioii a* is found in Descartes howc\er he docs not use gen 
oral exponents like a nor iiegatiso and fractional ones In 
tins last respect he did not nso to the ideas of Ste\ in In case 
of radicals he does not indicate the root bj indices but in 
casw of owbe root for rastwwoo, Msoa tho loUor C thus 
VG + iq= -v^ 

Of the earlj notations for e\olution two ha\e come down 
to our time the German radical sign and Stevin’s fractional 


iCa’itob II ^Oi 
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exponents Modem ])ui)ils have io leain tlie algorithm foi 
both notations, they must le.iin (lie meaning of -v^, and also 
of its equal It is a gi eat pity tliat this should he so Tlie 
operations with fiaction.il exponents .iie not ahv.ays found easy, 
and the lules for ladicals aio always pionounced “haid ” 3?y 
leaiinng both, the piogiess of the pupil is iinnecess.arily le- 
taided Of the ti\o, the exponential notation is iniineasuiably 
superior Kadicals ajipeai only in eiolution’ Exponents, on 
the other hand, apply to both involution .ind evolution, Mitli 
them all operations and siinplificationb aie elTeotcd ivith com- 
paiative ease In case of i.idic.ils, what a g.ain it would be, if 
we could burst the chains which lie us to the past' 

Descartes cniiehed the theoi} of equations w itli a theorem 
wdiich goes by the name of “iiile of signs ” By it are detei- 
miiied the number of positive and neg.atn e loots of an eqii.ation 
the equation ina}’’ have as inanj' loots as theie are -sanations 
111 sign, and as many — loots as there aio perni.anences in sign 
Deseaites wxas accused by Wallis of availing himself, without 
ackuosvledgment, of Ilaii lot's thcoiy of equations, paiticiilarly 
his mode of geneiating equations, but theie seems to be no 
good giound foi the ch.aige Wallis claimed, moreosei, that 
Descartes failed to notice that the lule bre.alcs dowm in case of 
imaginary loots, but Descartes does not s.ay that the equation 
alitajjs has, but that it viay have, so m.anj’’ loots It is tiue 
that Deseaites does not considei the case of imaginaries 
dnectly , but fuithei on, in his Geometuj, he gives ample evi- 
dence of his ability to handle the case of imaginaiies 

^ In connection wutli the iniaginarj, V— 1, the ladical notation is 
objectionable, because it leads students and even authors to remark that 
the rules of operation foi real qu.antities do not always hold for imagi- 
naries, since V— 1 •%/— 1 does not equal V-f 1 That the difficulty is 
merely one of notation is evident from the fact that it disappears w hen 
we designate the imaginary unit by i Then i i = i-, which, by 
definition, equals t- 
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John IFaWis (1616-1703) was an English mathematician of 
great originality He was educated for the Church, at Cam 
bridge, and took Holy Oiders but m 1649 was appointed 
Sa\ilian professor of geometrj at O'cford He advanced 
beyond Kepler bj making more extended use of the law of 
contmuitj,’ applying it to algebra while Desargues applied 
it to geometry Bj this law Wallis was led to regard the 
denominators of fractions as powers with negative exponents 
For the descending geometrical progression ar, aP, if con 
tinned, gives a:"’, x ~ , etc , which is the same thing as i 

etc The exponents of his geometric senes are m the anth 
metical progression 2 10—1—2 He also used fractional 
exponents which had been invented long before but had 
failed to be general!} introduced The symbol co for infinity 
IS due to him In 1685 Wallis published an Algebra which 
has long been a standard work of reference It treats of the 
history theor} and practice of arithmetic and algebra The 
historical part is unreliable and worthless, but m other respects 
the work is a masterpiece, and wonderfully rich m material 

The study of some results obtained by Wallis on the quad 
rature of curves led Newton to the discovery of the Binomial 
Theorem made about 1665, and explained m a letter written 
by Newton to Oldenbui^ on June 13, 1676 ^ Newton s reason 
ing gives the development of (a + 5) , whether n be positive 
or negative integral or fractional Except when n is a positive 
integer the resulting senes is infinite He gave no regular 
proof of his theorem, but verified it by actual multiplication 
The case of positive integral exponents was proved by James 
Bernoulli * (1654-1705), by the doctrine of combinations A 

* How the Binomial Theorem was deduced as a corollary of Wallis a 
results IS explained in Cajon s Q/’J/atftemancs pp 195 196 

^ Ara Conjectandi 17J-. o 89 
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proof for negative and fractional exponents was given by 
Leonhaid Euler (1707-1783) It is faulty, for the reason that 
lie fails to consider the convergence of tlie series , nevertheless 
it has been repioduced in elementary text-books even of recent 
years ^ A rigorous general proof of the Binomial Theorem, 
embracing the case of incommensurable and imaginary powers, 
was given by Eiels Heniik Abel - It thus appears that for over 
a century and a half this fundamental theorem went without 
adequate pi oof ® 

Sii Isaac Neioton (1642-1727) is probably the greatest mathe- 
matical mind of all t im es Some idea of his strong intuitive 
powers may be obtained from the fact that as a youth he 
regarded the theorems of ancient geometry as self-evident 
truths, and that, without any preliminaiy study, he made 
himself master of Descartes’ Geometry He afterwards re- 
gal ded tins neglect of elementary geometry as a mistake, aud 
once expressed his regiet that “he had applied himself to the 
works of Descartes and other algebraic writeis before he had 
considered the Elements of Euclid with the attention that so 
excellent a writer deserves” During the first nine years of 

1 For the history of Infinite Senes see Ruff, Ge'scJnclite dei TJnond- 
Itchen Beilien, Tubingen, 1880, Cantoh, III , 63-94, Cvjoni, pp 314- 
339 , Teach and Hist of Math in the U S , VV ^01-376 

2 See Crelll, I, 1827, or CEuvies completes, de N H Abel, Chris- 
tiama, 1839, I , 66 e^ seq 

® It should be mentioned that the beginnings of the Binomial Theorem 
for positive integral exponents are found very early The Hindus and 
Arabs used the expansions of (a -f by and (a 4- by m the extraction of 
square and cube root Vieta knew the expansion of (a + by But these 
were obtained by actual multiplication, not by any law of expansion 
Stifel gave the coefiScients for the first 18 powers , Pascal did similarly 
in his “arithmetical triangle” (see CAhTon, If , 685, 686) Pacioli, 
Stevin, Briggs, and others also possessed something, from which one 
would think the Binomial Theorem could have been derived with a little 
attention, “if we did not know that such simple relations were difficult 
to discover” CD e Morgan). 
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his professorship it Cambridge he <leh^cre(l lectures on algo- 
bra Over thirty j ears after thej were published m 1707 b} 
Sfr \Miiston under the title, ^IrifAme/ica hniiersaUs Ihej 
contain new and important results on the theory of equations 
His theorem on the sums of powers of roots is well known 
^\ e give a specimen of bis notation 

a’ + 2 «ac — aab — 3 abc -f hhc. 

Llsewhere in his works he introduced the sjstera of literal 
indices The Umiersalts contains also a large 

number of problems Here is one (No CO) V stone falling 
down into a well from the sound of the stone striking the 
bottom to determine the depth of the well Ho leaves his 
problems with the rcmarl which shows that methods of teach 
ing secured some degree of attention at his hands Hitherto 
I have been solnng several problems Tor in learning the 
sciences examples are of more use than precepts • 

‘Newtons body was Interred In Wcstmlnsler Abbej where In 1 31 
a fine monument was erected to his memory In cjcl pxdias the 
statement Is frequenllj made tl at the IHnorolal Formula was engnroJ 
upon Newton a tomb but tl la Is rcr> probably not comet for the 
following reasons (1) He hare the testimony of Dr Bradley the 
Dean of Westminster and of nnilKmatical acquaintances wl o havi, 
visited the Abbej and mounted the monument that tho theorem can 
not be seen on the tomb at the present time 1 et all Latin Inscrlptinna 
are still distinctly readable (2) None of the biOj^phers of Newton 
and none of the old guidebooks to Meurolnster \bbcy mention the 
Binomial lonnula In their (often very full) descriptions of Newtons 
tomb However some of them say that on a small scroll held bj two 
winged youths in front of tho lialf recumbent fl urc of Newt n there are 
some mathematical flmircs See Neale b < ui fe Brewster In Hs Z,i/e q/ 
Sir Isriac \ei ton 1831 says tliat a coimrpin" sene h there but 
tl 13 d es not show now Brewster woul 1 surelj have said Binomial 
Theorem instead of convergin'' senes 1 ad the tl corem been there 
Ihe Binomial Formula moreover is not alwajs convergent (3) It 
IS important to remember that whatever was engraved on the scroll 
could not be seen and read by any one unless he stood on a chair or 
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long inthmptical compiititions for the Bike of acquiring skill 
and rapidity Thus one of his pupils solved x*--2r=5r» to 
103 decimil places, another tried 150 places, but broke doiMi 
at the 7Gth, i\hich ^\as iirong * ^^hlle, m our opinion I)c 
"Morgan greatly o\ercstiinated the \nluo of Horners method 
to the ordinary boj, and, perhaps, ovcrtlid in matters of 
calculation, it is ccrtainlj tnio that m America teachers 
hare gone to the other extreme, neglecting the art of rapid 
computation, so that our school children hare been con 
spicuouslj wanting in the power of rapid and accurate fig 
iinng ’ 

In this connection wo consider the approximations to the 
value of T The early ruropcan computers followed tlio 

* Ghates Lt/c o/ S ir TTm Jtoxrtin IhmtU n III p 6 

» The following quoted by Mr F M I angle) In the Fiyhtfenih (Jen 
eral Report of If e i I G T 18tr p 40 from I>c Morpin » article On 
Arithmetical Computation in the Conipanfon to the RrttUh Almanac 
for 1844 is interesting Tie growth of the power of computation on 
the Continent tl ough con idenblc did not keep pace with tint of the 
same in Fngland M o mi ht gho many Instances of the truth of our 
assertion In ICW Do I apnj a well known writer on algebra and a 
member of the Acadcinj of Sciences said that the most skilful computer 
could not In Ics than a month find within a unit liic cube root of 
690 30483318C-106'15O AilOl? Me would have glTcn something to I ave 
been present if De lagn) had cser made the assertion to 1 is contompo- 
rary Abraham Sharp In the pnsent day howertr both in our un 
versitlcs at lorn and ever) where abroad no disposition to encourage 
computation exi ta among tloso who attend to tho higher branches of 
mathematics and tho elementarj works arc very deficient in numerical 
examples Dc I ogny s cxaroplo ww brought to Dc Morgan In a cKss 
and ho found the root to five decimals in leas than twenttj minuter Mr 
Langley exhibits De Morgan s computation on p 41 of tho article cited 
Mr Langley and Mr II B Hayward adroealo llomera method as a 
desirable substitute for the clumsy rules for erohition which the young 
student still usually encounters in Uio text-books See IlATWAnn s 
article In the 1 7 0 T* Re} rt 1889 pp 69-68 also De MonoAV a 
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geometiical method of Aichimedes by insciibed or circum 
sciibed polygons Thus Vieta, about 1580, computed to ten 
places, Adrianus Eomanus (1561-1615), of Louvain, to 15 
places, Ludolpb van Ceulen (1540-1610) to 35 jilaces The 
latter spent years in tins computation, and bis perfoimance 
was consideied so extiaoidinaiy that the numbers were cut 
on bis tombstone in St Petei’s cbuicbyaid at Leyden The 
tombstone is lost, but a desciiption of it is extant After bim, 
the value of tt is ofcen called “Ludolpli’s numbei ” In the 
seventeenth century it was peiceived that the computations 
could be gieatly simplified by the use of infinite senes Such 

a series, viz tail"’ x — % ^ was fiist siig- 

3 5 I 

gested by James Giegoiy in 1671 Peibaps the easiest are the 
formulae used by Macbin and Dase Macbin’s formula is. 


Y = 4 tan“* i — tan"^ — - 
4 5 239 


,-i 1 


-1 1 


The Englishman, Abiabam Sbaip, a sbilfiil mecbanio and 
computoi, for a tune assistant to the astronomei Flamsteed, 
took the aic in Giegory’s formula equal to 30°, and calculated 
TT to 72 places in 1705 , next yeai Machin, piofessor of astron- 
omy in London, gave tt to 100 places, the Fienchman, De 
Lagny, about 1719, gave 127 places, the German, Georg Vesa, 
in 1793, 140 places, the English, Rutherford, in 1841, 208 
places (152 coirect), the Geiman, Zacharias Base, in 1844, 
205 places , the German, Th Clausen, in 1847, 250 places , the 
English, Rutherford, in 1853, 440 places , William Shanks, in 
1873, 707 places ^ It may be remaiked that these long com- 
putations are of no theoretical or practical value Infinitely 
more interesting and useful are Lambert’s proof of 1761 


W R Ball, Math Beci cations and Pioblems, pp 171-173 
Ball gives bibliograplucal references 
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tint ff IS not ntioinl ‘ ami Limlcmann s proof that r is not 
algebraical, t e cannot be the root of an algebraic equation 

Infinite senes b} which tr maj be computed utro gnen also 
by Hutton and Euler I conhanl Eider (1707-1783) of Easel, 
contributed \astl) to tlio progress of higher mathematics but 
his influence loaclud doun to clciiiciitarj subjects He treated 
trigonometry as a branch of analysis introduced (simultane 
ously ^\ltll Thomas Simpson in England) the now current 
abbrenations for trigonometric functions and simplified for 
muloj by the simple expedient of designating the angles of 
a triangle h} A D C and tho opposite sides by a 6 c In 
his old age, after he had become blind, ho dictated to his 
scr\ant his Anleitung ‘'ur Algebra 1770 winch though purely 
elementary , is meritorious as one of the earliest attempts to put 
the finidaincntal proccs&cs upon a sound basis An Introduction 
to the Elements of Algebra selected from the Vgebra of Euler, 
was biought out in 181b by John larrar of }Iar\ard College 

A question that became prominent toward tho close of tho 
eighteenth century was the graphical representation and inter 
pretatioii of the imaginary V — 1 As witli negati\o numbers 
so with imaginaries no decided progress was made until a 
picture of it was presented to the eye In tho time of Newton 
Descartes and Luler tho imaginary was still an algebraic 
fiction The first thoroughly successful graphic representations 
wercdesciibtd by the "Norwegian survey oi, C ispax Wcssel in m 
article of 1797 published in 1799 in the "Memoirs of the Danish 
P Academy of Sciences, and by Jean Eobert Argand (1708- 1 "), 
of Geneva who in 1800 published a remarkable Essai* But 

* See tho proof in Vote IV of Legendres Qiomitrie where It U ci 
tended to ir* 

® Consult Imaginary QuanUCift Jhetr Qeomttncal Interpretation 
Translated from the French of M Asoaho by A S IIahuv New 
York 1881 
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all these ^\lltlngs were little noticed, and it remained for the 
great Ccnl FimhtcJi Gavs^ (1777-1855), of Gottingen, to break 
down the last opposition to the imaginary He introduced 
it as an independent unit co-oidinate to 1, and a+ tb as a 
“complex numbei ” Notwithstanding the acceptance of imagi 
naiies as “numbeis” by all gieat investigatois of the nine- 
teenth, centuiy, theie aie still text-books which lepiesent the 
obsolete view that V— 1 is not a numbei oi is not a quantity 
Cleai ideas on the iundamental piiiieiples of algebra weie 
not seemed befoie the nineteenth centuiy As late as the 
latter pait of the eighteenth centuiy w'e find at Cambridge, 
England, opposition to the use of the negatii e ' The view 
was held that theie exists no distinction between aiithmetic 
and algebia In fact, such wniteis as hlaclauiin, Saiinderson, 
Thomas Simpson, Hutton, Bonnycastle, Budge, began their 
tieatises wntli aiithmetical algebia, but gradually and dis- 
guisedly intioduced negative quantities Eaily Ameiican 
writeis imitated the English But in the nineteenth century 
the first principles of algebia came to be caiefully investi- 
gated by Geoige Peacock,- D F Giegoi}’’,^ De Morgan^ Of 
continental writers we may mention Augustin Louis Cauchy 
(1789-1857),® Martin Ohm,® and especially Hermann Hankel ^ 

^ See C Wonnsw orth, Scholce Academicce Some Actount of the Studies 
at English Universities in the Eighteenth Centin ij, 1877, p 68 , Teach 
and Hist of Math in the U <5, pp 385-387 

2 See his Algehia, 1830 and 1842, and his “ Repoit on Recent Progress 
in Analysis,” printed in the Bepoits of the Butish Associationy 1833 
®‘‘On the Real Nature of Symbolical Algebra,” Tians Boy Soc- 
Edinburgh, Vol XIV , 1840, p 280 

^‘‘On the Foundation of Algebra,” Cambridge Phil Tians, VII, 
1841, 1842 , VIII , 1844, 1847 

® Analyse Algebi ique, 1821, p 173 et seq 
Versuchs eines vollLommen consequenten Systems dei Mathematik, 
1822, 2d Ed 1828 

Die Complexen Zahlen, Leipzig, 1807 This work is very rich in 
liistorical notes Most of, the bibliographical references on this subject 
yiven here are taken from that work. 
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A flood of 'iddition'xl light Ins been tlirown on this subjpci 
b) the epoch making researches of W illnin Rowan Hamilton 
Hermann Grassmann and Ronjamin leircc a\ho concctacd 
new algebras with laws differing from the laws of ordinarj 
algebra.* 

GEO^IETR\ AMD TRIGOXOAIETRTi: 

E’diiions 0 / Eudttl Early Pc^eardies 

ith the close of the fifteenth centnry and beginning of 
the sixteenth wc enter upon a new era. Great progress was 
made in arithmetic algebra and tngonomctrj but less prom 
inent were the advances in geometry Through the study of 
Greek manuscripts which after the fall of Constantinople in 
1453 came into possession of ^^C3tcm Europe improied trans 
lations of Euclid were secured U the beginning of this 
period printing was mvented, books became cheap and plenti 
fill The first printed edition of Euclid was published in 
Venice, 1482 This was the translation from tho Arabic b} 
Campanus Other editions of this appeared at Ulm m 148r 
at Rascl in 1491 The first Latin edition, translated from 
the original Greek, by Bartholommn Zamhertns appeared at 
Venice m 1505 In it the translation of Campanus is se% erel) 
criticised This led Pacioli, in 1509 to bring out an edition, 
the tacit aim oS which seems to hare been to exonerate Cam 
panus * Another Euclid edition appeared m Pans 151G The 
first edition of Euclid printed in Greek was brought out in 
Basel m 1533, edited bj Stmon Grynaitn Tor 170 years this 
was the only Greek text In 1703 Daitd Gregory brought 
out at Oxford all the extant works of Euclid in tho original 

I For an excellent historical Bketch on ilultlple Algebri sec J tV 
Gibbs In Proceed Am Ass for the Ado of Science 'Vol 'VXW 1880 
* Castor II p 312 
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As a complete edition of Euclid, tins stood alone until 1883, 
when Heiberg and Menge began the piiblieation, in Greek 
and Latin, of their edition of Euelid’s works The first 
English translation of the Elements ivas made m lo70 from 
the Greek bj^ “ H Billingslc}'’, Citizen of London ” ’ An 
English edition of the Elements and the Data was published 
in 1758 by Boheit Simson (1687-1768), professor of mathe- 
maties at the University of Glasgow His text vas until 
recently’- the foundation of nearly all sehool editions It dif- 
fers consideiably from the original Siinson collected a num- 
oer of errors in the Greek copies jUI these errors he assumed 
to be due to unskilful editors, none to Euclid himself A elose 
English translation of the Greek text uas made by James 
Williamson The first volume appeared at Oxford in 1781, 
the second volume in 1788 School editions of the Elements 
usually contain the first six books, together with the eleventh 
and twelfth 

Eeturmng to the time of the Eenaissance, we mention a few 

1 la the Geneial Dictionaiy by Batle, London, 1735, it says that 
Billingsley “made great progress in mathematics, b;y the assistance of 
his friend, Mi Whitehead, who, being left destitute upon the dissolution 
of the monasteries in the reign of Hemy VIII , nas received by Billings- 
ley into his family, and maintained by him in his old age in his house at 
London ” Billingsley was rich and was Lord Mayor of London m 1591 
Like other scholars of his day, he confounded our Euclid with Euclid of 
Megara The preface to the English edition was written by John Dee, 
a famous astrologer and mathematician An interesting account of Dee 
IS given in the Dictionaiy of National Biogiaphy De Morgan thought 
that Dee had made the entire translation, but this is denied in the article 
‘Billingsley” of this dictionary At one time it was believed that Bil- 
lingsley translated fiom an Arabic-Latin version, but G B Halsted suc- 
ceeded in proving from a folio — once the property of Billingsley — [now 
in the library of Princeton College, and containing the Greek edition of 
1533, together with some other editions] that Billingsley translated from 
the Greek, not the Latin See “ Note on the First English Euclid " in 
the Am Jour of Mathem , Tol. II , 1879. 
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of the more interesting problems tlicn discussed in geometry 
Of a development of new geomctncal methods of investigation 
wc find as }ct no trace In Ins book De inangulis, 1533 the 
German astronomer, liigiomontanuSf gi\cs the theorem (already 
kno^\n to 1 roclus) that the three perpendiculars from the ^er 
tices of a triangle meet in a point and shows how to find from 
the three sides the radius of the circumscribed circle He gives 
the first new maximum problem considered since the time of 
Apollonius and Zcnodorus, viz, to find the point on the floor 
(or rather the locus of that point) from which a vertical 10 
foot rod, whose lower end is 4 feet above the floor seems 
largest (i e subtends the largest angle) * N cw is the follow mg 
theorem which brings out m bold relief a fundamental differ 
ence between the geometrj on a plane ajd the geometry on a 
sphere From the three angles of a spherical triangle ina^ be 
computed the three sides, and ttce xersn Regiomontanus dis 
cussed also star poljgons lie was probably familiar with the 
writings on this subject of Campanus and Rradwardine Regi 
omontanus and especially the Irenchman Charles de Boxixelles 
or Carolus I ovillus (1 170-1533) laid the foundation for the 
theory of regular star polygons * 

The construction of regular inscribed polygons received the 

* Cavtor II '’83 

* \ detailed lilstorj of star polygons and star polytedra la given by 

S Gunther \ ermiachte Untersuchunifen pp 1 0 Star polygons have 
commanded tlic attention of geometers down even to recent times 
Afflon" Hi© more prominent an? Jelrav Jlamuf hlrcher 

''100 -1C80) Albert Girard Jahn Brosclua (a 1 ole) John Kepler A L 
1; Mtistcr (17‘’4-1<88) C F GauNi \ F Mbbius I loinsot (1777- 
18 a) C C Krause Mdbius gives the following definition for the area 
of a polygon useful In case the sides cross each other Given on arbi 
trarilj formed plane polygon iS 1/V assume any point P in (he 
plane and connect it with the vertices hj straight Unen then the sum 
P iB PBG PMN PNA is independent of the position oj 

P and represents the area of the polygon Here PAB = — PBA 
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attention of tlie gieat paintei and aicliitect, Leonaido da Vmci 
(1452-1519) Of Ins inetliods some are mere approximations, 
of no theoretical interest, though not -without practical value 
His insciiption of a regular heptagon (of couise, merely an 
approximation) he consideied to be accuiate ' Similar construc- 
tions weie given by the gieat Geiman paintei, Albiecht Dine), 
(1471-1528) He is the hist who alwa^'s cleaily and coirectly 
states vhich of the constructions aie appioximations * Both 
Leonaido da Vinci and Dihei in some cases peiform a constiuc- 
tion by using one single opening of the compasses Pappus 
once set himself this limitation , Abiil Wafa did this repeat- 
edly , but now this method becomes famous It was used by 
Tcntagba m 67 diffeient constiuctions , it -was employed also 
by his pupil Giovanni Bcdtinla Benedetti (1530-1590) * 

It will be reineuibeied that Gieelc geometers demanded that 
all geomehic constiuctions be effected by a luler and compasses 
only , othei methods, which have been proposed from time to 
time, aie to constiuct by the compasses only oi by the rulei 
only,® or by rulei, compasses, and othei additional instruments 
Constructions of the last class Aveie given b}’’ the Greeks, but 
were considered by them mechanical, not geometi ic A peculiai 
feature in the theoiy of all these methods is that elementaiy 

1 Cantor, II , 462 

2 For further details, consult Cantor II , 296-300, 460, 627 , 629 , 
S Gunther, Nachtiage, p 117, etc The fullest development of tins 
pretty method is reached in Steiner, Die Geometi ischen Consti nctwnen, 
ausgefuhrt mittels dei geraden Lime and eines festen Kieises, Berlin, 
1833, and m Poncelet, Tiaite des pi opuetes pi ojectives, Pans, 1822, 
p 187, etc 

® Problems to be solved by aid of the ruler only aie given by Lambert 
in his Freie Perspective, Zurich, 1774 , by Servois, Solutions pen coiinues 
de diffei ens pi obleines de GeomHiie piatique, 1806, Brianchon, ilfemou e 
sur V application de la tlieorie des ti ansvei sales See also Chasles 
p 210, Cremona, Elements of Piojective Geometry, Transl by Leddes 
PORE, Oxford, 1886, pp xii , 96-98 
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geometry is unable to answer the genenl question, hit con 
structions can be earned out bj either one of those methods / 
Tor an answer we must resort to algebraic analysis * 

V construction bj other instnmicnts than merelj the ruler 
and compasses appears in the quadrature of the circle b) Leo- 
nardo da Vinci Ho tikes i cj lindor w hose height equals liil 
its radius, its trace on i plane resulting from one rciolution 
13 a rectangle u hose area is equal to that of the circle N othiiig 
could bo simpler than this quadrature onl) it must not bo 
claimed that this soUcs the problem as the Greeks understood 
it The ancients did not admit the use of a solid Itndcr os an 
instrument of construction, and for good reasons ululo uith a 
ruler ue can casil) draw a line of anj length, and nith an or 
dinars pair of compasses an> circle needed in a drauing ue 
can Mith a giicii cylinder c^cct not a single construction of 
practical value draugUtsmau ever thinks of using a 
cylinder* 

To Albrecht Durer belongs the honour of InMiig slioun hou 
the regular and the scmi regular solids can be eoiistructcd out 
of paper by marking off the bounding pol} gons all iii one 
piece, and then folding along the connected edges ® 

Iol}cdra iiero a faiounto stud} luth John hephr Iii 
1 >90 at the beginning of Ins extraordinarj scientific career, he 
made a pseudo-discoicry which brought him much fame Ho 
placed the icosaedron, dodecaedron, octatdron, totraedron and 
cube oneivitlun the other at such distances that each polje 
(Iron ivas inscribed in the same sphere about uhicli the next 
outer one uas circumscribed On imagining the sun placed in 
the centre and the planets moiing along great ciicles on the 
spheres — taking the radius of the sphere between the icosae- 

* I LFIV p 2 

^ For a good article on the Squaring of the Circle see IIlumav 
SCHUBERT in Zionist Jan 1891 * Castor II 4U0 
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clron and dodecaedron equal to the radius of the eaith’s orbit 

he found the distances between these planets to agree rouglil} 
with astionoinical obseivations This reminds us of P^thag- 
oiean mysticism But matiiiei leflection and intercouise 
with Tycho Biahe and Galileo led him to investigations and 
lesults moie woithy of his genius “Keplei’s lavs Keplci 
gieatly advanced the theoiy of stai-pol} cdia ^ An inno\a- 
tion in the mode of geometiical pi oofs, vhieli has since 
been widely used by Euiopean and Ameiican viiteis of 
eleinentaiy books, vas intioduced b;y the Fienchman, Fiancis- 
cus Vieta He consideied the ciicle to be a polygon vith 
an infinite iiumbei of sides - The same ^ lew v as taken b} 
Keplei In lecent times this geometiical fiction has been 
geneially abandoned in eleinentaiy voiles, a ciicle is not a 
polygon, but the Iwut of a pol} gon To advanced mathema- 
ticians Vieta’s idea is of gieat seivice in simplifying piools, 
and by them it may be safely used 

The levival of tiigononietiy in Germany is chiefly due to 
John MuUei, moie geneially called Reqiomontanns (1436-1470) 
At Vienna he studied undei the celebiated Georg Pin bach, 
who began a tianslation, fioin the Greek, of the Almagest, 
which ivas completed by Regiomontanus The latter also 
translated fiom the Gieek woiks of Aiiollonius, Aichimedes, 
and Heion Instead of dividing the radius into 3438 paits, 
in Hindu fashion, Regiomontanus divided it into 600,000 
equal paits, and then constructed a more accuiate table of 
sines Latei he divided the ladius into 10,000,000 paits 
The tangent had been known in Euiope before this to the 
Englishman, Brad wai dine, but Regiomontanus went a step 
further, and calculated a table of tangents He published a 

1 For thawings of Kepler’s star-polyedra and a detailed history of the 
subject, see S Gunther, Verm Untei suctiungen, pp 36-92 

2 Cantor II , 583 
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reitisc on tngonometr}, containing solutions of phiio and 
phencal triangles The form which he gave to trigonometry 
as been retained, m its mim features to the present day 
■■he task of computing accurate tables was continued by 
he successors of Regiomontanus More refined astronomical 
nstruments furnished observations of greater precision and 
lecessitated the computation of more c'ctcnded tables of 
rigonometrio functions Of the several tables calculated, 
hat of Georg Joachim of Teldkirch in Tyrol, generally called 
^hrtticna deserves special mention In one of his sino*tables 
le took the radius = 1,000,000 000 000,000 and proceeded from 
LO to 10" He began also the construction of tables of 
angents and secants Tor twelve years ho had m continual 
imploymcnt several calculators The avork was completed by 
118 pupil Ta7cntm Otho m 1590 A repubhcation uas made 
jy 1 itiscus in 1013 These tables are a gigantic monument 
)f German diligence and persoacrance But Rhajticus uas 
lot a mere computer Up to his time the trigonometric 
functions had been considered ahvays iMth relation to tlio 
irc he was the first to construct the right triangle and to 
make them depend directly upon its angles It was from the 
right triangle that he took his idea of calculating tin. hj pot 
enuse i e the secant His was the first European table of 
secants Good avork in trigonometry was done also by Vieta, 
Adrianas Homanas, Nathame} Torporhy John Jvapiof, 11 il/o 
brord Snellius Potbenot, and others An important geodetic 
problem — given a terrestrial triangle and the angles subtended 
by the sides of the triangle at a point in the same plane to 
find the distances of the point from the vertices — avas solaed 
by Snellius m a avork of 1G17, and again by Pothenot in 1730 
Snellius 8 investigation avas forgotten and it secured the name 
of Pothenot s problem ” The word ‘ radian ' is due to 
James Thomson, 1871 
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The Beginninq of Moihtn Synthetic Geometry 

About the beginning of ilio se%cntccn{li century the first 
decided advance, since tbe time of ibc ancient Greeks, uas 
made in Geometiy Tuo lines of piogiess are notireable 
(1) the anal) tic path, marked out by the genius of Descartes, 
the inventor of Analytical Geometr) , (2) the s) nthctic path, 
ivith the new piinciple of pcispectnc and the thcoiy of trans- 
veisals The caily iniestigatois in modem b 3 nthetic geome- 
tiy aie Desaigues, Pascal, and De Lahiic 

Giianl Desenqua (lo0;3-1662), of L)ons, v.is an architect 
and engineer Undei Caidinal Pichelieii he sened in the 
siege of La Eochcllc, in 162S Soon after, he letiied to Pans, 
v here he made his researches in geometiy Esteemed b) the 
ablest of his contempoianes, bitteily att.icked by otheis unable 
to appreciate his genius, his voiks ueie neglected and forgot- 
ten, and his name fell into oblivion until, in the carl) pait of 
the nineteenth century, it uas lescued by Biianchoii and 
Poncelet Desaigues, like Kepler and otheis, intioduced the 
doctiine of infinity into geometiy ‘ lie states that the stiaight 
line maybe legaided as a ciicle ■whose centie is at infinit)’-, 
hence, the tw^o extiemities of a straight line may be considered 
as meeting at infinity, paiallels differ fiom other pans of 
lines only in having their iioints of intei section at infinit)’- 
He gives the tlieoiy of involution of six points, but his 
definition of “ involution ” is not quite the same as the modern 
definition, first found in Eeiniat,'' but leally intioduced into 
geometry by Chasles On a line take the point A as oiigin 
(souche), take also the thiee pans of points B and H, C and 
G, D and F, then, says Desaigues, if AB All = AO AG 

1 Chari ls Taa lor, Inti odu< tum to the Ancient and Modem Qeometii 
of Comes, Cambridge, 1881, p Ixi =0 l^TOI , IT , 077, 078 

» Consult Chaslhs, Mote X , Marie, III , 214 
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=s AD the SIX points axe m “involution ’ If a point falls 
on the origin then its partner must be at an infinite distance 
from, the origin If from any point P lines be drawn through 
the six points these lines cut any transiersal MN in six other 
points which are also in involution that is, xnxolution is a 
projective relation Desargues also gives the theory of polar 
lines What is called “Desargues Theorem” in elementary 
works is as follows If the \ertices of two triangles situated 
either in space or in a plane, lie on three lines meeting in a 



point, then their sides meet m three points lying on a line, and 
conversely This theorem has been used since by Bnanchon 
Sturm, Gergonne and others Poncelet made it the basis of 
his beautiful theory of homological figures 
Although the papers of Desargues fell into neglect, his ideas 
were pieserved by his disciples, Pascal and Philippe de Lahire 
The latter in 1679 made a complete copy of Desargues prmci 
pal research published m 1639 Blaise Pascal (1623-1662) 
was one of the very few contemporaiies who appreciated the 
worth of Desargues He says m liis Essais pour les contgues 
I wish to acknowledge that I owe the little that I ha\ e dib 
covered on this subject to his writings Pascal s genius for 
geometrj showed itself when he was but twelve years old 
His father wanted him to leam Latin and Greek before entei 
inj, on mathematics All mathematical books were hidden 
out of sight In answer to a quefttion, the bov was told by 
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his fathei that mathematics “was the method of making 
figuies with exactness, and of finding out what pioportions 
they lelatively had to one another ” He was at the same time 
foibidden to talk any more about it But his genius could 
not be thus confined , meditating on the above definition, he 
diew figuies with a piece of chaicoal upon the tiles of the 
pavement He gave names of his ovii to these figures, 
then formed axioms, and, in short, came to make peifect 
demonstiations In this wa}-- he arrived, unaided, at the 
theoiem that the angle-sum in a tiiangle is two light angles 
His fathei caught him in the act of studying tins theoiem, and 
was so astonished at the sublimity and foice of his genius as 
to weep foi joj’’ The fathei now gave him Euclid’s Elements, 
which he masteied easily Such is the story of Pascal’s eaily 
boyhood, as uaiiated by his devoted sister While this naria- 
tive must be taken cum giano salts (for it is highly absurd to 
suppose that young Pascal or any one else could re-discover 
geometiy as far as Euclid 1 , 32, following the same tieatment 
and hitting upon the same sequence of piopositions as found 
in the Elements), it is true that Pascal’s extraordinary pene- 
tiation enabled him at the age of sixteen to wiite a tieatise on 
conics which passed for such a surprising effort of genius that 
it was said nothing equal to it in power had been produced 
since the time of Archimedes Descartes refused to believe 
that it was written by one so young as Pascal This treatise 
was never published, and is now lost Leibniz saw it in Pans, 
recommended its publication, and reported on a portion of its 
contents ^ However, Pascal published in 1640, when he was 
sixteen years old, a small geometric treatise of six octavo 

^ The Life of Mr Paschal, by Madam Perier Translated into Eng- 
lish by W A , London, 1744 

2 See letter written by Leibniz to Pascal’s nephew, August 30, 1676, 
/Uich IS given in Oeuvres completes de Blaise Pascal, Pans, 1866, Vol HI , 
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piges, beiring the title, L^sais pour les conxques Constant 
'ipplication at a tender age greatlj impaired Pascal s health 
During his adult life ho gave only a small part of his time to 
the study of mathematics 

Pascal’s two treatises just noted contained the celebrated 
proposition on the mystic hexagon known as Pascal s 
Theorem,’ nz. that the opposite sides of a hexagon in«!cribed 
in a conic intersect in three points iihich are colhncar In 
our elementarj text-books on modern geometr) this beautiful 
theorem is gii en m connection with a verj special t} pe of a 
conic namclj the circle Vs in one sense anj two straight 
lines may be looked upon as a special case of a conic the 
theorem applies to hexagons whoso first third, and fifth acr 
ticcs are on one line and whoso second fourth, ond sixth acr 
ticcs are on the other It is interesting to note that this 
special COSO of ‘ Pascal s Theorem 'occurs alrtadj in Pappus 
(Book 'V’TI Irop 139) lascal said that from his theorem 
ho deduced oicr 400 corollaries embracing tho conics of 
Apollonius and many other results Pascal gavo tho theorem 
on the cross ratio first found in lappus* This wonderfully 
fruitful theorem may be stated as follows Pour lines in a 
plane passing through one common point, cut oil four seg 
ments on a transversal which have a fixed constant ratio in 
whatever manner the transversal may bo drawn that is if 
the transversal cuts the rays in the points A B C D, then tlio 
AC BC 

ratio formed by tho four segments AC, AD BC 

BD, is the same for all transversals Tho researches of 
Desargues and Pascal uncovered several of the ncli treasures 

pp 46(M68 The Easais pour lea coniquea h given In Vol III pp 
18 -186 of the Oeuvres complltea also m Oenirea de Pascal (The Hague 
1770) and bj II Vi EissEHuonN in ihe preface to his book Die Projection 
in der Ebene Berlin ISO** 

^ Book yil 1‘’9 Consult Cn^SLEs pp 31 82 
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of modern synthetic geometry, but owing to the absorbing 
interest taken in the analytical geometry of Descartes, and, 
later, in the diiferential calculus, the subject was almost en- 
tirely neglected until the close of the eighteenth centuiy 
Synthetic geometry was advanced in England bj’’ the re- 
searches of Sii Isaac Newton, Noget Cotes (1682-1716), and 
Colm Maclaxtun, but their investigations do not come within 
the scope of this history Roheil Stinson and Matthew Stenatt 
(1717-1785) excited themselves mainly lo ie\ive Gieek ge- 
ometiy An Italian geometer, Gwvanm Ceva (1647-1734)’ 
deserves mention heie, a theorem in elementaiy geometry 
bears his name He was an hydiaulic engiiieei, and as such 
was several times employed by the go^ eminent of IMaiitua 
His death took place duiiiigthe siege of IMantua, in 1734 He 
ranks as a leniaikable author in economics, being the first 
clear-sighted mathematical wiiter on this subject In 1678 he 
published in Milan a work, De hneis lectts This contains 
“Ceva’s Theorem” with one static and two geometric proofs 

Any three concurrent lines 
through the vertices of a triangle 
divide the opposite sides so that 
Ca AI3 By = Ba (7/3 Ay In 
Ceva’sbook the properties of rec- 
tilinear figures are proved by considering the properties of 
the centre of inertia (gravity) of a system of points * 



Modem Elementaiy Geometiy 

We find it convenient to consider this subjecb under the 
folloiving four sub-heads (1) Modern Synthetic Geometry, 
(2) Modern Geometiy of the Triangle and Circle, (3) Hon- 

^ Bulletin Am Math Soc , Vol 22, 1915, p 100 
2 Chasles Notes VI , VII 
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Euclidean Geometrj (4) Text-books on Elcmentarj Geometry 
The first of these divisions has reference to modern sjnthctic 
methods of researdi, the second diMSion refers to new theorems 
m elementary geometry, the third considers the modern con 
ceplions of space and the several geometries resulting there 
from the fourth discusses questions pertaininj, to geometncid 
teaching 

I ^^odem Synthetic Ocometry — It was rcser\cd for the 
genius of Oaspanl Vonge (17 IC-1S18) to bring modem sj nthetic 
goometrj into the foreground and to open up new avenues 
of progress To avoid the long anthmctKal computations m 
connection with plans of fortification this gifted engineer sub- 
stituted geometric methods and was tlius led to the creation of 
descriptive gcoraetrj as a distinct branch of Bcience 'Mongo 
was professor at the Normal School m 1 aris during the four 
months of its existence, in 1795 he then became connected 
with the newly established Polytechnic Scliool, and later 
accompanied Napoleon on the Egyptian campaign Viiiong 
the pupils of Mongewerc Diipm, Seriois, Brianchon Hachetle 
iJiot and loncelet Charles JuUen Bnanchon born in i56\Tes 
in 1785, deduced the theorem, known by his lume from 
“lascals Theorem by means of Desargues properties of 
what are now called polars ’ Knanchon’s tlicorcm say s ‘ Tlie 
hexagon formed by any six tangents to a conic has its opjiosite 
vertices connecting concurrently Tho point of meeting is 
sometimes called the Bnanclion point ’ 

Lazate }ticholas ^[arguente Camot (175'1-1823) was born at 
Nolay in Burgundy At the breaking out of the Revolution 
be threw himself into politics and when coalesced Europe ui 
1793 launched against Trance a million soldiers the gigantic 

1 Bmnclion s proof appeared in Memoirs sur les Surfaces courbes 
du second Degrt In Journdliiel Ecole Polstechntque T \I 2D7--oll 
1806 It ia reproduced by Tatiob op ett ,p ”00 
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task of organizing fou’-teen armies to meet tke enemy "w^as 
achieved by him He was banished in 1796 for opposing 
Hapoleon’s coup d’4tat His Geomeljy of Position, 1803, and 
his Essay on Transvei sals, 1806, are important contributions 
to modern plane geometry By his effort to explain the mean- 
ing of the negative sign in geometry he established a “ geome- 
tiy of position” which, however, is different fiom Von Staudt’s 
woik of the same name He invented a class of general theo- 
rems on projective properties of figures, which have since been 
studied more extensively by Poncelet, Chasles, and others 
Jean Victoi Poncelet (1788-1867), a native of IMetz, engaged 
in the Russian campaign, was abandoned as dead on the 
bloody field of Krasnoi, and fiom there taken as prisoner to 
Saratoff Deprived of books, and leduced to the remem- 
biance of what he had learned at the Lyceum at Metz and 
the Polytechnic School, he began to study mathematics from 
its elements Like Bunyan, he produced in prison a famous 
woik, TiaiU des PiopnUh piojectives des Piguies, fiist pub- 
lished in 1822 Here he uses cential projection, and gives 
the theory of “ reciprocal polars ” To him we owe the Law 
of Duality as a consequence of leciprocal polars As an inde- 
pendent principle it is due to Joseph Diaz Gergonne (1771- 
1859) We can here do no more than mention by name a few 
if the moie recent investigators Augustus Feidinand 3Iol>ius 
1790-1868), Jacob Steinei (1796-1863), Michel Chasles (1793- 
L880), Kail Geoi g Chnstian von Staudt (1798-1867) Chasles 
introduced the bad teim anhaimomc latio, coiresponding to 
the German Dopjoelveihaltniss and to Clifford’s more desirable 
cioss-iatio Yon Staudt cut loose from all algebiaic formulae 
and from metrical relations, particularly the metrically founded 
cross-ratio of Steiner and Chasles, and then created a geom- 
etry of position, which is a complete science in itself, inde- 
pendent of all measurement 
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II ^[odem Geometry of the Tnangle and Ctrde — '\^e cnn 
not gne a full history of this subject but ise hope h^ our 
remarks to interest a larger circle of American readers m the 
recently dei eloped properties of the triangle and circle ’ I re 
quentl^ quoted in recent elemental^ geometries is the “nine 
point circle ’ In the triangle ABC, let D F be the middle 
points of the sides, let AL, 

BM, CN be perpendicu 
lars to the sides let a, b 
c be the middle points of 
AO BO, CO then a cir 
cle can he made to pass 
through the points, L, D 
c, E M a F b this 
circle IS the “ nine point 
circle ’ By mistake the earliest discover} of this circle 
has been attnbuted to Euler* There arc several indepcn 
dent discoverers In England, Bciyamni Dctan proposed in 
Leybourns Mathematical Repo’ntory I, 18, 1804 a theorem 
for proof which practically gives us the nine point circle 



1 A systematic treatise on this subject wh!c!i we commend to students 
IS A "EimzuKti 6 Dit Brocardachen Gebilde Rcrlin IBOl Our historlcul 
notes are taken from this book and from the following papers Jtiits 
Langb Ge$chichte des Feuerhachschen Rreises RerIm 1804 J S 
Mackat History o/ the nine point circle pp 10-& Early history oj 
the sjmmedian point pp 9^-104 in the Proceed of the Edmhxirqh 
Vath Soc Vol \I 189 93 See also Mackat The M allace hn 
anl the Mallace point in the same journal \ol I\ 1891 pp 83-91 
F Lemoine 8 paper in Association fran^ise pour I axancement des 
Sciences Con^rfes de Grenoble 1886 E YiOAnifc In the same publica 
tion Congrfes de Ians 1889 The progress in the geometry of the tri 
angle is traced by ViOARif: for theyearlSOO in iVoirreso mat I 101 100 
1 8-1 4 187-190 for the year 1891 in Journ de Vath Him (4) 1 
7-10 34 30 Consult also Casey Sequel to Euclid 
* Mackat op at Vol XI p 19 
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The proof "was supplied to the Repositoiy, Vol I, Part 1 
p 143, by John Butteiwoith, ivho also proposed a problem, 
solved b}’- himself and John Whiileij, fiom the general tenor 
of vhich it appears that they knew the circle in question 
to pass through all nine points These nine points aie explic- 
itly mentioned by Brianchon and Poncelet in Gergonne’s 
Annales cle MatMmatiques of 1821 In 1822, Karl WRiehn 


Feueibach (1800-1834) professor at the gjunnasium in Eilangen, 
published a pamphlet in which he arrives at the nine-point 
ciicle, and proies that it touches the incircle and the ex- 
ciicles The Germans called it “Peuerbaclds Circle ” IMany 
demonstrations of its characteristic properties are given in the 
article above referred to The last independent discoverer of 
this remarkable cucle, so far as known, is P S Davies, in an 
article of 1827 in the Philosophical Magazine, 11 , 29-31 
In 1816 August Leopold Cielle (1780-1855), the founder of 
a mathematical journal bearing his name, published in Berlin 
a paper dealing with ceitain piopeities of plane triangles 
He showed how to determine a point O inside a triangle, so 
that the angles (taken in the same order) formed by the lines 
joinmg it to the vertices are equal 

In the adjoining figure the three maiked angles are equal 



If the construction be made so as lo 
give angle n'AO = Cl' OB = Cl'BA, then 
a second point Cl' is obtained The 
study of the properties of these new 
angles and new points led Crelle to 
exclaim ‘‘It is indeed wonderful that 
so simple a figure as the triangle is so 


inexhaustible in properties How many as yet unknown 


properties of other figuies may theie not be > ” Investiga- 


tions were made also hj C F A Jacobi of Pforta and some 


of his pupils, but after his death, in 1855, the whole matter 
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was forgotten In 1875 the subject -was again brought before 
the mathematical public by H Brocard is ho bad taken up 
this study independently a few years earlier The work of 
Brocard was soon follow ed up bj a large number of mvesti 
gators in 1 ranee, England, and Germany The new researches 
gave rise to an extended new vocabulary of technical terms 
Unfortunately the names of geometricians which ha\e been 
attached to certain remarkable points lines and circles are not 
alwaj s the names of the men who first studied their properties 
Thus, we speak of ^ Brocard points” and Brocard angles, but 



historical research brought out the fact in 1884, and 1886, that 
these were the points and lines which had been studied by 
Crelle and C F A Jacobi The “Brocard Circle is Brocard s 
own creation In the triangle ABC let n and fl' be the first 
and second Brocard point* Let A* he the intersection of 
Bn and Cn' B of ^10' and CO C of BO' and AQ The 
circle passing tlirough A', B C is the Brocard circle 
Vli'C IS Brocard s fiist tnaiigle \nother like triangle 
I'B C ' IS tailed “Brocard s second triangle The points 
-1' li C together with 0 O and two other points, he lu 
the tin.unxfcrpu ''0 of the ‘ Brocard circle ’* 
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In 1^1 S Emile Lemome called attention to a particular point 
witliin a plane triangle •\vliicli since has been \ arioiisly called 
the ‘‘Leinoine point,” “symmedian point,” and '‘Giebe point” 
Since that time the properties of this point and of the lines 
and circles connected with it have been diligently investigated 
To lead up to its definition we premise that, in the adjoining 
figure, if CD is so drawn as to make angles a and b equal, then 

one of the tv o lines AB and CD 
IS the anii-jKiiallel of the other, 
with refeience to the angle 0^ 
Now OE, the bisector of AB, 
IS the median and OF, the bisec- 
tor of the anti-paiallel of AB, 
IS called the symmedian (ab- 
breviated from sym^h iqxie de la 
m4diane) The point of concurrence of the thiee sjmmedians 
in a triangle is called, after Tuckei, the “ symmedum point ” 
Mackay has pointed out that some of the piopeities of this 
point, recently brought to light, were discovered previously 
to 1873 The anti-paiallels of a triangle which pass thiough 
its symmedian point, meet its sides in six points vJiicli lie 
on a circle, called the second Lemoine circle” The “first 
Leinoine circle” is a special case of a “Tuckei circle” and 
concentric with the “Brocard circle” The “Tuckei circles” 
may be thus defined Let DF' — FE' = ED', let, moreover, 
the following pairs of lines be anti-paiallels to each other 



1 The definition of anti-parallels is attributed by EaiMcnicn (p 13, note) 
to Leibniz The teim anti parallel is defined by E Stone in his New 
Mathem Diet , London, 1743 Stone gives the abo\e definition, refers 
to Leibniz in Acta Erudit , 1691, p 279, and attributes to Leibniz a 
definition different fiom the above The word anti-parallel is given in 
Muekai’s New English Dictionary of about 1660 See Jahihuch uber 
die Foitschritte dei Mathematik, Bd XYTI , 1890, p 45 , Natuie, XLI, 
104-105 
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■4 7? 'ind ED BC 'ind FE CA and DP then the six points 
D^ D ^ E, E , P lie on a Tucker circle A ary tlio 
length of the equal inti parallels, 
and the Mnous Tucker cir 
cles arc obtained Ulicd to 
these are the Taj lor circles ’ 

Still different tj'pcs arc the 
J<cuberg circles and Afac- 
kaa circles 1 erhaps enough 
has been said to call to mind the 
wonderful advance which has 
been made m the geometry of B 
the triangle and circle during 
the latter half of the nineteenth centurj Tliat new theorems 
should ha\ e been found m recent time is the more remark 
able when wo consider that these figures were subjected to 
close examination bj the kecnmmdcd Greeks and the long 
I line of gooineters who 
ha\c since appeared * 

I Of interest is the m 
I vcntion 111 ISol bj barriit 
j of an apparatus for geiier 
! ating rtctihutar motions , 
jp it has Iwen altogtthtr 
* overlooked Celebrated 
IS the nucntion in 18G1 
of an apparatus for con 
verting circular into recti 
linear motion’ by A Peaucelher a French armj officer Let 

* For a more detailed statement of researches In Fn land see article 
The Recent Geometry of the Triangle Fourteenth General Iteport of 
A I G T 1888 pp 35-40 

2 I EADCELLiER 8 articlcs appeared In Nouvellea Annalea 1804 and 1873 
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ACBP be a iliombus whose sides aie less than the equal sides 
of the angle AOB Imagine the stiaiglit lines -uliich .11 e 
diawn in full to be bais 01 “links,” jointed <it the points A, B, 
C, P, Q, 0 Make C desciibc the ciicle and P will dcsciibe 
the stiaight line PZ), the pivot 0 being fixed Kenio\e CQ, 
let C move along any cune in the plane, flien P will tiace the 
inveise of tliat cune with lesjieet to 0 Peaueelliei's method 
of linkages w'as develoiied fuithei bj' Sjh ester.* 

Elsewheie we have spoken of the instiumcnts used in 
geonietiical const motions how the Giccks used the luler 
and compasses, and how latei a iiilei with a fixed opening 
of the compasses, 01 the iiilei alone, came to bo used bj a 
few geometeis Of intciest in this connection is a woik by 
the Italian Loienzo jl/ctsc/zeiom (17.10-1800), entitled Gcome- 
tua del comjxLs'io, 1707, in which all constiuctions aie made 
wnth a pail of compasses, but without lestiiction to a lixcd 
radius The book was wiitten for the piactical mechanic, 
the authoi claiming that constructions with compasses are 
11101 e accuiate than those with a lulei - The woik secured the 
attention of Napoleon Bonapaite, who pioposed to the Eiench 
mathematicians the followniig pioblem To dnide the circum- 
ference of a Glide into foui equal parts bj’ the compasses only 
This const! action is as follows Apply the radius three times 
to the circumfeience, giving the axes AB, BC, CD Then the 
distance AD is a diameter With a ladius equal to AC, and 

*SiLvisTFR m Ednc Time’i ErpiuH, Vol XXI, 68, (1874) See 
C Tax lor, Ancient and Model n Gconieti >! of Conics, 1881, p LXXXVII 
Consult also A B Kempe, Mow to diaio a sttai^M line, a lectin c on 
linkages, London, 1877 

2 See Chari L s Hutiox’s Philos and Math Diet, London, 1815, 
article “Geometry of the Compasses” , ^Iarie, X p 98 , Kleix, p 26, 
Steiner, Gesammelte Werke, 1 , 463 , Mascheroni’s book w^as translated 
into French in 1798, an abridgment of it by Hutt was biought out in 
German in 1880 
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with centres I uid D dnw ‘irrs inter ectinR nt I Then PO 
where 0 IS the centre of the pi\en circlp is the chort! of the 
quadrant of t!ie circle 

The inscription of the poUjton of 17 yules wrs first 

effected hj Carl Inttlnch Chims (1777-lS'>r) when i lioj of 
nineteen at the Unncrsilj of ( Ottingen ^larrh 10 POfi \l 
that time he was undecided wheth* r to cIioosa ancient Ian 
puages or lualhcmaUcs tus Uis «i*eciaUr llis imeces^ m this 
inscnplipn led to the decision in faxonr of inathematies ’ 

cunons mode of construction has l>een suggested inde- 
pendenth hj n Cerman and ft Ilindii t nslrnelions are to 
be effected In thc/(»W»R;o/;Ki/» r Hmnn * truer inlSH 
showed how to construct \n folding the luts of the rc^^lla^ 
aohds. In the eatne sear iiindum Am pnhlished a little 
booh On jwiHr fnlduig * (\ddison h ( o ^ladns) in whieh 
It IS shown how to construct nn> nuinlKr of jxnnts on tlu 
ellipse cjssoid, etc,* 

In connection with polyedra the theorem that the imtnl** r of 
edges falls abort h} two of tlu* combined numlx r of m rtiees 
and faces is interesting The theorem is usii lU^ ascrilied to 
I ulcr hut was worhed out earlier b} I>e cartes* It is true 
only for poljedra svhosc faces haio each but oiu Imurular^ if 
a cube is placed upon a larger cube then the ujijicr fat e of the 
larger cube has two boundaries an inner niul an outer and the 
theorem is not true V more general theoceni is due to 
P J tpptcJf * 

> Ollier modes of Inscription of llir I side 1 polygon were glren b> 
^Qs Stxcit In Cr<ll< 4 (ISI ) by ‘^c«RtiT^R In CrtUr & (18 ) 
riio hlltr uses a ruler nn I a single opening of the conq asst s lly U e 
conpassca only the Inscription bas also been effected See Klkis 
] ail In crlilldi Is ^iveti also In Isii IlACiiut > I rrlthrllunff 
lit Ij zi IB I «l * 1 i.nx I !l 

» See 1 M Jo QtilBn In ITiMf lA ValAen IbtKl p -IT 
sLiiiicii xurTheorlodcrloIyedtr i>tt Strd H/en Uad Ild. 
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ni Non-Euchdean Geometry The history of this subject 
centres almost wholly in the theoiy of parallel lines Prelimi- 
naiy to the discussion of the non-Euclidean geometries, it may be 
profitable to consider the various efforts towaids simplifying and 
improving the parallel-theoiy made, (1) by giving a new defini- 
tion of parallel lines, or by assuming a new postulate, different 
from Euclid’s parallel-postulate, (2) by pioving the parallel- 
postulate fiom the natuie of the straight line and plane angle 

Euclid’s definition, pa? stiaiglit lines cue such as are in 
the same plane, and lohtch being pi oduced evei so fai both loays 
do not meet, still holds its place as the best definition for use in 
elementary geometiy A neiv definition, used by Posidonius 
(1st Cent B c ), was adopted by the jxiintei, Albi edit Dm ei He 
wrote a geometry, first printed in 1525, in vliich paiallel lines 
aie lines eveiywheie equally distant'^ A little latei Clavius, in 
his edition of Euclid of 1574, in a lemaik, assumes that a line 
which IS eveiywheie equidistant from a stiaight line is it- 
self straight This postulate lies hidden in the definition of 
Durer The objection to this definition oi postulate is that 
it is an advanced theoiem, involving the difficult considei- 
ation of measurement, embracing the whole theoiy of incom- 
mensurables Moreover, in a more geneial -^new of geometry 
it must be abandoned^ Clavius’s treatment is adopted by 
Jacques Peletiei (1517-1582) of Pans, Ruqqieio Giuseppe 
Boscovich (1711-1787),3 Johann Chnstian Wolf (1679-1754) 

84, 1881, see also H Dub^gi;, Theoiie dei Funktionen, Leipzig, 1882, 
p 226 , an English translation of this woik, made by G E Fisher and 
I J ScHWATT, has appeared 

1 S Gunther, 3Iath Unt tm d JTiitela , pp 361, 362 

2 See Lobatchewski , The Theoiy of Paiallels, transl by G B 
Haested, Austin, 1891, p 21, ■where the theorem is proved that in 
pseudo-spherical space, “The farther parallel lines are prolonged on the 
side of their parallelism, the more they approach one another ” 

® He 'was professor at several Italian universities, was employed m 
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of Halle Thoma<i Simpson (in the first edition of his Elements, 
1747), John Bonnycastle (1750 ‘!*-1821) of the Ro^al "Military 
Academy at M oohi icli and others It has been used by a few 
American authors * This definition is the first of seicral given 
by E Stone in his ^eio Mathematical I?«c/jo»nry London 1743, 
in fact ‘ in the majority of text-books on elcmcntar} geome 
tr} from the sixteenth to the beginning of the eighteenth 
centurj, parallel linos arc declared to be lines that are 
equidistant — which is to bo sore, verj con\enicnt * But 
objections to this mode of treatment soor arose Vs earlj as 
1680 Giordano da Buonto in Ital) said that it is inadmissible 
unless the actual existence of equidistant straiglit lines can 
be established- Sacchen rejeets the assumption unccremoni 
cuslj * 

Another definition xvhich in\olvcs a tacit assumption de- 
clares parallels to be hues xchidi ma\e the angle xcith 
a third line The definition appears to ba\e originated m 
France it is gi'cn b> Pierre Varignon (lCol-1722) and 
Etienne B6 out (1730-1783) both of 1 ans In England it 
was used b) Cooley in the United States bj II N Robinson 
A slight modification of this is the following definition 
Parallels are lines perpendicular to a third line This is recom 

various ficientiflc duties by several popes was In I ondon In 17C and 
was xecommended by the JloyaJ Socaetj as a proper person to be ap- 
pointed to observe the transit of Venus at Calif ( rnla but the suppression 
of the Jesuit order which he had entered prevented his acceptance of 
the appointment See Penny Cycfopurdia 

1 Consult Teach and Iltsl of Vath in the U S p 3(7 

2 Engel and Stackli p 33 

•Engel and Stvckel p 40 

* Minos So far as I can make out Mr Cooley quietly assumes that 
a pair of lines which make equal an|,lea with one line do so with all 
lines He mi ht just as well sa} that a young lady who was Inclined to 
one young man was equally and similarly inclined to all young men 1 
Rhadamantuos She mi^^ht make equal angling with them all any 
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mended by tlie Italian Gr A Borelli in 1658, and hj the cele- 
biated French text-book writer, iS F Laooix^ 

Famous is the definition, ^a? a?/eZ lines are shaiglit lines hav- 
ing the same direction At first, this definition attracts us by 
its simplicity But the more it is studied, the more perplexing 
aie the (questions to which it gives rise Strangely enough, 
authors adopting this definition encounter no further diffi- 
culty with paiallel lines, nowhere do they meet the necessity 
of assuming Euclid’s parallel-postulate or any equivalent of 
it' A question which has perplexed geometers for centuries 
appeals disposed of in a tiice ' In actual fact, there is, 
pel haps, no woid in mathematics which, by its apparent sim- 
plicity, but leal indefiniteness and obscurity, has misled so 
many able minds In the United States, as elsewhere, this 
definition has been widely used, but for the sake of sound 
learning, it should be banished from text-books forever ^ 

A new definition of parallel lines, suggested hy the prmciple 
of continuity, and one of great assistance in advanced geome- 
try, though unsuited for elementary instruction, is that first 

how ” CL Dodgson, Euclid and His Modern Bivals, London, 1886, 
2d Ed , p 2 , also p 62 

^ S F Lachoix, Essais sur V enseignement en general, et sur celiii des 
mathematiques en particulier. Pans, 1805, p 317 

2 The objections to the term “direction” have been ably set forth 
so often, that we need only refer to some of the articles Dn Morgan’s 
review of J M Wilson’s Geometry, Athenaeum, July 18, 1868 , E L 
Richards in Educational Bevieio, Vol III , 1892, p 32 , Seventh General 
iJeiioj t (1891) of the A I G T , pp 36-42, G B Halstld, The Science 
Absolute of Space by John Boliai, 4th Ed , 1896, pp 63-71 , G B 
Haisted in Educational Beview, Sept, 1893, p 153, C L Dodgson, 
Euclid and His Model n Bivals, London , H Mulder, Besitzt die heutige 
Schulgeometiie noch die Vorzuge des Eiiklidischen Onginals ? Metz, 
1889, p 7 , Zeitschrift fUr mathematischen und natunoissenschaftlichen 
Unterricht, Teubner in Leipzig, XVI , p 407 , Teach and Hist of Math 
III the U S' , pp 381-383 , Monist, 1892 (Review of E T Dixon’s 
“Foundations of Geometry”! 
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given by John Kepler (1604) and Girard Desargnes (1639) 
Lines are parallel if they have the same infinitely distant 
point in common A similar idea is expressed by E Stone in 
his dictionary thus ‘ If ^ be a point without a gi\ en indefi 
nite right line CD , the shortest line, as AB that can be drawn 
from A to it is perpendicular and the longest, as 1 is 
parallel to CD 

Quite a number of substitutes for Euclid s parallel postulate 
differing in form but not m essence have been suggested 
at various times In the evening of July 11, 1663 John 
TiaUis deli\ered a lecture at Oxford on the parallel postulate ’ 
He recommends in place of Euclid s postulate To any triangle 
another triangle as large as you please can he draicn, uhch ts 
stmtlar to the giien triangle SacJieri showed that Euclidean 
geometry can be rigidly developed if the existence of one tn 
angle unequal but similar to another be presupposed Lam 
bert makes similar remarks Wallis s postulate ivas again 
proposed for adoption by I Carnot and Laplace and more 
recently by T Delbmuf* Alexis Claude Claiiaut (1713-1765) 
a famous French mathematician wrote an elementary geom 
etry, in which he assumes the existence of a rectangle and from 
this substitute for Euclid s postulate develops the elementary 
theorems with great clearness Other equivalent postulates 
are the following a circle can be passed through any three 
points not in the same straight line (due to W Bolyai) , the 
existence of a finite triangle whose angle sum is two right 
angles (due to Legendre) through every point within an angle 
a line can be drawn mtersecting both sides (due to J F 
Lorenz (1791) and Legendre) in any circle the mscnbed equi 
lateral quadrangle is greater than any one of the segments 

1 See Opera \ ol II 605 6«8 In German translation It is given by 
Evoel and Stackel pp ‘’1-30 

3 Enoel and Stackel d 19 
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Tvhicli lie outside of ic (due to C L Dodgson) , two straight 
lines which inteisect each other cannot be both paiallel 
to the same stiaight line (used by John Playfaii) * Of all 
these substitutes, only the last has met with general favour 
Playfair adopted it in his edition of Euclid, and it has 
been geneially recogmzed as simpler than Euclid’s parallel- 
postulate 

Until the close of the first quarter of the nineteenth century 
it was widely believed by mathematicians that Euclid’s parallel- 
postulate could be pi oved from the other assumptions and the 
definitions of geometiy AVe have alread}’’ referred to such 
efforts made by Ptolemy and Uasir Eddin We refrain from 
discussing proofs in detail They all fail, either because an 
equivalent assumption is implicitly or explicitly made, or 
because the reasoning is otherwise fallacious On this slippery 
ground good and bad mathematicians alike have fallen We 
are told that the great Lagrange, noticing that the formulaj of 
spherical trigonometry are not dependent upon the parallel- 
postulate, hoped to frame a proof on this fact Toward the 
close of his life he wrote a paper on parallel lines and began 
to read it before the Academy, but suddenly stopped and 
said “II faut que ]’y songe encore”^ (I must think it over 
again), he put the paper in his pocket and never afterwaids 
publicly recuried to it 

The researches of Adi ten Mane Legendie (1752-1833) are 
interesting Perceiving that Euclid’s iiostulate is equivalent 
to the theorem that the angle-sum of a triangle is two right 
angles, he gave this an analytical proof, which, however, 
assumes the existence of similar figures Legendre was not 
satisfied with this Latei, he pioved satisfactorily by assum- 
ing lines to be of indefinite extent, that the angle-sum can* 

1 Consult G B Halsted’s Bolyai, 4th Ed , pp 64, 66 

® Engee and Sxackel, p 212 
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not exceed two right angles, but could not prove that it cannot 
fall short of two right angles In 1823, in the twelfth edition 
of his Elements of Qeonxetry he thought he had a proof for 
the second part Afterwards however he perceived its weak 
ness, for it rested on the new assumption that through anj 
point wnthm an angle a line can be drawn cutting both sides 
of the angle In 1833 he published his last paper on parallels 
in which he correctly proves that if there be anj triangle 
the sum of whose angles is two right angles then the same 
must be true of all triangles But in the next step to show 
rigorously the actual existence of such a triangle his demon 
stration failed though he himself thought he had finally settled 
the whole question* As a matter of fact he had not gotten 
quite so far as had Sacchen one hundred jcars earlier* 
"Moreover before the publication of Jus last paper a Russian 
mathematician had tal cn a stop which far transcends m 
boldness and importance anything Legendre had done on this 
subject 

As with the problem of the quadrature of the circle, so 
with the parallel postulate after numberless failures on the 
part of some of the best minds to resohe the difficult) 
certain shrewd thinkers began to suspect that the postulate 

^ A norel attempt to prove the angle sum of a triangle to be two right 
angles was made in 1613 by John Playfair In lus Elements of Geometry 
See the edition ol 1855 Plilladelphia pp ‘>95 *>90 It consists hriefly 
m laying a straif'ht edge along one of the sides of the fifoire and then 
turning the ed'^e round so as to coincide witli each In turn Then the 
edge is said to have described angles whose sum is four ri bt an les 
The same argument proves the angle sum of spherical tnan les to be two 
ri ht an les a result which we know to be wrong It is to be regretted 
tl at in <ico American text-books jost published this argum nt is repro 
duced thus giving this famous heresy new life Tor the exposition of 
the fallacy see G B Halsted s 4th Ed of Bolyai s Science Absolute oj 
Space pp 63-71 Mature 501 TXIX 1884 p 463 

® Enoel and Stackel po — 21 
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did not arlmit of proof Tins scepticism appears in various 
■wiitings ^ 

If it required coinage on tlie pait of Euclid to place Ins 
parallel-postulate, so decidedly unaxiomatic, among Ins other 
postulates and common notions, even gieatei coinage was de- 
manded to discaid a postulate winch foi two thousand yeais 
had been the main coinei stone of the geometiic stiuctuie 
Yet several thinlceis of the eighteenth and nineteenth cen- 
tuiies displayed that independence of thought, so essential to 
great discoveries 

AYhile Legendie still endeavouied to establish the parallel- 
postulate by iigoious proof, Nicholaus Ivanovitcli LobatcheivsKy 
(1793-1856) brought out a publication which assumed the 
contradictory of that axiom Lobatchewsky’s views on the 
foundation of geometry were first made pubhc in a discourse 
before the physical and mathematical faculty of the University 
of Kasan (of which he was then leotoi), and first punted in 
the Kasan Messengei for 1829, and then in the Gelehle 
Schnften det Umversitat Kasan, 1836-1838, under the title 
“New Elements of Geometry, with a complete theory of 
parallels ” This work, in Russian, not only lemained un- 
known to foreigners, but attracted no notice at home In 1840 
he published in Beilin a brief statement of his researches 
The distinguishing feature of this “Imaginary Geometry^’ 
of Lobatchewsky is that through a point an indefinite number 
of lines can be draivn in a plane, none of which cut a given 
line in the plane, and that the sum of the angles in a tiiangle 
IS variable, though always less than two right angles ^ 

1 Engel and Stackel, pp 140, 141, 213-216 

2 Lobatchewskt’s Theory of Paiallels has been translated into 
English by G- B Halsted, Austin, 1891 It covers only forty pages 
G B Halsted has also translated Professor A Vasiliev’s Address on 
the life and researches of Lobatchewsky, Austin, 1894 
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A simihr system of geomcln was tlcMsrd 1)\ the Bolyais in 
Hungarj and called them alisoliitc geoinetn ’ Wolfgani 
B'^jai(leBolja{\.'il >-18 )G) studied at Icin then at Gottingen, 
Tiherc he liccamc intimate with joung Gaii s I/itor he l>o 
came professor at the Beformed College of Maros-'N A •irheh 
where for fortj scsen vears he had for his pupils most of tlie 
present professors m TransjUnnio. Clad m old time planter '> 
garb, he was tmh original in his private life as well as in Ins 
mode of thinking Ho was cxtreincU moilest "No momimcnt 
said he, should stand o\er his grave onlj an apple tree in 
raemorv of the three apples the two of F\o and I aris whuh 
made hell out of earth and that of Newton which elevated 
the earth again into the circle of hcavcnlj Ixxlics* His son 
Johann Ilol^ai (1802-lSrO) wrxs educated for the armv, and 
distinguished himself as a profound mathematician an im 
passioned violin plav or and an expert fencer Ho once 
accepted the challenge of thirteen ofiiccrs on condition that 
after each duel he might plaj n piece on Ins violin and ho 
vanquished them all* 

'\^olfgang Boljais chief mathematical work the Ttnlamot 
appeared m two volume*, lSd2-lST3 The first volume is 
followed b} an apj>ciidix written bj Ins son Johann on The 
Science Abuhte of Space Its twent} six pages make the 
name of Johann Bolyai immortal lot for tlnrtj six joars 
this appendix, os also Lobatchewskj s researches remained m 
almost entire oblivion Tinallj Richard Baltzer, of Ciessen 
in 1807, called the attention of mathematicians to these won 

• F Schmidt Aha dem Leben zweir ungarUcher Mathcmvtlkcr 
Johann und VV olfging Iloljal von Holya GauasitT s IreA^p der ilathe 
matik und Phjsik 48 2 1808 

^For additional blograplileat detail see C B Haistfi b translation 
of Joipc Boltai 8 Thf ScUnce AhBolute of St ace 4lh 1-d 1800 Ur 
Halstcd is about to Issue The Life of Bolyai containing the Autoblog 
raohy of Bolval Farkas and other Interesting information 
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tlerful studies In 1894 a monumental stone ivas placed on 
the long-neglected giave of Johann Bolyai in Maios-Vasdihely 
In the yeais 1893-1895 a Lohatcheuslcy fund uas seemed 
through contiihiitions of scientific men in all countiies, uhicli 
goes paitl}'- toivaid founding an iiitei national pii7e for le- 
seaich in geoinetiy, and iiaitly touaids electing a bust of 
Lobatchewsky in the paik in fiont of the iinneisitj building 
in Kasan 

But the Russian and Ilungaiian mathematicians neie not 
the only ones to ivhom the new geonietiy suggested itself 
When Gauss saw the Teniamen of tlie elder Bol>ai, his foimei 
loom-mate at Gottingen, he nas surpiised to find woiked out 
theie what he himself had begim long befoie, only to lea\e it 
after liini in his papeis IIis letteis show that in 1799 he was 
still tiying to pi ove apuou the leality of Euclid’s s-^stem, but 
latei he became convinced that this was impossible Many 
wiiters, especially the Geiinans, assiune that both Lobatchew- 
sky and Bol 3 '-ai weie influenced and encouiaged by Gauss, but 
no pi oof of this opinion has j^t been presented ' 

Recent histoiical investigation has showm that the theories 
of Lobatchewsky and Boljmi w^eie, in pait, anticipated by two 
wuiteis of the eighteenth centiiij’-, Geiommo Saccheri (1667- 
1733), a Jesuit father of Milan, and Johann Ifenuich Lamheit 
(1728-1777), a native of Muhlhaiisen, Alsace Both made 
researches containing definitions of the tliiee kinds of space, 
now called the non-Euclidean, Spherical, and the Euclidean 
geometries ® 

1 Engel and Stackel, pp 242, 241, G B Halsted, in Science, Sept 
6, 1895 

® The researches of Wallis, Saccheri, and Lambert, together with a full 
history of the parallel theoiy down to Gauss, are given by Engel and 
Stackel See also G B Halstep’s “ The non-Euclidean Geometry in- 
evitable ” in the Monist, July, 1894 Space does not permit us to speak 
of the later history of non-Euclidean geometry We commend to our 
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TVe have touched upon the subject of non ruclulcan geomo 
try, because of the great light uhieh these studies have 
thrown upon the foundations of geometric theorj Thanks 
to these researches, no intelligent author of elementarj text* 
books •will now attempt to do uhat used to bo attempted 
proie the parallel postiilaip \\c kno^\ at last that such an 
attempt is futile ‘Moreover, manj trams of reasoning are nov. 
easilj recognized os fallacious bj one who secs with the ejes 
of Lobatchewskj and Boljai Possessing as we do English 
translations of their epoch making works, no progressive 
teacher of geometry in High School or College — cortamlj no 
author of a text-book on gcometrj — can afford to bo ignorant 
of these results 

IV Text-looka on Elementary Geometry — The history of 
the evolution of geometric text-books proceeds along different 
lines in the various European countries About the time when 
Euclid was translated from the Arabic into Latin such intense 
veneration came to bo felt for tho book tint it was considered 
sacrilegious to modifj anj thing therein Still more pronounced 
was this feeling toward Anstotlc Thus we read of Petrus 
Ramus (1515-1572) in Franco being forbidden on pain of 
corporal punishment to teach or write against Aristotle This 
rojal mandate induced Ramus to devote himself to mathe 

readers Ilalsted s translations of Loliatchcwsky and Rolyai Georg 
JVjeiJrich Bt’rnfiard Rfcinann e wenderfuf df^rtaCfon ot 16 4 entitled 
Ueber die Ilypolhesen tcelehe der Oeometne zu Ontnde Uegen is trans- 
lated by W K Cliilord In Mature “Vol 8 pp 14-17 3C-o lUcmann 
developed the notion of n ply extended ma'Tutude Helmholtz s lecture 
entitled Origin and Significance of Geometrical Axioms is contained 
in a volume of Popular Lectures on Sclentl/ic Subjects translated by 
E Atkinsox Kew 1 ork 1881 Consult also the works of IV Iv Clifford 
The bibliography of non Fuclidean geometry and hyperspace is given by 
G B llxtSTETi ia the American Journal of Mathematics Vols I and II 
Readers may be Interested in Platland a Pouance of il/any dimensions 
published by Roberts Brothers Boston 1886 
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matics , lie brouglxt out an edition of Euclid, and here again 
displayed Ins bold independence He did not favour inves- 
tigations on the foundations of geometiy, lie believed that it 
was not at all desiiable to cairy eveiytliing back to a few 
a\ioms, vhatevei is evident in itself, needs no pioof His 
opinion on mathematical questions earned gieat v eight His 
views lespecting the basis of geometiy controlled Eiench 
text-books dovm to the nineteenth centuiy In no other civil- 
ized country has Euclid been so little lespected as in Eiance 
A conspicuous example of Fiench opinion on this matter is , 
the text piepaied by Alexis Claude Clavaut in 1741 He con- 
demns the profusion of self-endent piopositions, saying in his 
preface, “ It is not suipiismg that Euclid should give himself 
the trouble to deraonstiate that two ciicles which intersect 
have not the same centie, that a tiiangle situated intliin 
another has the sum of its sides smaller than that of the sides 
Df the triangle which contains it That geometer had to con 
Pince obstinate sophists, who gloiied in denying the most 
evident truths , but in oiii day things have changed face , 
all leasoning about what mere good sense decides in advance 
is now a pure waste of time and fitted only to obscuie the 
truth and to disgust the leadei This book, precisely antip- 
odal to Euclid, has contributed much toward moulding opin- 
ions on geometric teaching, but otheivuse it did not enjoy a 
great success ^ Similar views weie entei tamed by Etienne 
B6zout (1730-1783), whose geometiic works, like Clairaut’s, 
are deficient in rigour Somewhat more methodical was 
Sylvestre Fiangots Lacroix (1765-1843) But the French 
geometry which enjoyed the most pionounced success, both 
at home and in other countiies, is that of Adiien Mane 
Legendie, first bi ought out in 1794 It is interesting to note 

1 See article “ G6om6trie ” in the Grand Dictionnaiie Universal du 
XIX’ liiecle par Pierke Larousse 
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liona s cstimile of s / Ifmmti ili' gi^om^lric ^ Thc\ 

deserved »t [succcssj, since ns ngnnls fonn if tlic\ cnn com 
jKite with I uclul in clcnrness nnd precision of sUlt the} nn 
superior to him m the complex ]nriiion> «hith gives them the 
np|>enrnnrc of n iHnntiful ehlict divtdcil into two Bvimnetnen 
pnrts, nssitncsl, the one to tho gcoiiictrv of the phne nnd tlie 
other to tho geometry of spnto nnd since in rcgnnl to mattrr 
the} surpnss I uelid bv Ixjing richer in mntonnl nnd l>eltcr in 
certnin pnrticnlnrs Hat tlie grent 1 rench nnnljst in writing 
of gcometrv, could not forget Ins own fivoured studios sp tint 
in his hands goometrv lieennic n vnssnl of arithmetic from 
which lio borrowed n ft w rntiocinntions nnd even some of his 
nonicnchture nnd took from its dominions tho wliolc theory 
of proportions If it is ndded tint, wjnle 1 uclul avoids tho 
u 0 of nn} figure, tho construction of which is unknown to 
tho reader Ix'oCndrc ti cs without scniple the soK'nllcd Iivpo- 
theticnl constnutions, and thnt be gnvc the preft rcnco to tint 
imfortiinnto definition of n stnight line [used moreover even 
b} Kant] ns a minimum line tlicro is sufficient nrgument to 
support the fnct tint Ix-^cndre s ctlifico wns not long in show 
mg itself of a sobditj incompnrnbl} inferior to its lienut} ’ * 

Tims wo SCO thnt Ircnch writers influenced b} tbcir views 
respecting methods of tenclimg b} their lichef thnt whnt is 
appnrcnt to tho e }0 mnj Iks accepted b} tho joung student 
without proof nnd b} their geneml dcsiro to mnkc geonietr} 
ensier nnd more pnlatnble allowed tbeinsclvcs to depart a long 
w IV from tlio practice of 3 uclul Hnt IjOgcndro is more strict 
than Clairnut, the renction agninst Clninut’s views beenmo 
more and more pronounced, nnd about tho middle of tho nmo- 

*Lobi4 VtUa varia/ortuna d{ EuclUe Roma 1803 p 10 

* Vn American edition of Rrewater s translation of I ("ondrt s gcom 
etryTras brought out In 18 8 by Charles Davits of }\est loint John 
Parrar of Ilarrard College Issued a new traoslatlon In 1630 
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teentli century, Jean Mai le Constant Duhamel (1797-1872) and 
J HoueV began to institute comparisons between Legendnan 
and Euclidean methods in favour of the lattei, recommending 
the return to a modified Euclid Duhamel proclaimed the 
method of Imiits to be the only rigorous one by winch the use of 
the mfinite can be introduced into geometry,* and contributed 
much toward imparting to that method a clear and imobjection- 
able form Houel, professor at Boideaux, while expressing 
his regret that Euclid’s Elements had fallen into disuse in 
Eiance, did not recommend the adoption of Euclid unmodified 

While Duhamel’s and Hoiiel’s desired letmn to Euclidean 
methods did not take place, the discussion, nevertheless, led 
to improvements in geometiic texts The "woiks Avhich in 
Erance now enjoy the greatest favour are those of E RoxicM 
and 0 de Com^erousse, and of Ch Vacqxiant^ The treatment 
of incommensurables is bj' the method of limits, against vhicli 
the ciy “ lack of ngoiu ” cannot be raised In appendices 
considerable attention is given to piojectne geometi}*, but 
Loiia leinaiks that the old and the neiv in geometrj^ are here 
not united into a coheient whole, but merely mixed in dis- 
jomted fashion ^ 

Italy, the land wheie once Euclid was held in high venera- 
tion, where Saccheii iviote, in 1733, Exichdes ab omnx naevo 
vindxcatus (Euclid vindicated from eveiy flaw), finallj’’ discarded 
her Euchd and departed from the spiiit of his Elements In 
1867 Professors Cremona of Milan and Dattaglini of Haples 

^ Duhamel, Des metJiodcs dans les sciences de i aisonnement (five vol- 
umes), 1866-1872, II, 326, Houle, Essai sui les pnncipes foxidament 
aux de la geometric elementaii e on commentaire siir les ATATJOZ premi- 
eres propositions des elements d'Euclide (Pans, 1867) 

2 Loria, op cit , p 11 8 Loria, op cit , p 12 

^ An elementary geometry of great merit, modelled after French 
works, particularly that of Rouchd and Comherousse, was prepared in 
1870 by William Chauvenet of Washington University m St. Louis 
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■were members of a special goromintiit citniinission to inqmro 
mto the state of geometrical teaching in ItiU rijc-i found 
it to l>e so unsatisfactorj and the iinmlter <if bad text Itooks so 
great and so much on the increase that the\ rtcomiiu nded for 
classical schools the adoption of 1 udid pun ami simple c\en 
though Cremona admitted tint I in Iid is f iult\ • 1 his rtcom 

mendatioii became lau I at« r the iisc cf I iiclid s text uas 
replaced b^ that of other uorks pnpirtd <in analogous plans ’ 
Thereupon appeared after the amended 1 m liih an nn th I as 
distinguished from the ly'gondrian the mcritonons work h) 
\ Sannia and 1^ D Oudio I^ter time tin. dl 

geometnaot Kiccanlo dc I lolis and the di gioin 

etna of Guiscpjio ^ croncse 

The high esteem in which I uclid nas held in German) 
during carl) times is demonstrated b) inan\ futs \lxmt the 
close of the eighteenth tenturx \hraham Gotthelf K^tslntr 
remarked that the more recent works on gconntri depirt 
from Euclid, the more the) U» o m th irness and thorough 
ness ” This jKunts to a f illin^ off from thu 1 iiclulcan nuxlol 
The most popular texts m use alnmt the luichUo of the nine 
teenth cciitur) and cien those of the present time art from 
a scientific point of mow, an)tliin„ but sitisfittor) Thus 
in II E I ubsen s Llein^ntar Gcomitrii Ilth Id Liipzig 
1870, arritten in the country whitli prcMlmid Causs and at 
a time when lobatthcwsk) s and Ihihais immortil works 
had been published 11 and *17 )cars res^KK-tiielj we still find 
(p 52) a proof of the parallel postulate 1 * If w c bear in mind 
that geometrj deals with continuous iiiaguitudes m uAtc/t com 

* IlmsT address iii First InntiaJ J rport A I G 1 1871 

* LoniA op cU p 10 

* Another Illustration of the confusion wl Icli prevailed regarding tlio 
foundations of geometry long after Ixibatclii-w k} is found in llioiiias 
Peronnet Thompson s ( eomelry Kith nt txi m Jl 1 d 18 0 In which 
he endeavoured to get rid of axioxus aud postulates 1 
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mensurahility is exceptional, it is someiv-liat startling that Lub- 
sen should make no mention of incommensurables Another 
■work -which has been used for several decenma is Karl Koppe’s 
Plammetue, 4th Ed, Essen, 1852 It speaks of parallels as 
having the same direction, and fails to consider incommen- 
surability exceptmg once m a foot-note Kambly’s inferior 
work appeared in 1884 in the 74th edition ^ The subject of 
geometric teachmg has been much discussed in Germany 
Some excellent text-books have been written, but they do not 
appear to be popular Among the better works are those 
of Baltzer, Schlegel, H Muller, Kruse, Worpitzky, Henrici 
and Treutlein^ Most of these seem to be dominated by 
Euclidean methods ® One of the questions debated in Ger- 
many and elsewhere is that pertaining to the rigidity of fig- 
ures While Euclid sometimes moves a figure as a whole, he 
never permits its parts to move relatively to one another 
W ith him, figures are rigid ” In many modern works this 
practice is abandoned Eor mstance, we often allow an angle 
to be generated by rotation of a line,^ whereby we arrive at 
the notion of a straight angle ” (not used by Euclid), which 
now competes -with the right angle as a unit for angulai 
measure The abandonment of rigidity brings us in closer 
touch with the modern geometry, and is, we think, to be 
lecom mended, provided that we proceed with circumspection 
Pure projective geometry needs neither motion nor rigidity. 

^A ZiwtT m Bulletin N Y Math Soc , 1891, p 6 Ziwet here re 
views a hook containing much information on the movement in Germany, 
■nz H ScHOTTEN, Inhalt und Methode des planimetiischen Unterrichts 
The reader will profit by consulting HoFF3IA^^’s Zeitschnft fur mathe- 
matischen und natunoissenschaftlichen JJnteiricht, published by Teub- 
ner, Leipzig 2 Loria, p 19 

2 See Loria, p 19, Schotten, op cit , H Muller, Besitzt die heutigt 
Schulgeometrie nochdie V 01 zuge des EukUdischen Originals ? Metz, 1889 

* H. Muller, op cit , p 2 
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Preparatory courses in mtmtivc geometry in connection with 
geometric dninng, have been widcl5 recommended and adopted 
m Germany 

England has been the home of conservatism in geometric 
teaching ^Tierevcr in England geometr} has been taught, 
Euclid has been held in high estcenu It appears that the 
first to rescue the Elements from the Moors and to bring it out 
m Latin translation nos an Englishman The first English 
translation (BilliiioSlo} s) was printed m HTO Before this 
Robert Kecorde made a translation bnt it w os probabl} ne%er 
published* Llsewhere wo ha\c spoken of mednj\al geomet- 
rical teaching at Oxford It was carried on ivith ler) limited 
success About 1020 Sir Henry Saule (lo-19-3C22), warden 
of ‘Merton College endeavoured to create an interest m mathe- 
matical studies b) giving a course of lectures on Greek 
geometr) These were published m 1C31 On concluding 
the course he used the following language B) the grace of 
God gentlemen hearers I have performed m> promise, I 
have redeemed m} pledge I have explained according to my 
ability the definitions postulates axioms, and the Jirst eight 
propositions of tlio Elements of I uchd Here, sinking under 
the weight of years, I lay down art and ro} instruments * * 
It must be remembered that at this timo scliolostio learning 
and polemical divinity held swaj Savilo ranks among those 
who laboured lor the revival ot true knowledge lie founded 
two professorships at Oxford, one of geometrj and the other 
of astronomj, and endowed each wuth a salary of £1C0 per 
annum In the preamble to the deed by winch ho annexed 
this salary he saj s that geometrj was almost totallj abandoned 
and unknow n in England 

I W W R Ball Maths at Cambridge p 18 

* Translated from the Latin by It WiiEWEti In his Hist of tho 
Induct Sciences \ ol I New York 18 8 p •’Oti 
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Savile delivered thirteen lectures in his course, in which 
philological and historical questions received more attention 
than did geometry itself^ In one place he says, “In the 
beautiful structure of geometry there are tvo blemishes, two 
defects , I know no more ” These “blemishes ” aie the theory 
of parallels and the theory of proportion At that time 
Euclid’s parallel-postulate was objected to as unaxiomatic 
and requiimg demonstration We nov, know by the light de- 
rived fiom non-Euclidean geometry that it is a pure as- 
sumption, incapable of proof, that a geometry exists which 
assumes its contradictory, that it separates the Euclidean 
from the pseudo-spherical geometry Iso “blemish,” there- 
fore, exists on this point in Euclid’s Elements The second 
“ blemish ” referred to the sixth statement in Book V ® Peda 
gogically, this fifth book is still ciiticised, on account of its 
excessive abstruseness foi young minds, but scientifically 
(aside from certain unimportant emendations which Robert 
Simson thought necessary) this book is now regarded as one 
of exceptional merit 

During the seventeenth and eighteenth centuries a consider- 
able number of English editions of Euclid were brought out 
These were supplanted after 17o6 by Robert Simson’s Euclid 
In the early part of the nineteenth century Euclid was still 
without a rival in G-reat Britain, but the desirability of modi- 
fication arose in some minds As early as 1795, John Play- 
fair (1748-1819) brought out at Edinburgh his Elements 
of Oeomet'ry, containing the first six books of Euclid and a 
supplement, embracing an approximate quadiatuie of the 
circle (i e the computation of v) and a book on solid geom- 
etry drawn from other sources In the fifth book of Euclid, 
Playfaii endeavours to remove Euclid’s diffuseness of style by 


^ Cantor, II , o64 


2 Engel and Stacker, p 47 
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introducmg the language of algcbrx I layfair also introduces 
a new parallel postulate, simpler than Euclid s Gradually 
the advantage of more pronounced deviations from Euclid's 
text was expressed In 1849 Do Slorgan pointed out defects 
m Euclid^ About twenty years later Uilson* and Jones* 
expressed the desirability of abandoning the Euclidean method 
Finally in 18G9 one of the two greatest mathematicians in 
England raised his powerful \oice against Euclid J J Sjl 
vester said I should rejoice to seo Euclid honourably 
shelved or buned deeper than e er plummet sounded out 
of the schoolboy 'a reach ”* These attacks on Euclid as a school 
book brought about no immediate change in geometrical teach 
ing The occasional use of Drewslcr s translation of Legendre 
or of IVilson s geometry no more indicated a departure from 
Euclid than did the occasional use, in the eighteenth century, 

* LoniA op ett p 24 refers to De MonoAV in tbe Companfon Me 
Srtttsh Almanac which we hare not seen 

^Educational Times 1808 

* On the (7njuUa6f<n«M of Euclid as a Text look of Qeometr}/ I-ondoa 

* SrLTESTEn 8 Presidential \ddress to the Math and Phys iyeetion of 
the Brit Ass at Exeter 18C9 given in STtrEsren 8 Lavs of terse 
London 18 0 p I 0 This eloquent address is a powerful answer to 
Huxley s allegation that Matlicmatics Is that study which knows 
nothing of obserratlon nothing of experiment nothing of induction 
nothing of causation Ue quote the following sentences from Sylres 
ter I of course am not bo absurd as to maintain that the habit if 
obaerratlon of external nature will ho beat or in any degree cultiratcd 
by tl e study of mathematics Most if not ail of the great ideas f 
modem mathematics hare bad their origin in obserratlon La range 
than wliom no greater authonty could be quoted has expressed cm 
pbatically bis belief In the Importance to the mathematician of tlic. 
faculty of observation Gauss called mathematics a science of the eye 

the ever to be lamented Rlemann has written a thesis to show 
that the basis of our conception of apace is purely empirical and our 
knowledge of its laws the result of observation that other kinds of 
space mi'^ht be conceived to exist subject to laws different from those 
which govern the actual space in which we ar Immersed 
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of Thomas Simpson’s geometry One happy event, however, 
grew out of these discussions, the organization, in 1870, of 
the Associaiion for the Improvement of Geometrical Teaching 
(A I G T) T A Hirst, its fiist president, expressed him- 
self as follows “I may say fuither, that I know no sue 
cessful teacher avIio will not admit that his success is 
almost in piopoition to the libeity he gives himself to 
depait from the stiict line of Euclid’s Elements and to give 
the sub]ect a life which, without that departure, it could 
not possess I know no geometer who has lead Euclid criti- 
cally, no teachei who has paid attention to modes of exposi- 
tion, who does not admit that Euclid’s Elements aie full of 
defects They ‘swaim with faults’ in fact, as vas said by 
the eminent professor of this college (De Morgan), who has 
helped to train, perhaps, some of the most vigoious thinkeis 
of oui time ” ^ 

After much discussion the Association jmblished in 1875 a 
Syllabus of Plane Geometry, coriesponding to Books I -VI of 
Euclid It was the aim “to preseive the spirit and essentials 
of style of Euclid’s Elements, and, while saciificing nothing 
in iigoui either of substance or foim, to supply acknovvdedged 
deficiences and remedy many minor defects The sequence of 
propositions, while it differs considerably fiom that of Euclid, 
does so chiefly by bringing the piopositions closei to the fun- 
damental axioms on which they are based , and thus it does 
not conflict with Euclid’s sequence in the sense of proving 
any theorem by means of one which follows it in Euclid’s 
order, though in many cases it simplifies Euclid’s proofs by 
using a few theorems which are contained in the sequence of 
the Syllabus, but aie not explicitly given by Euclid”" The 
Syllabus received the careful consideration of the best mathe 

^ Fust General Beport, A I G T , 1871, p 9 

2 Thirteenth General Beport, 1887, pp 22-23 
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matical minds m England, the British Association for the 
Advancement of Science appointed a committee to examine 
he Syllabus and to co-operate with the A I G T In their 
report m 1877, which favoured the Syllabus was expressed the 
conMction that no text-book that has yet been produced is 
fit to succeed Euclid in the position of aiithontj One of 
the great drawbacks to reform was the fact that the great 
uniicrsities of Oxford and Cambridge in their examinations 
for admission insisted upon a rigid adherence to the proofs 
and the sequence of propositions as given bj Euclid, thus no 
freedom was given to teachers to deaiato from Euclid m any 
way To bo noted, moreover was the total absence of ‘ ongi 
nals’ or “ riders,” or any question designed to determine the 
real knowledge of the pupil But in the last few years the 
nork of the Association has been recognised by the univcrsi 
ties and some freedom has been granted. It was noted above 
that J J Sylvester was an enthusiastic supporter of reform 
The difference in attitude on this question between the tw o fore 
most British mathematicians, J J Sylvester the algebraist 
and Arthur Cayley, the algebraist and geometer, u as grotesque 
SjU ester uashed to burj Euclid ‘ deeper than o’er plummet 
sounded out of the schoolboy’s reach, Cayley, an ardent 
admirer of Euclid, desired the retention of Simson s Euclid 
^VheIl reminded that this treatise was a mixture of Euclid and 
Simson, Cayley suggested striking out Simson’s additions and 
keeping strictly to the original treatise * 

The most difficult task lu preparing the Syllabus was the 
treatment of proportion, Euclid s Book V The great admira 
tion for this Book V has been inconsistent with the practice 
in the school room Says Nixon, ‘ the present custom of 
omitting Book V though quietly assuming such of its results 

* Fifteenth General Report A I G T 1889 p 1 See also J’our. 
leenth General Report p 28 
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as are needed in Book VI, is smgulaily illogical”^ Hirst 
offeis similai testimony “ The fifth book of Euclid has 
invaiiably been ‘skipiied,’ by all but the cleverest school- 
boys”^ Heie ve have the extraordinaiy spectacle of pro- 
portion relating to magnitudes “skipped,” b}* consent of 
teachers who were shocked at Legendre, because he refers the 
student to arithmetic for his theory of proportion' Is not 
this practice of English teachers a tacit acknoivledgment of 
the truth of Eaiimei’s^ asseition that as an elementary text- 
book the Elements should be rejected Euclid himself proba- 
bly never intended them for the use of beginners But the 
English are not piepared to follow the example of other 
nations and cast Euclid aside The Biitish mind advances by 
evolution, not by revolution The British idea is to revise, 
simplify, and enuch the text of Euclid 

The first impoitant attempt to levise and simplify the fifth 
book was made by Augustus De Moigan He published, in 
1836, “The Connexion of Humbei and I^Iagnitude an attempt 
to explain the fifth book of Euclid ” In 1837 it appeared as 
an appendix to his “Elements of Tiigonometry ” It is on 
this revision that the substitute for Book V, given in the 
Syllabus, is modelled On the tieatment of proportion there 
was great diveisity of opinion among the members of the sub- 
committee appointed by the Association to prepare this part 
of the Syllabus, and no unanimous agreement was reached ■* 
Theie weie, in the first place, diffeient schemes for re-arrang- 
ing and simplifying Euclid’s Book V According to Euclid four 
magmtudes, a, b, c, d, aie in proportion, when for any integers 

1 R C J Nixov, Euclid Bevised, Oxford, 1886, p 9 
Fouith Geneial Itepoit, A I G T , 1874, p 18 

® Geschichte del PadarjogiA , Vol III , see also K A Schmid, Encyklo 
padie des gesammten Erziehungs- und Unterrichtsioesens art “ Geometric ” 

* Nixon, op cit , p 9 
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m and n, wo have simultancomlj and nic«»»nd A 

definition of proportion adopted b} the Italians Sannia and 
D Oiidio was considered, according to nhich parts arc sub- 
stituted for multiples, mz a 6, c d aro m proportion if for 

anj integer m o contains ^ neither a greater nor a less number 

of times than c contains — Another method discussed was 
m 

that of approaching incommensurables bj the theorj of limits, 
as adopted in the I rench work of L KouchtS and C do Com 
beroiisse and b} manj \mcrican writers This method, as also 
Sannia and I) Oi idio s definition of proportion, rests on the lau 
of continuity uhich Clifionl defines rowjlily as meaning that 
all quantities can bo diMdcd into an) number of equal parts 
If in a definition it is desirable to assume ns little as possible, 
Fuchds definition of proportion is preferable inasmuch as it 
docs not postulate this law To minds capable of grasping 
Euclid’s theory of proportion that theory excels m licauty 
the treatment of incommensurables with aid of the theory of 
limits Says Hankcl, “'VNe cannot suppress the remark that 
the now prevalent treatmen of irrational magnitudes m 
geometry is not nell adapted to tho subject m as much as it 
separates in the most unnatural manner things uhich belong 
together, and forces tho continuous — to which from its scry 
nature, the georaetnc structure belongs — into tho shackle^ 
of the discrete, which nc\crthcless it ciery moment pulls 
asunder * 

About the time of Hankcl a new logical difficulty came to 
light It became evident that tho theory of limits as it ex 
isted in the first half of the nineteenth century must remain 
unsatisfactory unless a theory of irrational numbers could 

^ The Common Sente of the Fxaet Sctencti Newtork 1801 p 107 

* HA’?KiiL op eU p 6c> 
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be presupposed As it Tvas, the lines of procedure in-vohwl 
reasoning in a circle. The theory of limits was invoked to 
establish a theory of irrational numbers, w hereupon the tlieorj^ 
of irrational numbers seemed to be used for a more complete 
exposition of the theor}' of limits To avoid this i icious cir- 
cle, altogether new theories of irrational numbers were devel- 
oped by Karl Weiers trass, G Cantor, and E Dcdekind, which 
do not pre-iequire the theory of limits ’ These developments 
have greatly strengthened the logical foundations of mathe- 
matics, but have not > et been put in a form suitable for use in 
elementary instruction From the standpoint of the elementary 
teacher, a logical exposition of irrational numbers and of limits, 
appears impossible Keither Euclid’s treatment of propor- 
tion, nor the treatment of irrational numbei and limits as 
given by modern logicians, is proper food for school children 
The quest for perfect logical rigor is long and disheartening 
Indeed it is doubtful whether mathematicians have yet i cached 
absolute rigor The creations of G Cantor and Dcdekind have 
only recently given rise to contradictory results, to antinomies, 
that are thoroughly disquieting To be sure, the introduction 
of certain restrictions in the definitions and the adoption of 
certain “axioms” have removed the antinomies advanced 
thus far But we know not the day nor the lioui when new 
antmomies will spiing to light In view of the subtlety of 
the modern theories of numbers and of doubt as to their real 
logical perfection, theie remains no alternative for the ele- 
mentary teacher but to reconcile himself with a logically 
imperfect treatment of the theoij'’ of limits and of irrational 

1 Consult Georg Ca\tor, Contributions to the Founding of the Theory 
of Transfimte Numbers, translated, and provided with an Introduction 
and Notes, by Philip E B Jourdain, Chicago and London, 1915 Jour- 
dain’s Introduction traces the history of the subject Consult also George 
Bruce Halsted, On the Foundation of Technic of Arithmetic, Chicago, 
1912. 
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numbers * In fact it is generally felt that these subjects do 
not reall} belong to clemtntarj mathematics that a rudimen 
tary and purelj intuitive treatment of limits is all that should 
be attempted in high school and in the first stages of college 
mathematics 

The same conclusion on matters of logic is reached from a 
different angle Italian mathematicians under the leadership 
of Giuseppe Pcano of the Univcrsitj of Turin set themselves 
the problem to adopt definitions axioms and undefined terms 
so that geometry might be built up without appealing to intui 
tion at anj point As is well known Euclid quietlj resorts to 
intuition in many places for tho knowledge of certain facts 
In the verj first proposition of his Plements he states without 
proof that the two circles which ho draws intersect each other 
As contributions to the logical exposition of geometr) , the work 
of tho Italian school was pratseworthj A culmination of this 
movement is found m a treatise prepared bj tho great German 
representative of logical abstract thought m mathematics 
Dind Hilbert of the Universitj of Cottingen At the unveil 
ing of the Gauss Weber monument in Gottmgen in June 189^ 
Hilbert contributed a memorial address on tho foundations of 
Geometrj entitled Grundlagen dcr Oeomctne, which was widelj 
recognized as a masterpiece of logical exposition The first 
edition was translated into English m 1902 bj E J Townsend 
of the University of Illinois Several German editions some 
vhat enlarged, have appeared smee Hilbert sets up fi\c 
groups of axioms, which include altogether twenty axioms 
To show how Hilberts axioms can serve as a foundation of 
geometry built up without appeal to intuition, George Bruce 
Halsted published in 1904 his iJationnt Geometry This book 
affords perhaps the easiest approach to a knowledge of Hilbert s 

* For an illuminating article ou limits consult BnnrniND Hosier l b arti 
cle Mr Haldane on laHoity in Hind "Vol 83 London 1008 p ®39 
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system At the same time it demonstrates the utter impossi- 
bility of introducing high school students into geometry by 
such a route To meet certain logical criticisms of his text, 
Halsted prepared a thoroughly revised second edition in 1907, 
which has been translated into French 


RECENT MOVElSfENTS IN TEACHING 

Toward the close of the nineteenth century the influence of 
the Association for the Advancement of Geometric Teaching 
(A I G T ), whose name was changed in 1897 to “ The !Mathe- 
matical Association ” and whose work had been broadened in 
scope, so as to include elementary mathematical instruction in 
general, showed itself in many ways To note the progress 
in geometry we need only examine such editions and revisions 
of Euclid as those of Casey, Nixon, Mackay, Langley and 
Phillips, Taylor, and the Elementi> of Plane Geometry issued by 
the Association ' 

At the beginning of the twentieth century there were two 
great movements in the teaching of elementary mathematics 
One has been called the “ Perry Movement,” the other is a co- 
operative movement of teachers ot different nations under the 
name of the “International Commission on the Teaching of 
Mathematics ’’ Of these movements the first made at onoe a 
deep and lasting impress, especially in England and Ameiica, 
and then spent itself, the second was planned on a large 
scale and was still in the preliminary stages when interrupted 
by the great war which broke out m 1914 

1 For the history of geometrical teaching in the United States before 
1888, see Cajoki’s The Teaching and History of Mathematics in the U S , 
1890. 
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The Perry Movement 

The reform which this movement mtroduced is the culmina* 
tion of thirty years of discussion in England, carried on by the 
members of the Mathematical Association This culmination 
centers around the personality of John Perrj , then Professor 
of mechanics and mathematics of the Royal College of Science, 
London Perry was member of a large and strong committee 
of the British Association for the Advancement of Science, 
appointed in 1901 to report on the Teaching of Mathematics ’ 
This was not the first time that the British Association had 
interested itself m this matter A similar committee had re 
ported on ‘ the possibility of improvmg the methods of 
instruction m elementary geometry” m 1873 and agam in 
1876* These early reports considered the advisibilitj of 
adopting an authorized syllabus of geometiy , the second 
report considered the merits of the sjllabus prepared bj the 
A A G T and recommended it, nevertheless that syllabus 
had not been generally adopted at the beginning of the new 
centurj Teachmg continued to be guided msmly by th«* 
requirements of examinations 

It was at the Glasgow meetmg of the British Association in 
1901 when Section A (Mathematics and Physics) and Sec- 
tion L (Education) held a }omt meetmg that John Perrj 
delivered a great address, which was followed by a bnlliant 
discussion leading to epoch mahing results An account of 
these deliberations was published m 1901 under the title 
Discussion on the Teaching of Maihemahcs, edited by John Perrj 
This debate is far more spny interesting and valuable than 
the formal report of the committee made a year later Perry 
called for a complete divorce from Euclid for greater emphasis 

1 See Jieports of the British AssociaUon for the year 1873 papC 469 
and for 1876 page 8 
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upon experimental geometry, for practical mensuration, foi 
the use of squared paper, for more solid geometry, for greatei 
emphasis upon the utilitarian parts of geometry As a result, 
Euclid -was dethroned in England from its position of complete 
dormnance as a text-book in elementary schools Tu closmg 
the discussion. Perry said 

“ I take it that "we are all agreed upon the follouung pomts 
“1 Experimental methods in mensuration and geometiy 
ought to precede demonstrative geometry, but even m the ear- 
liest stages some deductive leasoning ought to be introduced 
“2 The experimental methods adopted may greatly be left 
to the judgment of the teacher they may mclude all those 
mentioned m the Elementary Syllabus which I piesented 
“ 3 Decimals ought to be used in arithmetic from the begin- 
nmg 

‘‘4 The numerical evaluation of complex mathematical 
expressions may be taken up almost as part of arithmetic or 
at the beginuing of the study of algebra, as it is useful in 
familiarizmg boys with the meaning of mathematical symbols 
“5 Logarithms may be used in numerical calculation as 
soon as a boy knows a" x a” = and long before he is able 
to calculate logarithms But a boy ought to have a clear 
notion of what is meant by the logarithm of a number 

“ 6. In mathematical teachmg a thoughtful teacher may be 
encouraged to distmguish what is essential for education in 
the sequence which he employs, from what is merely accord- 
ing to arbitrary fashion, and to endeavor to find out what 
sequence is best, educationally, for the particular kind of boy 
whom he has to teach 

“7 Examination cannot be done away with m England 
Great thoughtfulness and experience are necessary qualifica- 
tions for an external exammer It ought to be underscood 
that an examination of a good teacher’s pupils by any other 
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examiner than the teacher himself is an imperfect ciamma 
tiom 

“ Vbout these that follow I am in more douht 

“8 A thoughtful teacher ought to know that h} the use 
of squared paper and casa algebra ba illustrations from 
d^Tiamics and laboratorj expenments, it is possible to give 
to joung boys the notions underlying the methods of the 
Infinitesimal calculus 

“9 thoughtful teacher may freely use the ideas and 
symbolism of the caJculus m Uacliiiig elementary mechanics 
to students 

* 10 1 thoughtful teacher may allow boys to begin the 

formal study of the calculus before he has taken up adaanced 
algebra or ada*anced trigonometry, or tlie formal study of 
analytical or gtomttncal conics and ought to bo encouraged to 
use in this study not intrcly geometrical illustrations, but 
illustrations from mechanics and physics, and illustmtions 
from any other quantitative study in which a boy may bo 
engaged ” 

In the United States the Perry movement did not bring 
about as many changes as m Lngland There are two prin 
cipal reasons for this One reason is that Uuclid had been 
discarded long ago as a text for beginners, hence the agitation 
m Great Britain on that j>omt had no bearing on Amenean 
conditions V second reason is that some of the other recoin 
mendations of Perry did not directly fit the American situation 
For example, Perry's warfare against the system of cxamina 
tions then in vogue in British unucrsitics and also in the 
English civil service did not affect \incrica, where examma 
tions were conducted differently and receiNcd less stress 
The clearest American declaration with respect to the Perry 
movement m so far as it affected the United States, came 
from E n Moore of the University of Chicago in his presi 



294 


A HISTOEY OF MATHEMATICS 


dential address, “On the T’oundations of Mathematics,” de- 
livered on December 29, 1902, before the American Mathe- 
matical Society ^ Moore had in mind mainly college mathe- 
matics, when he said “Tn agreement with Perry, it wonld 
seem possible that the student might be brought into vital 
lelation with the fundamental elements of tiigonometry, 
analytic geometi}^, and the calculus, on condition that the 
whole tieatment in its origin is and in its development remains 
closely associated with thoroughly concrete phenomena ” 
With reference to secondary schools, Moore puts the question 
“ Would it not be possible to organize the algebra, geometry, 
and physics of the secondary school into a thoioughly coherent 
foui years’ course, comparable in strength and closeness of 
stmcture with the four years’ course m Latm ” As to 
method of instruction “This piogram of reform calls for the 
development of a thoroughgoing laboratory system of instiuc- 
tion in mathematics and physics, a piincipal purpose bemg as 
far as possible to develop on the part of every student the 
true spirit of research, and an appieciation, practical as well 
as theoretic, of the fundamental methods of science ” 

Expeiience seems to show that the success of the laboiatory 
method of mathematical instruction rests upon several contin- 
gencies, such as, (1) rearrangement of the schedule so as to 
allow more time m school for the courses in mathematics, 
(2) the equipment of suitable laboratories, (3) the enlistment 
of teachers who are competent to give laboratory couises, and 
so on Even if all these conditions pievail, there is no a jyrioi i 
reason why the laboratory method should excel other methods 
The superiority of any method over its competitors must be 
determined by actual trial Such superiority has not yet been 
established experimentally for the laboratory method 

1 This address was punted in Bulletin of the Am Math Society, Vol 9, 
1903, pp 402-424, also m Science, N S , Vol 17, 1903, pp 401-416 
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"We pass to the broader question the unification of the dif 
ferent branches of high scliool mathematics carried on m a 
manner that will meet more offectirelj the practical demands 
of the age This question has been under discussion and ex 
perimentation ever since tlie opening of the new centurj The 
impression seems to preiail that iii past decades and past cen 
tunes mathematics never were unified that teachers placed 
mathematical topics into separate and air tight compartments 
■Nothing can be further from the truth Previous to the nine 
teenth centurj there existed a fair degree of fusion of different 
branches of mathematics see this for instance in the 
Ahmes papjrus in Luchd’s Elements, with its three books on 
arithmetic in the works of \ieta, Stevin Oughtred, Newton, 
Leibim and Euler 

The geometric phraseology “linear” equation “quadratic” 
equation, ‘ cubic ” equation a square ” for a* a cube ’ for 
a* shoiis that lo its formative period algebra ivas not disso* 
ciated from gcometr} Moreover the solution of cubic and 
quartic equations bj the method of geometric construction ap- 
pears earlier in the historj of mathematics than do the purely 
algebraic solutions Isolation in mathematics as a science is a 
product of the nineteenth centurj Steiner and Von Staudt 
isolated modern geometrj from analysis On the other hand, 
Weierstrass Ivronecker Klein, and others worked m the direc 
tion of anthmetization which makes number the sole founda 
tion of mathematics This isolation is due to the efforts 
toward mcreased rigor of presentation, in course of which the 
foundations of mathematics were examined anew Not onlj 
m the growth of mathematics as a science, but also in the 
teaching of mathematics isolation of topics set in Prequently, 
books which in their first editions exhibited a certam degree of 
fusion of topics passed to greater isolation m later editions 
Thus, Legendre s Geometry first published in 1794, stood at 
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first for a moderate unification of geometry ■with arithmetic 
and tiigonometry. As late as 1815 this text still contamed 
tiigonometry, hut later the trigonometry and the practical 
applications of geometry u ere gradually filtered out Nicholas 
Pike’s Neio and Complete System of AiitJmetic, printed at Neiv- 
buiypoit, Mass , in 1788, and used foi a time even in our 
American colleges, contained m addition to the oidinaiy arith- 
metical topics, a treatment of logaiithms, tiigonometry, alge- 
bra, and conic sections The fouith edition of Pike’s book 
omitted the topics not strictly’- aiithmetical, and constituted 
Pike’s Abridged Arithmetic Thus there arose ui teaching an 
isolation of topics, a modeiate degiee of vrhich was beneficial 
Teachers found it easiei to leach good lesults in the classiooin 
by taking one topic at a time But isolation came to be Gai- 
ned to an extreme The exeicises of the schoolioom related 
to isolated topics The pioblems of practical life called foi 
ability to combine arithmetic, algebra, and geoinetiy The 
pupils lacked expeiience and skill m combination Hence the 
need foi reimification No agreement has y^et been i cached as 
to the lund and degree of unification that is most suitable 
imder modem conditions of industry’- and life There is dan- 
ger of excessive unification Too much fusion may produce 
confusion In mtense fusion there is dangei of intioducmg 
simultaneously a laige number of new ideas, new definitions 
The pupil does not concentrate upon a few ideas, but scatteis 
his efforts over a large number of them and obtams only a 
superficial -view of any one 

If it be asked what degree of unification can be safely adopted 
as havmg stood the test of experience, the answer would seem 
to be as follows At any stage of mathematical study, let the 
pupil use all the mathematics that he has had up to that time 
For instance, when he studies algebra, let him use freely the 
arithmetic that preceded, as well as the mtuitive geometry 
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previously learned , when purauing solid geometry , let him use 
the arithmetic, algebra, and plane geometry previously studied 
To this extent, unification is sanctioned by experience How 
much farther we can go advantageously under modem condi 
tions remains to be dctermmed by experience Doubtless 
some allowance must be made for individual predilections of 
teachers and the practical needs of different pupils 

The International ComruMsion 

At the Fourth International Congress of mathematicians 
that was held at Rome m 1908 David Eugene Smith of Teach 
era College, Columbia University made a motion calling for 
the appointment of an International Commission on the Teach 
ing of Mathematics The motion was earned and a Central 
Committee was appointed consisting of Felix Ivkm of the 
University of Ghttmgen Sir George Greenhill of London, and 
Henri Fehr of the University of Genevea m Switzerland In 
1912 David Eugene Smitli was added to the committee The 
Commission adopted as its official organ L* Enaeignement maiM 
matique, Revue intemaixonate paraissant tons les deux mois This 
bimonthly journal had been started at Pans m 1899, it ap- 
pears under the editorship of C A LaisantandH Fehr Thus 
far the Commission has chiefly occupied itself in effecting 
organizations in the different countries, and in collecting and 
pwUvalivng, for comparaivve oxaTmuaUou tho fullest possible 
information as to the present status of the teaching of mathe 
matics in each of the countries represented The first report 
of the International Commission was made at the Fifth Inter 
national Congress of Mathematicians * held at Cambridge Eng 
land, m 1912 At that time there were 27 countries repre 
sented, and 160 printed reports were made, leaving about 60 

I For an account of the work of this congress see J W A Youko In 
St,hool Science and Mathematics Vol 12 1912 pp fO^-TlB 
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still to he published These lepoits contain detailed informa- 
tion on the condition of mathematical teaching at different 
schools and in diffeient countiies The}'^ aie iinpoitant contri- 
butions to the histoiy of education !Most exhaustive are the 
numeious lepoits piepaied bj the Geimans The Eiitish re- 
poits aie models of concise piescntation The documents pie- 
paied in the United States by special coinniittees acting under 
the diiection of the Aineiican Coinniibsioneis (D E Smith of 
Teacheis College, W F Osgood of Ilaivaid Uni\eisit^, J W 
A Young of the Univcisitj of Chic.igo) luue been published 
by the United States Buieau of Education The bieakiiig out 
of the Gieat Wai, in 1914, inteiiupted the voik of the Inter- 
national Commission 

While the publications * hitheito issued aie mainly histoiical, 
and desciiptive of piesent conditions, it is evident that the 
lepiesentatives of the inteinational inoiemeiit stand for the 
moie thoiough embodiment, in mathematical teaching, of cer- 
tain ideas, at least a pait of which iieie emphasized m the 
Peiiy inovement Piedoniuiaiit aie the ideas of graphic lepie- 
sentation, functionality, conseivative uuihcatiou of mathe- 
matics, alignment with the piactieal demands of the age In 
Germany these ideas weie stiongly advocated by F Klem at a 
school confeience held in 1900 In Fiance these same ideas 
found expression in the text-books published by E Boiel in 
1903, which were translated into German by P Stackel in 

1 The French reports are entitled, Jiappoits dc la Commission Interna- 
tionale de I'Enseiqnement Mathematiqiie, Hachette L Company, Pans 
The English reports are brought out under the heading The Teachinq of 
Mathematics in the United Kingdom, being a sei les of papers pi epaiedfor 
the Intel national Commission on the teaching of mathematics, Wyman & 
Sons, Fetter Lane, London, E C The German reports are Ahhandluii- 
gen uberden mathematischeii Untei i icht in Deutschland, Veranlasst duich 
die Internationale mathematische Untei i ichtslommission Herausgegebea 
von F Klein, Vols I-V, B G Teubner, Leipzic u Berlin 
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1908 to serve as illustrations of what can be done in the waj 
of actual realization of the new plans 
The subject of graphic representation of inathematiral ex 
prcssioiis ui\ol\ing ^anahlcs goes Ixicl to the time of Newton 
and Descartes the graphic rtprcscntation of ana es defined hj 
certain properties goes Imck to the time of the Creeks 

In the nineteenth ccuturj graphic methods nine to Imj used 
widel} m mcclianical scitnce * not onlj abraad but also in the 
United States In 1898 11 H Thurston of Cornell I uiversitv 
read lieforc the American Societj of Mechanical I nginecrs a 
paper on “Graphic DLagrams and CUptic Models In the 
teaching of elementary nialheinatics graphic inethotls were 
introduced slowly I one soiccs advocating the use of graphs 
in teaching were heard in the nineteenth century 
In 1S13 Strohlkt of Danzig expressed himself ns follows * 
‘The graphic representation of functions appears to me an 
cfTective aid in instruction for the purpose of conveying a 
clear conception of their properties Milh this end m mcu 
I have draivn a considerable number of such graphs — the 
curves of sines cosmos, tangents of natural and Driggian 
logarithms F'cn simplo functions like y = ar y « z 

yssx* if they are drawn for the same Narnblc and 

upon the same sheet present properties which the pupil uould 
not see the moment the function is put liefore him In the 
solution of eiiuations graphic methods recei\ed recognition m 
I Saint-Loup s TVaili de la r^wlutton des ^qualions num6n(pic% 
Pans 1801, a text written for students in the Poly technic 
School and the Isormal School m Pans, * \ 1 usage des caridi 
tats aux dcoles poly technique et normale ' The students uere 

1 See the Second Report on Uio Development of Graphic Methods In 
Mechanical Science by II 8 Urtr Shaw In llepnrt of the British 
issoctation for the Advancement of Science tor tliQ year IS9^ pp 375-631. 
3 Grnnert s Archiv Vol 2 ISF* p 111 
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more advanced than are American students of high school 
grade In the Tntoual Tugono 1 net 1 '^|,h}, William Briggs and 
Gr H Bryan, London, 1897, attention is given to the tracing 
of the curves of the trigonometric functions 

In 1896 appeared Arthur H Barker’s Graphical Calculu’i, 
London, which lepresented a senes of lectuies given to en- 
gineering students It marks a complete contrast to the 
ordinary mathematical book of the school of Todhunter It 
IS a work intended for students ready to enter upon the study 
of the calculus. 

In the United States the earliest use of graphic methods in 
elementary teaching consisted in the representation, by curves, 
of empirical data, such as temperatures, cloudmess of the sky 
From 1885 to 1889 such methods were taught in the school of 
the Chautauqua Town and Country Club, to about two thou- 
sand pupils ^ But these graphic methods met ivith no general 
adoption at that time In 1898 Francis E Xipher of Wash- 
ington University in St Louis bi ought out an Inti odnction to 
Graphic Algebra The fiist legular text-book using graphs v as 
the Algebra for Schools (1899) by Geoige W Evans of Boston 
In 1902 there appealed as a supplement to Webster Wells’ 
Essentials of Algebia and New Higher Algebra, a monograph 
of twenty-one pages on Giaphs, piepaied by Eobert J Aley, 
then of the Univei&ity of Indiana Heniy B Hewson of 
the Univeisity of Kansas followed in 1905 with a Giaphic 
Algebra for Secondary Schools In Vol 5 (1905) of School 
Science and Mathematics there is an article on graphs by 
F C Touton of Kansas City Smee 1905 our algebras foi 
secondary schools introduce the graph as a regular subject for 
instruction As early as 1903 “ the use of the giapliic methods 

1 See Chartes Bvrnard, “Graphic Methods m Teaching,” Ednca 
tional Monographs published by the iV T College for the haining of 
Teachers, Vol II , No 6, 1889, pp 209-223 
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and illustrations, particularly with the solution of equations, 
IS also expected " as an entrance requirement in mathematics 
to eastern colleges 


American Associations 

There have been organized in the United States a number 
of associations for the advancement of the teaching of mathe 
matics and science in secondary schools Thus we have the 
Association of Teachers of Mathematics in New England the 
Association of Ohio Teachers of Mathematics and Science the 
Association of Teachers of Mathematics m the Middle States 
and Maryland, Central Association of Science and Mathematics 
Teachers, Colorado Mathematics Association, Kansas Associa 
tion of Mathematics, Missoun Society of Teachers of Mathe 
matics and Science Iowa Association of Mathematics Teachers 
North Dakota Association of Science and Mathematics 
Teachers Southern California Science and Mathematics Asso- 
ciation, Oregon State Science and Mathematical Teachers 
Association 

The Mathematical Association of America, organized m 
December 1914, devotes itself iminly to the teaching of Math 
ematics m College The American Mathematical Society (or 
ganized in 1888 as the New York Mathematical Society and 
reorganized under its present name m 1894) devotes itself 
entirely to the furtherance of original research 

The National Educational Association (organized m Phila 
delphia in 1857 under the name of National Teachers Aaso 
ciation’ and renamed m 1870) has always interested itself in 
the teaching of elementary mathematics In 1893 a “ Com 
mittee of Ten” reported rai secondary school studies including 
the recommendations of various sub-committees or “confer 
ences ” A “ conference of ten ” on mathematics met at Har- 
vard m December 1892 Simon Newcomb acted as chairman. 
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A leport was iHcpaiecl, -which is gnen in outline in the Report 
of the CommiSbionc) of Edtication, 1892-1803, Vol 2, p ]42G 
Full lepoits of the “confeiences’Mveic pnhlishcd sep.iiatel} 
111 1891: It isas lecominenclcd hj tlie inatliein.itu s conference 
that the couise in aiithinetic he alnidged b} omitting subjects 
which peiple\ and exhaust tlie pupil i\ithout affoiding mental 
discipline, and eniiched bj exeieises in conciete pioblems, that 
geometiy be hist taught in conciete foim, including measuie- 
nients, and that gieatei CAie be taken to a^old slo\cnliness of 
expression in demonstiations Stiess ^\as laid ujion the intei- 
lacing of aiithmetic, algebia, and geometiy The eageiness 
with which the ^allous lepoits were lecened caused a “Com- 
mittee of Fifteen ” to be appointed bj the N.itional Educa- 
tion Association to institute similai nifpiiiies foi schools 
below the high school Eecoinmendations Mcie made on the 
teaching of aiithmetic * It was aigued that the simplest fiac- 
tions, could be taught \ei 3 ' eaily, that compound in- 

teiest, foieign exchange, and ceitain othei topics be diopjied, 
that mental aiithmetic be emphasized, that theie be a le- 
aiiangement of subjects, and that the ludimeuts of algebra be 
intioduced m the seventh yeai 

In 1899 the Committee on College Entiance Eequiiemeiits, 
appomted by the H E A , made lecommenclations m mathe- 
matics which weie in piactical agi cement with those of the 
Committee of Ten In 1904 the Association of hlathematics 
Teachers m New England appointed a committee, with Geoige 
Evans of Boston as chaiiman, to considei the advisability 
of prepaiing a geometiy syllabus, or adopting some syllabus 
already drawn up Such a syllabus was diawn up, though 
carefully prepared, it did not become generally Imown A 
report by a syllabus committee of the Cential Association of 
Science and Mathematics Teachers, made in 1906, attiacted 
^ Beport of the U S Commissioner of Education for 1893-1894, p 632 
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vnder 'ittention but uis imperfect in some respects Finallj, 
m 1008 and 1909 a committee was organized under the joint 
auspices of the National Education Association and tlie 
American 1 ederation of Teachers of the 'Mathematical and 
National Sciences H E Slaught of the University of Clii 
cago acted as chairman The final report of this committee 
was printed in 1912 and received much attention both in the 
United States and abroad Theorems are classified into four 
groups, according to their iinportanrc the groups being dis 
tinguished one from the other by the kind of typo used The 
report gives considerable attention also to logical considera 
tions and contains an introduction on the liistory of the teach 
mg of geometry during the last two centuries 
In recent time there has been considerable unrest in tbo 
United States on matters relating to mathematics in second 
ary schools Proceeding on tho theory that the real aim is 
not as formerly held to train the mind but to teach only 
* things that arc practical so that the mathematical instnic 
tion can be “ hitched up to life, ’ some educators exert pressure 
to omit certain subjects formerly thought essential, such as 
the treatment of factoring and fractions m algebra and to 
restrict problems m algebra and exercises m geometry to those 
that are practical In some ways tho modern tendency re 
sembles the movement of the fifteenth and sixteenth centuries, 
led hy the ‘ Commercial Scliool of Arithmeticians ” As in tho 
sixteenth century, so now, there is meant by ‘ practical not 
that which is uUimatelypTucUcal but that which is xmmediatehj 
practical By this test a course resembling ancient Egy ptian 
geometry makes a stronger appeal than one resembling tho 
more scientific Greek geometry There are other modern 
educators who go farther and denying the disciplinary value 
of mathematics insist that high school mathematics, or at least 
a part of it, should be removed from the required list of high 
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school studies It may be of interest, in this place, to call 
attention to earlier attacks on the value of mathematics as an 
exercise in the training of the mind 

Attacks upon the Study of Mathematics as a Tiaining of 

the Mind^ 

Probably the most famous attack that has evei been made 
upon the educational value of mathematics was published by 
the philosopher. Sir William Hamilton, in the Edinhuiqh Re- 
view of 1836 He claims that mathematics is ‘‘not an im- 
provmg study ” , “ If we consult reason,*" experience and the 
common testimony of ancient and modern times, none of our 
intellectual studies tend to cultivate a smaller number of the 
faculties, m a more partial manner, than mathematics ” He 
proceeds to adduce testimony to the effect that “ the cultivar 
tion afforded by the mathematics is, in the highest degree, 
one-sided and contracted,” that mathematics “ freeze and parch 
the mind,” that this science is “absolutely pernicious as a 
mean of internal culture ” Hamilton’s argument proceeds 
along two principal Imes , the first is to prove that those who 
confine their studies to mathematics alone are addicted to blind 
credulity or irrational scepticism and, in general, lack good 
judgment m affairs of life We admit at once, that this last 
contention is probably valid , the exclusive study of any branch 
of knowledge is to be discouraged as undesirable for a liberal 
education Hamilton’s second mode of attack consists in try- 
ing to show that many mathematicians found mathematics 
imsatisfactory as an exercise of the mmd, and renounced it 
The only mathematicians of sufficient piommence to be known 

^ See F Cajori, “ A review of three famous attacks upon the study of 
mathematics as a training of the mmd,” in the Popular Science Monthly, 
1912, pp 360-372 See also Dr C J Ketser, Mathematics, Columbia 
Univ Press, 1907, pp 20-44 ' 
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fo Ihe modern reader are D llem!«cff» I uni I)t5Cirt<5 and 
Dugald Stetnrt. Mnn\ otlier in<n from n!l ngf s and mlJnn% 
are quo od, *\nd consljtute mdwl 1 cJou 1 of wjlnri^ ^ 

\lfrv*d Pnnphritn of Mumrli I am a'»l»imMl to confts< tint 
Wfore TtadmR Hamilton i» article 1 did not Unow a finale one 
of these gnat nuUionliii eren hi tiarn an iiUnimtinR cir 
cuinsLince is the fncl tlut i!oin« of these mtnrs I could not 
tinil trtn in the acientific dm*ctofns The most ixliimri, 
ixamnution of Hainsltonii (luotatmns and most thorough dis 
jiro( f of hin contentions art found man article III V T lU«!soe 
in tlie 6oul/ern JlrvKic for lull ISi7 lUctlsoc nus nt on« 
tiuu jirofessor of mithonjitica at tin Lniurnii^ of \ irj*im-i. 
He jiroros rrliat fome other wnten Ufon him hmt«I at or 
|irovc<l only in i»art nameli tial Ihinilt4in ins ixtnimli 
rmUss in the selection of his quotations U\ mahinK l«rtnl 
extracts, Uidt) chosen he made scnntisls ni ixarlJi the oji. 
jKjsitc of Uieir rml stntiments* Most striking!) is tins true 
of his treatment of Descartes 

The second great attick U|>on malhcmatin! studi ms inadt 
h} Schopenliaucr tin j»c3Siimslic saj^e of I rankfort-on llie- 
Main In Ins 77ie IlorW 05 Hi// and /den sicond eelilion 
1811 he makes inron I uelidand his i,eoinitriral lUmonsln 
tioiis Me are rorn|»cll<Hl In the prineiiilu of conlrulutnn 
to admit tliat what luchd demonstrates is tnu hut in do not 
tomjinhend icAy it is bo Me Imi thircfon almost lla 
BamciincomforUhle feeling Uiat iie exjienin e after a juggling 
trick and m fict most of I uclid*t) dcmonstntions an ri 
imrkahl} like such feats Tho truth almost ahrija enteru hj 
the Kick door, for it manifests itself par nccidma through Rome 
contingent circumstince Often a rtdudio ail nbsunluin Bhuts 
ill the doors one after another until onl> one is left which 

> On ll U point conKuli alw Joiix SreAitr Mill • An EramlnatU n nf 
Sir \MUlam llamlUon $ rhUoiophy Newport 1881 \ol II pp 
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we are therefore compelled to enter ” This is part of Schopen- 
hauer’s famous chaiacteiization of mathematical reasoning as 
“mousetrap proofs” (Mausefallenheweise) His objections 
are diiected almost entiiely agamst Euclid He had no 
acquaintance with modem mathematics His criticism of 
Euclid as a text for childien is largely valid Euclid did not 
write for children It is a historical pu7zle, difficult to ex- 
plam, how Euclid ever came to he regarded as a text suitable 
for the first inti eduction mto geometiy As to the reductio ad 
dbsurdum method of proof De hloigan said “The most 
serious embarrassment in the purely leasonmg pait is the 
reductio ad absurduvi^ or mdiiect demonstration This form 
of argument is generally the last to be cleaily undeistood, 
though it occurs almost on the threshold of the elements” 
Schopenhauer’s attack bears only mdiiectly upon the question 
relating to the mind-trammg value of mathematics His views 
must have attracted considerable attention in Germany, for as 
late as 1894 A Pringsheim thought it necessary to refute lus 
argument, and only nme years ago Eelix Klem ref ei red to 
him at some length in a mathematical lecture at thelJniveisity 
of Gottmgen 

A third attack upon mathematics was made in 1869 by the 
naturalist, Thomas H Hnxley In the FoitmgJitly Revieio, 
1869, p 433, he said Mathematics is that study “ which 
knows nothing of observation, nothing of experiment, nothmg 
of induction, nothing of causation ” Tn an after-dinner speech, 
reported in Macmillan’s Magazine, 1869, pp 177-184, he argued 
agamst language and mathematical training, and m favor of 
scientific traming “Mathematical training,” he said, “is 
almost purely deductive The mathematician starts with a 
few propositions, the proof of which is so obvious that they 
are called self-evident, and the rest of his work consists of 
subtle deductions from them ” Of great mterest is the reply 
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made to Huxley bj the mathematician, T J Sjlvester* To 
Americans Syh ester’s name is memorable liecausc in 1870 
Silvester came over from England and for eight jcars taught 
modem higher algebra to American students at the Johns 
Hopkins University and gave a powerful stimulus to the study 
of higher mathematics m this country Sylvester was an 
enthusiast His reply to Huxley was his presidential address 
before Section A of the British \ssociatiou in 1809 By his 
own experiences as a mathematician ho tried to show that 
Huxley was wrong Sylvester insists ‘ that mathematical 
analysis is constantly invoking the aid of new principles, new 
ideas and new methods springing direct from the mher 
ent powers and activity of the human mind tliat it is 
unceasingly calling forth the faculties of observation and com 
parison, that one of its principal weapons is induction tliat it 
has frequent recourse to experimental trial and verification, 
and that it affords a boundless scope for the exercise of the 
highest efforts of imagination and invention Hagrango 
expressed emphatically his licbcf m the importance to the 
mathematician of the faculty of observation Gauss called 
mathematics the scienco of the eye I could tell a story of 
almost romantic interest about my own latest researches m a 
field where geometry algebra and the theory of numbers melt 
in a surprising manner into one another which would 
very strikingly illustrate liow much observation divination, 
induction, experimental trial and verification, causation too 
have to do with the work of the mathematician Syl 
vester proved conclusively that the mathematician engaged in 
original research does exercise powers of internal observation, 
induction, experimentation, and even causation The vital 
question arises, are these powers exercised by the pupil m the 
classroom? That depends If a text-book in geometry is 
> See page 283 last footnote 
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memorized, as used to be the case m some schools, then doubt- 
less Huxley was right But when attention is paid to original 
problems, to the use of measuring instruments, to modes of 
provmg theorems different from those in the book, then the 
pupil exercises the same faculties as does the advanced mathe- 
matician engaged in research 

Perhaps the latest prominent attacks on mathematics are by 
David Snedden, Commissioner of Education in hlassachusetts, 
m an address delivered m 1915 before the National Educa- 
tion Association, and by Abraham Elexner in an article, 
called “A Modern School”^ Placing great faith in the 
methods of experimental pedagogy that are advocated in 
schools of education of our univeisities at the present time, 
these writers are attacking the mind-training value of mathe- 
matics and aie insisting that, in view of the results obtamed 
from experiments, the burden of proof to show that algebra 
and geometry should lemain in the high school curriculum 
rests upon those who advocate its continuance and not upon 
those who would eliminate them Says Elexner “Modern 
education will include nothing simply because tradition recom- 
mends it, it mcludes nothing for which an affirmative 
cannot now be made out As has already been intimated, 
this method of approach would probably result in greatly le- 
ducing the time allowed to mathematics, and decidedly chang- 
ing the form of what is still retained If, for example, only 
so much arithmetic is taught as people actually have occasion 
to use, the subject will smk to modest proportions The 

same policy may be employed in dealing with algebra and 
geometry What is taught, when it is taught, and how it is 
taught will in that event depend altogether on what is needed, 

^ Beview of Beviews, Vol 63, 1916, pp 466-474 See also A 
Flexner’s “Parents and Schools,” in the Atlantic Monthly, July, 1916, 
pp 26-33 
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when it 13 needed, and the form m which it is needed ” It 
will be instructive to watch the outcome of this discussion 
Certain it is that the teaching of mathematics will require 
constant modifications in order to keep pace with the ever 
changmg needs of modem life 
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